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Pool Boiling in an Accelerating System 


A study is reported of the influence of system acceleration (1 to 21 g) on pool boiling 


heat transfer using distilled water at approximately atmospheric pressure. The ac- 
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celeration of the system is such that the resulting force field is normal to the heating 
surface, thereby increasing the buoyant forces acting on the vapor bubbles. Heat-flux 
rate is varied from approximately 5000 Btu/hr-sq ft (nonboiling) to 100,000 Btu/hr- 
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Introduction 


PAPER presents the results of an initial study of 
the influence of a force field on pool-boiling heat transfer. A 
force field was utilized which produced accelerations normal to a 
heated surface in the range 1 to 21 times standard gravity. Al- 
though system acceleration different from that due to gravity is 
not commonly encountered in boiling processes, its role is im- 
portant as it is the source of the natural convective movement in 
fluids. With the various new problems encountered in space 
technology it may be expected that boiling heat transfer will 
occur in force fields different from that found on earth. 

The high rate of heat transfer by boiling has been ascribed to 
the intense agitation of the liquid at the heating surface by the 
bubbles [1, 36]. Various researchers [2-9] have described the 
boiling process by means of correlating equations. In some cases 
the action of the bubbles was considered by the use of dimen- 
sional analysis, and in others by the selection and treatment of 
suitable models. Owing to the inability to describe the bubble 
action adequately, it was necessary to conduct experiments to 
determine certain constants which themselves frequently include 
other factors. Analytical results showing agreement with certain 
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Nomenclature 


acceleration at the lower values of heat flux. A preliminary analysis is presented for a 
theoretical description of the process of boiling under the influence of high acceleration, 
including the simultaneous effect of natural convection. 


experimental data usually are given but as yet no widely applica- 
ble theory exists. 

The bubble-growth rate has been described well in terms of liq- 
uid superheat by the equations of Plesset and Zwick [10], Forster 
and Zuber [11], and Griffith [12]. Fritz [13] obtained an expres- 
sion for the maximum volume of a vapor bubble at departure from 
a surface based on the work of Bashforth and Adams [14] and 
Wark [15]. It considers the equilibrium of the surface of curva- 
ture separating two phases in the force field, hence is valid only 
for conditions of equilibrium such as might be present in boiling at 
low heat-flux rates to a saturated liquid. Although several 
correlations for boiling [4, 5] utilized this expression, equation 
(1), it has been verified experimentally only for low heat-flux 
rates in a force field of one standard gravity [1, 16]: 


20 4/2 
Vimax = (0.0119)* F 209, ] se 
g(pi — P-) 


A relation between the frequency of bubble formation and the 
bubble diameter at departure from a horizontal heating surface, of 
the form 


{D, = constant (2) 


was observed [1, 16, 17] with the boiling of a saturated liquid at 
low values of heat flux. For methanol, Perkins and Westwater 
[18] determined that f, D,, and hence {D, remained constant up to 
approximately 80 per cent of the peak heat flux, after which the 
values increased. However, a horizontal round tube was used 
for the heating surface and no information was given as to where 
the measurements were made. Recent experimental work [19] 
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indicates the bubble diameter at departure decreases with an in- 
crease in heat flux. 

A relation for the thickness of the superheated liquid boundary 
layer next to a heated surface was derived by Chang [20] which 
predicts the thickness increases with heat flux. By using the 
variation in index of refraction of light in water with temperature 
the thickness of a “boundary layer’’ near a horizontal heated 
surface with pool boiling to a saturated water was measured [21] 
at low values of heat flux, and was found to decrease with an in- 
On the other hand, with forced-convection 
boiling to saturated water, Treshchov [22] measured fluid tem- 
peratures within 0.0025 in. of the heating surface and found that 
at a distance of 0.006 in. the temperature of the water was unin- 
fluenced by large increases in heat flux, up to 1.3 < 10° Btu/hr- 
sq ft, which suggests the presence of boundary layer in boiling 
systems. 


crease in heat flux. 


Jakob [23] observed a linear relationship between heat flux 
and the number of nucleating sites at low values of heat flux. Re- 
cent investigations [19, 21], however, indicate a relationship of 
the form 


(3) 


The role of surface defects or crevices as providing preferential 
sites for the formation of vapor bubbles has been studied ex- 
perimentally and theoretically [24, 25). 

Acceleration of a boiling system directly influences the buoyant 
force on the vapor bubble. The bubble growth rate also will be 
influenced if the thickness and temperature distribution within 
the superheated boundary layer at the heating surface are affected 
by the acceleration. In general, bubble growth-rate equations 
have neglected buoyant forces, but it may be anticipated that at 
The 
bubble size at departure probably will decrease with an increased 
buoyant force. While the mechanism which causes the departure 
is as yet little understood a plausible cause [12, 26] attributes the 
motion to the inertia of the surrounding liquid. 


certain acceleration this factor will have to be considered. 


A recent photo- 
graphic study of boiling in the absence of gravity [27], however, 
seems to discount the importance of liquid inertia. The vapor re- 
mained adjacent to the heating surface and there was no evidence 
of bubbles being pushed away from the surface to any appreciable 
extent during their formation. 

The effect of a vortex flow on the peak heat flux was studied 

Peak heat flux up to 55 x 108 
The high values were attributed to 
the increased buoyancy on the bubbles due to centrifugal action, 


by Gambill and Green [28]. 
Btu/hr-sq ft was obtained. 


although it was not possible in this case to separate the forced- 
convection contribution to the heat flux associated with the high 
velocities. 

This paper summarizes the results of a research program re- 
cently completed in which the influence of system acceleration up 
to 21g on pool-boiling heat transfer was investigated [29]. Con- 
tinuation of this work is in progress to include a study of ac- 
celerations up to 100g and higher, maximum heat flux, surface 
orientation, and the use of cryogenic fluids 


Experimental Apparatus 


Centrifugal motion is used to provide a force field producing 
accelerations of 1 to 21 g’s. 


To isolate the influence of the in- 
crease in buoyant force on the bubbles most effectively with 
nucleate boiling, the orientation of the heater was such that the 
The test 


vessel was pivoted to maintain an approximately uniform depth 


acceleration is applied normal to the heated surface 


of liquid and a normal acceleration at all rotational speeds 

Fig. 1 is a sketch of the pivoted test vessel and Fig. 2 shows the 
over-all assembly 

The heater consists of a cylindrical leaded-copper block 3 in 
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Fig. 1 Test vessel 


in diameter and | in. long. One end of the cylinder is chromium- 
plated and serves as the heat-transfer surface. The edge is under- 
cut with a bevel and an undersize stainless-steel mating piece 
0.022 in. thick, attached by a shrink fit to provide a continuous 
surface and to keep heat losses by conduction at a minimum. 
At the other end of the cylinder 32 parallel slots 0.008 in. wide by 
5/16 in. deep are machined to accommodate 6 ft of chromel-A 
heater ribbon '/, in. wide by 0.002 in. thick, insulated from the 
block with mica strips. A guard heater minimizes heat loss from 
the underside. 

Power to the main heater is measured with calibrated meters. 
The largest source of error in the determination of heat flux arises 
This is 
estimated to vary from 5 per cent at q/A = 10,000 Btu/hr-sq ft 
to 1 per cent at q/A = 100,000 Btu/hr-sq ft. 

To eliminate the possible influence of the gross convection cur- 
rents on the bubbles forming near the edge of the heated section, 
a flow guide was installed consisting of a cylinder of thin sheet 
stainless steel open at both ends and slightly larger in diameter 
than the heater. The effect is that of having a system whose en- 
tire bottom surface is heated and essentially isothermal. 

Four '/»-in-diameter holes are drilled radially in the heater 
block at four locations for the insertion of thermocouples. 


from the heat loss from the stainless-steel heater skirt. 


Two 
of the holes are drilled to the center at distances of '/;. and 7/\¢ in 
from the heating surface for purposes of extrapolating measured 
temperatures to obtain that of the heater surface. 

The thermocouples in the heater consist of an insulated 30-gage 
constantan wire passing through a '/-in-OD copper tube with a 
capacitor discharge welded junction at the tip. A 30-gage copper 
wire is welded to the other end of the tube to complete the circuit. 
This Cu-Cu junction produces negligible thermal emf. Two 30 
gage-copper-constantan thermocouples, designated TC-5 and 
TC-6 in Fig. 1, 
for water-temperature measurements. 


were encased in '/)-in-OD stainless-steel tubing 
All thermocouples were 
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Fig. 2 Centrifuge assembly 





Fig. 3 Equivalent thermocouple circuit 


calibrated at the steam point and by comparison with Bureau of 
A Leeds «& 
Northrup type K-3 potentiometer with a mirror-type galvanome- 


Standards calibrated mercury-in-glass thermometers. 


ter was used throughout. 

The measurement of the thermocouple emf from the rotating 
member was accomplished through the use of liquid-mercury 
commutators. Ten concentric mercury channels were machined 
in a plexiglas base which rested on a heavy aluminum block to 
insure isothermal conditions. To avoid amalgamation with the 
mercury a pure iron wire served as an intermediate metal be- 
tween the rotating and stationary copper and constantan wires 
Fig. 3 shows the equivalent thermocouple circuit. Extensive 
tests were conducted to determine the extent of errors in thermal 
emf introduced by this circuit. Thermocouples were checked 
at the steam point using a hypsometer under nonrotating condi- 
tions, and the emf 


were identical with those obtained with a 


direct connection. The emf for the nonrotating and rotating con- 
ditions were measured for each of the mercury-channel pairs form- 
ing a circuit for no power input to the heater. Changes in emf 
were observed in each pair which depended upon the rotational 
speed. teversing the direction of rotation reversed the polarity 
of the change. Hence it is believed this emf results from the in- 
fluence of the earth’s magnetic field on the rotating circuit, pro- 
This effect was 


at the maximum 


ducing in effect the action of a unipole generator 
reproducible within +2 uw, and the correction 
speed was 10 uw, for TC-6 in Fig. 1, 4 uw, for TC-5, and zero yp, 
for the thermocouples in the heater block. Considering other 
sources of error, it is estimated that the uncertainty in the level 


of temperature of any thermocouple on the rotating assembly is 


Journal of Heat Transfer 


+(0.2 deg F, but that changes in the temperature of the thermo- 
couple are known with an uncertainty of +0.1 deg F. 

The acceleration at the heating surface is calculated using the 
measured location of the center of gravity of the test vessel and 
the blueprint dimensions. The increase in hydrostatic pressure 
at the heating surface resulting from rotation was computed 
from the depth of the water and system acceleration. The un- 
certainty in T's, at the heating surface, employed in the boiling 
parameter 7',, — T'sat, is estimated to be +0.1 deg F. This esti- 
mated uncertainty results from the fact that the depth of the 
boiling fluid was not measured while under rotation. Visual ob- 
servation of the boiling process at the maximum heat flux of 100,- 
000 Btu/hr-sq ft without rotation indicated that the change in 
As will be 


noted in Fig. 8 the liquid subcooling increases as the system is 


liquid depth due to the bubbles was almost negligible. 
subjected to acceleration. Hence, under these circumstances, the 
vapor volume can be expected to be less than under standard 
gravitational acceleration (no rotation) and the change in depth 
correspondingly smaller. The test vessel was vented to the at- 
mosphere. The depth of the water was 2'/: in. in all tests, and its 
initial resistivity was at least 1.5 & 10° Q cm, as measured with a 
conductivity cell. For the data reported here, the resistivity at 
the conclusion of a test varied from 0.8 K 10° to 1.1 K 10° Q cm. 

A cooling coil mounted on the underside of the test-vessel cover 
At the lower heat-flux 
rates it is possible to control the temperature of the test water by 


serves to condense the vapor formed. 


varying the cooling-water flow rate and thus obtain limited data 
for boiling of a subcooled liquid. 

The rotational speed was obtained from a tachometer-generator 
generating 60 pulses per revolution. Its output was fed into a 
Model 522B Hewlett-Packard electronic counter. 

Detailed description of the experimental apparatus is given in 


reference [29]. 


Results 


Nonboiling Data. 
conditions 


Several tests were conducted under nonboiling 
Fig. 4 indicates how the temperature difference 
T 7, varies as a function of acceleration. For a given heat 
flux the presence of the flow guide decreases the temperature 


difference. 
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The data are plotted in Fig. 5 using the conventional free-con- 
vection moduli where the diameter of the heating surface is 
taken as the characteristic length and g in the Grashof number 
is replaced with acceleration. 
noted. 


The influence of the flow guide is 
Included for reference is the correlation recommended by 
McAdams [30) for a horizontal heated plate facing upward. A 
correlation which best fits the data with the flow guide is 


Nu = 0.0505(GrPr)°*-** (4) 


For one particular test (C-5) the data fell above the best fit of 
the data. In this case the water was highly subcooled and it is 
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Fig. 4 Plot of AT. versus acceleration for natural convection indicating 
effect of flow guide 


believed this lack of correlation occurs because of increased heat 
loss through the heater skirt. 

Boiling Data. After filling the test vessel with distilled water, 
power was turned on and the water boiled vigorously to degas 
both it and the heating surface. Prior to each run, this was done 
for a minimum of 4 hr, and in the majority of cases degassing 
over a period of 16 hr was used. For any particular test the heat 
flux was maintained constant while acceleration was varied. 
When conditions such as acceleration and cooling-water flow rates 
were changed, sufficient time was allowed for the attainment of 
steady-state conditions before data were taken. 

The acceleration rates were varied from 1 to 21.15 times normal 
gravitational acceleration in 5 to 8 steps. In earlier tests it was 
noted that the wall temperatures at a/g = 1 shifted gradually 
during a long period of time. To isolate the effect of the ac- 
celeration a set of measurements was taken at a/g = 1 before 
and after each higher acceleration. Thus any shift in the surface 
temperature during boiling at a = g could be compensated by 
considering the change only. The maximum shift which occurred 
was 0.8 deg F over a test period of 12 hr. 

To determine the reproducibility of the data, several accelera- 
tions were duplicated during the course of a specific test. No 
significant change was detected. 

The heater surface was highly polished prior to its chromium 
plating. No roughness measurements were made, but the heater 
surface was given a similar treatment prior to each run; it is be- 
lieved that the roughness was the same for all tests. 

Except for one case the data presented are representative of at 
least two reproducible test runs. Because of the sensitivity of the 
boiling process at lower values of heat flux to even small degrees 
of subcooling, it was necessary to vary the water temperature in 
order to determine when the liquid was saturated, or as nearly 
saturated as possible. The water temperature was controlled by 
varying the cooling water flow rate. Figs. 6 and 7 indicate the 
influence of a limited degree of subcooling at several values of heat 
flux and acceleration. The asterisk on the data points indicates 
where the coolant flow was so low that a net quantity of vapor 
escaped from the atmospheric vent, with an attendant possible 
increase in pressure. 

In Fig. 6 for g/A = 10,870 Btu/hr-sq ft and a/g = 5.29, the 
heater surface temperature exhibits a pronounced maximum as the 
subecooling is decreased and becomes constant as the saturation 
temperature is reached. 


At a/g = 10.47, no maximum in T,, — 























+4 


~,,. osee 
Nu *0.0505(Gr « Pr) 
ne : Ee 





Nu 0 14(Gr a Pri’? - wc ADAMS (30) 


@/a *4,700 BTU/Hr-Fr" iT] 
~ 9440 . 
« 10,220 « 
10,870 ” | 
10,870 


24450 —k, TT 


: 10 
: 35 
7105 
2157 











Gr a Pr 
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Ta: is observed, but a long plateau is noted. In Fig. 7 forg/A = 
24,450 Btu/hr-sq ft, subcooling was not increased sufficiently to 
prevent boiling and a maximum could not be observed. The de- 
crease of (ne heater surface temperature with decreasing sub- 
cooling is still present as is the leveling off of T,, — Ts except 
for the highest acceleration. For values of heat flux up to 50,000 
Btu/hr-sq ft it was thus possible to determine when 7',, — T's: be- 
came independent of the degree of subcooling. This was used as 
a criterion for defining the existence of “saturated” pool boiling. 

Sufficient data are not available at this time to make generalized 
conclusions as to the role of subcooling or liquid depth with the 
system under acceleration. 
crease* in 7, 


It is believed possible that the de- 
with decreasing subcooling is an indication of in- 
creased fluid agitation or turbulence within the superheated 
region near the heated surface. With a reduction in heater sur- 
face temperature it seems unlikely that additional nucleating sites 
are being formed. If so, then the existing ones must be more effec- 
tive in providing increased agitation either from more rapid bub- 
ble-growth rates, increased bubble sizes, increased frequency of 
formation, or a combination of these. 

At nominal heat-flux values of 75,000 and 100,000 Btu/hr-sq ft 
it was not possible to vary the water temperature with the present 
system. The water temperature near the heated surface remained 
subcooled with the system under acceleration. The subcooling 
occurs because of the large saturation-temperature changes in the 
water resulting from the large acceleration. Similar phenomena 
of lesser magnitude have been observed with water [1] and mer- 
cury [31] in a gravity field. Fig. 8 shows the profile of the water 


* Oecasioned by the decrease in 7. — Tat, 28 Tsar at the wall is 
constant for a given acceleration. 





eS 


QUESTIONABLE 
HYSTERESIS 
ONVECTION 

LOSING STEAM 


Tsot @ 's- 
Tsot @ HS— 





@/A + 10,870 BTU/HR-FT* 
NUMBERS INDICATE SEQUENCE 
IN WHICH DATA WERE TAKEN 


wt By 


55 RPM 


o/ * 1047 











206 207 208 209 210 


WATER TEMPERATURE T, ? 


Fig.6 Run No. B-15. Plot of T.. — 
perature 7; af 110 and 155 rpm. 


sat and T. — T; versus water tem- 


Journal of Heat Transfer 


and saturation temperatures between the heated surface and the 
vapor interface. The water depth at filling in all cases was 2'/, 
in., and the variation in 7’. results solely from the change in hy- 
drostatic pressure with depth. The change in depth under boiling 
at the various accelerations was not considered great as was dis- 
cussed earlier. The system accelerations specified are at the 
While this is located approximately 15.4 in. 
from the center line of rotation, the hydrostatic pressure within 
the liquid above this surface was computed taking into considera- 
tion the small local variation in acceleration. 

The relation between the measured water and saturation tem- 
perature in Fig. 8 is typical for heat flux between 50,000 and 100,- 
000 Btu/hr-sq ft. A minimum subcooling was obtained at heat 
flux above 50,000 Btu/hr-sq ft which was a function of accelera- 
tion and liquid depth. It is probable that this minimum sub- 
cooling (or maximum water temperature) results from the liquid 
temperature at the vapor interface reaching a maximum; i.e., 
its saturation value. Data reported at heat flux at 75,000 and 
100,000 Btu/hr-sq ft are thus considered to correspond to the 
same conditions as those at the lower heat flux where subcooling 
did not influence T,, — Tisat- 

Fig. 9 is a composite plot of 7,, — T'sa versus acceleration for 
the various values of heat flux with pool boiling of essentially 
saturated water. Some deviation of the data with a gravity field 
did exist, and several of the curves were displaced to bring 7, — 
Ton: at a/g = 1 in agreement with the best fit of data from a num- 
ber of tests conducted at a/g = 1, shown in Fig. 10. 

The difference between the heater surface temperature 7’, 
and the water saturation temperature 7’,,,, at the heating surface 
decreases with an increase in acceleration at lower values of heat 
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flux. This is attributed to the increasing contribution of natural 
convection (nonboiling) with acceleration. As the heat-flux level 
increases, the decrease in 7, — 7,,, becomes smaller, and at the 
higher values of heat flux T, 
acceleration 


— Ta: increases with an increase in 
The contribution of natural convection is rela- 
tively smaller at the higher heat flux. It is believed that increased 
system acceleration results in smaller bubble sizes at departure, 
with an attendant decrease in agitation. To provide for a fixed 
total heat flux, more nucleating sites then are required, which in 
turn requires the increased wall temperatures, as observed. 
Discussion of Results. Because the quantity of data obtained is 
not large and is for one Prandtl number over a relatively small 
range ol conditions, it is believed that to attempt a direct corre- 
lation of the data either with existing relationships or with ones 
which might be worked out would be premature, although a start 
is made in the following text. Further, none of the correlations 
literature which has been examined fe.g., 4, 5, 6, 7, 9, 20] 
appears capable of predicting the trends shown in Fig. 9 resulting 
from acceleration of the boiling system 


im the 


This may be due in part 
to the inadequacy of the models used to describe heat transfer by 
boiling or to neglect of the nonboiling contribution 

Under acceleration, the nonboiling free-convection contribution 
is significant. This is more readily seen in Fig. 11, which is a re- 
plotting of the data from Fig. 9. It places the data in the more 
familiar form of g/A versus T, — Ty. In the lower portion of 
the curves corresponding to natural convection for the same ac- 
celerations are shown using the correlation given in equation (4). 
The data do not permit determination of the intersection between 
the nonboiling and boiling curves except for the higher values of 
heat flux. It is of interest to note, however, that if the boiling 
curves of constant acceleration are extrapolated, the intersection 


with the nonboiling curves occurs for 7, — T,,, between 14 and 
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15 F, indicating the possibility that the point of incipient boiling 
of a saturated liquid is not greatly influenced by a change in the 
force field. The data also suggest that one result of system ac- 
celeration is to widen or delay the transition from nonboiling to 
fully established boiling, the retention of nonboiling influences 
being more persistent at the higher accelerations. 

The influence of acceleration is greatest in the heat-flux range 
up to 50,000 Btu/hr-sq ft, where it appears that a transition in 
the convective mechanism is taking place. 
celeration decreases the temperature difference T', 


Within this range ac- 
Tsar Te- 
quired for a given flux. Above this heat-flux range a reversal of 
the effect of acceleration is observed on the temperature difference, 
although the total influence is small. The upper range of the 
A) = 200,000 Btu/hr-sq ft to include some 
recent data of Costello [32] for water on a similar configuration 


curve is extended to (q 


for a/g = l and a/g = 20. The general agreement between the 
two sets of data is quite satisfactory. 

With fully established pool boiling in a standard gravitational 
field, the contribution of nonboiling convection to the total heat 
transfer is so small that generally it is not separated from the total 
heat flux in analysis. With the application of an acceleration, 
however, the nonboiling convection can become quite appreciable, 
as was indicated by these results. In order to describe the 
total heat transfer, it is necessary to determine the relative con- 
tribution of the bubbles and that not resulting from the bubbles. 
This was accomplished in effect by Chang [20] by considering 
the rate of momentum exchange in the liquid near the heating 
surface to consist of the sum of the molecular diffusivity and the 
eddy diffusivity. Another method, which is introduced here, is 
to consider the nonboiling and boiling contributions separately 


and to weight them in some manner. 
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The total heat-transfer rate q; is 


@=% + 4p (5) 


where q, is that portion due to nonboiling and q, is that portion 
due to boiling and includes the influence of agitation induced by 
the bubble action. Dividing equation (5) by the total area, A 
gives 


” 


— 6) 
A, A, A, 
If A, represents a time-averaged area projected on the heater 
surface in which the influence (agitation) of the bubbles is con- 
centrated and A, (A, = A, — Ag) is that area in which natural 
convection is effective, then 


4 dpa 
(q/A) + 
— - a” a 


= (g/A).(1 — y) + (@/A)sy (7) 


A, is not the heater surface area covered by the bubbles but is 
considered differently. It might be designated as an “‘area of in- 
fluence” of the bubbles. Fig. 12 is an illustration of this concept. 

The fractional effective boiling area y is found from equation 
(7) as 


(q/A), — (q@/A), 


Y > \q A)p _ (q/A 


To evaluate y as a function of a/g and (q/A), it is necessary to 
make certain assumptions regarding (¢/A), and (q/A)g. For 
(q/A), it is assumed that the correlation given in equation (4) 
would be appropriate for its calculation using the experimentally 
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observed value of T,, — Ts. Equation (4) is used as it is felt that 
the convective pattern between bubbles would more closely be 
represented by this correlation. 

The quantity (q/A), is that heat flux which may be associated 
directly with the micro convection of the bubbles. For fixed ac- 
celeration it is assumed that this quantity is a constant. The 
total heat flux (¢/A), will vary with T,, — Tysa, of course, but this 
results because the number of active sites, hence also y, varies with 
T., — Teast. It will be assumed further that not only will (¢/A), be 
constant for a given acceleration but that it will be equal to the 
peak or burnout heat flux at that acceleration. 
some explanation which follows. 

Nishikawa and Urakawa [34] in a study of nucleate boiling in 
saturated liquids made the following independent observations 
from their experimental data 


n= (ay) 
a<(7) (4); 
(4) (4)" 


From these relations it may then be deduced that the quantity 
D,*f, which is proportional to the rate of volume flow of vapor 
away from the heated surface, is a constant, and is independent of 
q/A),, N/A, and A@. If true this is a significant result as it 
has been observed that D,f is constant [1], equation (2). As 
mentioned earlier, recent data on methanol [18] indicated that f, 
D,, and thus both fD, and D,'f remained constant up to approxi- 
mately 80 per cent of the peak heat flux, but other observations 
19] suggest that D, decreases with increase in heat flux. 

If the hydromechanics or micro convection of the bubbles is 
thought to be proportional in its influence (‘‘agitation’”’) to the 
volume flow of liquid into the surface associated with the rate 


This requires 


(11) 


of volume flow of vapor away from the surface or any exponential 
power of this flow and that this directly affects the heat flux 
q/A),, then it follows that 
(q/A)g ~ (D,*f)" = constant (12) 
Secause of this result it was assumed in the foregoing that 
q/A), is a constant for a given acceleration. This point re- 
mains unresolved but the assumption is necessary to this discus- 
sion 
The next problem is to find an expression for (q/A),. It 
seems reasonable that it should be related in some way to the 
maximum heat flux. In view of recent studies by DeBortoli and 
Green [33] it would appear that (¢/A), might be more closely 
related to that heat flux at which a significant departure is made 
from the processes of nucleate boiling, indicating a change in the 
mechanism of the bubbles. this condition is not well 
understood at present and for the purposes of this paper (q¢ 
will be taken equal to (g/A) 


However, 
1)p 
= 

Relationships for (¢/A), have been developed which show an 
influence of acceleration [3, 4, 35] although none has been con- 
firmed by experiment. However, for application here the follow- 
ing expression of Zuber [35] will be used 


> 


q/A), = K2\p,'*|og(p, — p,))' (13) 
The constant K. was determined for these calculations from values 
of (q/A), in saturated water at 1 g and found to be 0.146. 

Using the foregoing data the corresponding values of y were 
computed from equation (8) and are shown in Fig. 13 as a func- 
tion of total heat 


dimensionless flux. 
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Whether this result is generally applicable for the fractional area 
of effective boiling has yet to be established although the trend 
appears reasonable. That is, according to equation (1) D, is re- 
duced as acceleration is increased which would also reduce the 
area influenced by the bubble. As seen from the data an increase 
in acceleration causes a decrease in heated surface temperature 
(at the lower heat flux) which would reduce the number of nucleat- 
At the higher heat flux the decrease 
in results principally from the larger relative increase in (q/A), 
with increased acceleration. It is possible the paramater on the 
curves should be (q/A),/(q/A), rather than (q¢/A),. This could 
easily be done but a somewhat different set of curves would 
result. 


ing sites for these conditions. 
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An Experimental Study of Boiling in Reduced 
and Zero Gravity Fields 


A pool boiling apparatus was mounted on a counterweighted platform which could be 
dropped a distance of nine feet. By varying the size of the counterweight, the effective 
gravity field on the equipment was adjusted between zero and unity. A study of 
boiling burnout in water indicated that a variation in the critical heat flux according to 
the one quarter power of gravity was reasonable. A consideration of the transient burn- 
out process was necessary in order to properly interpret the data. A photographic study 
of nucleate boiling showed how the velocity of freely rising vapor bubbles decreased as 
gravity was reduced. The bubble diameters at the time of breakoff from the heated 
surface were found to vary inversely as gravity to the 1/3.5 power. Motion pictures 
were taken to illustrate both nucleate and film boiling in the low gravity range. 


C. M. USISKIN' 
R. SIEGEL 


NASA, Lewis Research Center, 
Cleveland, Ohio. Assoc. Mem. ASME 


Introduction 


Dax OF THE MOST IMPORTANT environmental changes 
which man encounters as he leaves the earth is the change in 
the gravity field. In free space or in an orbiting satellite the 
gravitational field may closely approach zero. On the surface of 
the moon or the inner planets of our solar system, the gravita- 
tional field is less than that on earth. Heat-transfer processes 
such as free convection, condensation, and boiling depend on the 
gravitational body force, and hence will be affected by this new 
environment. As yet, to the authors’ knowledge, there has been 
no experimental heat-transfer information available for reduced 
gravity fields. Hence any design calculations for this range must 
be based upon an extrapolation of theories which have included 
a gravity parameter, but which have only been checked experi- 
mentally at normal gravity. The importance of gravity in the 
pool boiling mechanism has been demonstrated by the authors in 
a previous photographic study of boiling in the absence of gravity 
[1].? 

The goal of the present work is to provide quantitative informa- 
tion on how reducing the gravity field affects boiling heat transfer 
and bubble dynamics. The latter is of some interest in connec- 
tion with void formation in water-moderated nuclear reactors. 
Two recent semitheoretical correlations which have been proposed 
for nucleate boiling are those of Rohsenow and co-workers and 
of Forster and Zuber [2]. The correlation of Rohsenow takes the 
velocity of a bubble at the instant of breakoff from the surface as 
being the most meaningful velocity in the heat-transfer mecha- 
nism. Since this velocity depends on the buoyancy force of the 
bubble, it is not surprising that the heat-transfer coefficient is a 
function of gravity. However, in the theoretical correlation, 


gravity appears to only a small power. On the other hand, 


1 Present address: Radio Corporation of America, Astro-Elec- 
tronic Products Division, Princeton, N. J. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society OF MecHANICAL ENGINEERS and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 


1960. Manuscript received at ASME Headquarters, April 14, 1960. 
Paper No. 60—HT-10. 


Nomenclature 


Forster and Zuber feel that the radial growth velocity of the 
bubbles, while they are still close to the surface, is more significant 
in governing the heat-transfer process. As a result, their heat- 
transfer correlation is independent of the gravity field. Hence the 
theories are not in agreement as to the role of gravity in nucleate 
boiling. 

The theories for nucleate boiling do not predict the critical 
heat flux. An analysis of Zuber [3] on transition boiling gives a 
prediction of the critical heat flux. The theory is based on a hy- 
drodynamic instability between the liquid and vapor motions 
near the heated surface. These motions are gravity dependent, 
and hence gravity appears in the final expressions. A few other 
theories which are summarized by Cole [4] also predict that the 
critical heat flux will be a function of gravity. This dependence 
is investigated experimentally in the present work. 

The apparatus used in the present investigation was a modifica- 
tion of that employed in reference [1]. The boiling equipment 
was placed on a platform which could be hoisted and then dropped 
a distance of nine feet. A counterweight was attached to the 
platform to slow its downward acceleration and thereby provide 
gravity fields between zero and one. A high-speed motion-picture 
camera was mounted on the platform so that boiling could be 
photographed for various gravity fields and heat fluxes. The 
motion pictures in the nucleate boiling regime were analyzed to 
determine the effect of gravity on bubble sizes and rise rates. 
Color pictures were taken of film boiling from a red hot surface 
for a few different low gravity fields. The equipment was in- 
strumented so that a study could be made of the variation of the 
critical heat flux with gravity field. The critical heat flux data 
for each experimental run were recorded while the platform was 
falling through the air. Since the fall lasted only about 1 sec, a 
proper interpretation of the data required a knowledge of the 
transients involved in the burnout* phenomenon. Hence a brief 
investigation of transient boiling for conditions slightly above the 
critical heat flux was carried out to provide a better understand- 
ing of the experimental results. 


* Since the platinum wire test sections, which were used for this 
study, failed by melting when the critical heat flux was reached, the 
terms ‘‘critical heat flux’’ and “‘burnout”’ are used interchangeably 
throughout the paper. 
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Experimenta! Equipment 


A schematic representation of the apparatus is shown in Fig. 1. 
This is a modification of the equipment used in reference [1], and 
hence only a brief description of the basic apparatus will be given 
here along with a more detailed description of the additions which 
were made. A cross shaped platform was constructed which was 
free to move in the vertical direction. A Fastex motion-picture 
camera, capable of taking up to 5000 frames per sec, was mounted 
on the platform along with a rectangular tank (3'/: in. & 57/s in. 
x 5'/, in. deep) in which the boiling took place. A cable ran 
from the platform, over pulleys attached to the ceiling, and then 
down to a counterweight. By changing the size of the counter- 
weight, the downward acceleration of the platform could be 
varied, and hence experimental runs could be taken at any gravity 
field in the range between zero and unity. When making a run, 
the counterweight was pulled down to the floor which raised the 
platform to the ceiling. The bottom end of the counterweight 
was grasped by a solenoid operated grapple bolted to the floor. 
Opening the grapple allowed the platform to fall nine feet before 
contacting a sand bed which was used as a braking device. For 
zero gravity conditions, the platform fell freely after being re- 
leased from a grapple at the ceiling. 

Test Sections. An electrically heated element was supported in a 
brass tank having lucite windows in the front and back faces. 
The other surfaces of the tank were covered with insulation to 
belp maintain the water uniformly at the saturation temperature. 
A copper electrode '/, in. in diameter was brought through each 
end of the tank and supported on the outside by a Teflon flange 
which insulated it from the tank. Different test sections could be 
easily clamped to the electrodes. Three types of test sections, 
which were used for different purposes, will now be described. 

The tests to determine the variation of burnout heat flux with 
gravity were conducted with platinum wires 0.0453 in. in diame- 
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ter. In reference [5] the boiling curve at high heat fluxes was 
not influenced when the platinum wire test section was changed 
from 0.016 to 0.024 in. in diameter. Hence it was hoped that the 
wires used here would be of sufficiently large diameter so as not 
to limit the generality of the results. The ends of the wires were 
soft soldered to copper blocks which were spaced 2'/, in. apart. 
Voltage taps were drilled into the copper blocks as close as possible 
to the platinum wire so that the voltage drop across the wire 
could be accurately determined. The copper blocks were then 
bolted to the two electrodes. Some of the wires were calibrated 
by the instrumentation section of the laboratory so that they 
could be used as resistance thermometers and an average wire 
temperature determined. 

The photographic studies to determine bubble sizes and rise 
rates in the nucleate boiling range, were made using flat nickel 
ribbons, 0.2 in. wide and 0.010 in. thick. These ribbons were also 
soldered to copper blocks spaced 2'/; in. apart, and then their 
bottom sides were insulated by cementing them to bakelite strips 
'/, in. thick. Boiling then occurred from only the top surface, 
and this provided a relatively simple configuration for making 
bubble measurements. 

For photographic studies of film boiling, the test sections were 
fabricated from stainless-steel tubing with an outside diameter 
of 0.157 in. The ends of the tubing were flattened and clamped 
between copper blocks 2'/; in. apart which were bolted to the 
electrodes. The stainless steel could remain red hot under water 
for several minutes without burning out. 

Power Supply. Power was supplied by a 3-phase Mallory rectifier 
unit which could provide up to 500 amps de with about 5 per cent 
ripple. The power was controlled by a system of Powerstats on 
the 220 volt a-c line which supplied the rectifier. The d-c current 
flow was measured by reading the voltage drop across a 0.001 
ohm Leeds and Northrup precision resistor placed in series in the 
circuit. Large loops of flexible woven welding cable, which could 
fall freely with the platform, were used to carry the current to the 
electrodes in the boiling container. 

Instrumentation. The voltage across the calibrated resistor and 
the voltage across the heated test section were both measured 
with a Rubicon potentiometer and light beam galvanometer. 
The current in the circuit could be determined within +0.2 amp 
at 100 amp and the voltage across the test section read within 
6.002 volt at 1 volt. Although this instrument was quite sensi- 
tive, there were slight current and voltage fluctuations during 
the boiling process, and hence the heat dissipation could be in 
error a few per cent. The potentiometer readings were taken 
just before the equipment was dropped. To read the transient 
current and voltage while the equipment was descending, a dual 
beam oscilloscope (Tektronix Type 535) was used. The bias 
settings on the two preamplifiers were made to center the initial 
voltage and current signals, and the gains were set as high as 
possible so that small changes from the initial values could be ob- 
served. Transient temperature changes of the test section were 
evident if they exceeded about 6 deg F. While the apparatus fell, 
the signals made a single sweep at 5 cm/sec and were recorded 
with a Polaroid camera. The 5 per cent ripple from the power 
supply caused a corresponding ripple in the oscilloscope signals, 
and this had to be filtered out since it was of the same order of 
magnitude as the changes to be observed. This was done with a 
low band pass filter which reduced a 60 cps signal by a factor of 
20, but allowed a signal with a frequency of less than 12 cps to 
pass unaffected. For a step function pulse, the filter gave a full 
response within 1/20th of a second, and hence would adequately 
follow the signals to be observed. To eliminate spurious signals, 
the wires in the circuitry were carefully shielded. 

The temperature of the boiling water was measured with two 
copper-constantan thermocouples immersed in the tank and 
read with a Rubicon potentiometer. 
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Experimental Procedure 


Due to the dependence of the boiling process on many parame- 
ters, a great deal of care had to be taken to try to keep conditions 
the same during successive experimental runs. A learning period 
of several weeks was necessary before a good experimental tech- 
nique was achieved. In order to provide a basis for critical 
evaluation of the work, and to aid any future workers who may 
use this type of apparatus, a detailed description of a typical 
burnout test will follow. 

Several platinum test sections were fabricated in an identical 
way, and one was attached between the electrodes in the boiling 
container. The tank was then filled with boiled distilled water 
and a 350-w stainless-steel jacketed immersion heater was in- 
serted to bring the water to the saturation temperature. During 
this time the d-c power was turned on and a moderate current 
passed through the platinum wire. When the saturation tempera- 
ture was reached, as indicated by the thermocouples as well as 
by normal boiling conditions, the immersion heater was removed 
and the burnout heat flux of the wire was checked. This was 
accomplished by slowly raising the power in the circuit while 
watching an ammeter connected into the output of the d-c power 
supply. At the onset of burnout the increase in temperature of 
the heated wire caused an increase in resistance in the circuit and 
hence a decrease in current. As soon as a reduction in current 
began, the power was immediately shut off. It was found that 
sometimes the wire could boil normally for a few minutes at a 
given power setting and then suddenly burn out, and hence the 
power was raised slowly to provide ample time for the boiling to 
adjust properly. The transients involved in initiating burnout 
will be discussed in a later section. 

In the instant that the wire started to burn out before the 
power was shut off, the wire would usually begin to glow slightly 
in one local region, but no physical damage could be observed 
However, when the power was restored, and boiling resumed, it 
was noted that the region which had started to burn out was defi- 
cient in nucleation centers, possibly due to the high temperature 
which had been reached at that location. This phenomenon has 
been observed before by McAdams, et al. [5]. If the heat flux 
was immediately brought up again, the burnout flux was much 
lower, apparently due to the lack of efficient boiling over part of 
the wire surface. However, if a period of 2 to 5 minutes was al- 
lowed, then the nucleation centers would be restored, and the 
burnout flux would return close to its former value. 

After the burnout check, several minutes were allowed for the 
nucleation centers to become re-established. Then the power 
was set at the desired value for the low gravity test, and a 
counterweight corresponding to the required gravity field was 
placed at the end of the hoisting cable. The platform was then 
raised to the ceiling and the cable secured by the solenoid grapple 
Potentiometer readings of the voltage and current in the test 
section were recorded, and the thermocouple readings for the 
water temperature were taken. Upon depressing a switch the 
following sequence of events took place. The oscilloscope was 
triggered and began a two-second sweep. The high-speed motion- 
picture camera was started to record the initial boiling state be- 
fore the platform fell. From 0.3 to 0.5 sec later, according to the 
setting on a timer, the solenoid grapple opened and the platform 
began to fall. As soon as the drop was complete the power was 
cut off to prevent the test section from melting in the event that 
burnout had been initiated while the low gravity environment 
existed. The existence of burnout during the drop was shown 
by oscillograph traces of the current and voltage. These showed 
an increase in voltage drop across the heated wire and a decrease 
in the current flow due to the increase in wire resistance as the 
temperature increased. Fig. 2 shows a typical record of the 
transient current and voltage when burnout occurred. Depend- 
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Fig. 2 Behavior of voltage and current in a typical drop test with burnout 
occurring. (Deflection scales: 0.072 cm/amp, 8.5 cm/volt.) 


ing on whether burnout did or did not occur during the drop, the 
power was decreased or increased by about 5 per cent and another 
run taken. This procedure was continued until two runs were ob- 
tained, one where burnout occurred, and one at a power about 
5 per cent lower where burnout did not occur. After these two 
runs were achieved, the burnout heat flux was checked again at 
normal gravity for comparison purposes. This procedure was 
repeated for several different gravity fields and with several 
platinum wire test sections. 

The effective gravity field for a given counterweight size was 
determined by measuring the rate of descent of the platform. 
This was accomplished by placing a stationary vertical measuring 
scale in the viewing field of the falling motion-picture camera to 
provide a continuous record of platform height on the film. In 
addition, an argon timing lamp in the camera placed a mark on the 
film every 1/120th of a second. From the data of distance and 
time, the acceleration of the platform could be determined. 


Effect of Gravity on Burnout 

For each series of drop tests at a particular gravity, a heat flow 
per unit area just above and below the apparent burnout point 
was computed from the current and voltage measurements. 
These values were then divided by the burnout flux at normal 
gravity for that particular test section. 


The effect of gravity on 
the burnout heat flux is shown by the data in Fig. 3. It is seen 
that there is a considerable scatter in the data at each gravity. 
This is believed to be due to the transients involved in the 
burnout process, and some experimental results to explain this 
will be discussed in the next section. In spite of the scatter, the 
indicate a definite trend. For example, at 5.5 per 
cent gravity the burnout flux has been reduced to about 65 per 
cent of the value at normal gravity. At 47.5 per cent gravity the 
wire would not burn out during the drop even for heat fluxes 
within 7 per cent of the normal gravity burnout limit. Also 
shown on the curve is a line of (g/g,)'/* variation. This variation 
for the critical heat flux has been predicted by a number of in- 
vestigators as discussed, for example, in reference [4]. The 
curve appears to provide a reasonable lower limit for the data. 
The results for zero gravity will be considered in more detail in 
connection with the discussion in the next section. 


data do 


Transient Burnout Studies 

The data in these experiments were obtained during a time 
interval on the order of a second while the heated surface was 
being subjected to a decreased gravity field. The question then 
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Fig. 3 Effect of reduced gravity on burnout heat flux 


arises as to how rapidly the system will respond and indicate a 
burnout condition after a sudden change in gravity field. For 
example, if the power were set at the burnout flux corresponding 
to a certain low gravity, and then the test section were subjected 
to that gravity, how long would it take for a burnout condition to 
be indicated? It was necessary to investigate this transient re- 
sponse in order to properly interpret the burnout data. 

For this investigation a resistor and a switch were placed in 
parallel across the heated wire. When the switch was closed, part 
of the current would go through the resistor. When the switch 
was opened, the wire received a step increase in power. Using 
the same instrumentation as in the drop tests, the experiments 
were carried out as follows: First, the power was slowly raised to 
determine the burnout flux for the test section. Then the switch 
on the parallel resistor was closed, and the total current flow was 
increased so that when the switch was opened the heat flux in the 
test section would be a certain percentage above the burnout 
value. Just before the switch was opened, the oscilloscope was 
triggered on a ten-second sweep to record the current flow and 
voltage drop across the test wire. From a photograph of the 
traces, the time from the step in power to the onset of burnout 
could be measured 

In order to obtain good statistical data on the transient time 
required for burnout, a large number of tests are necessary. The 
same test section should be repeatedly subjected to the same 
power pulse until a good distribution curve is obtained which 
gives the probability for burnout to occur within a given time. 
The manual power shutoff which was used to prevent destruction 
of the test wire was a limitation in this experiment, since it was 
not rapid enough to prevent the wire from glowing slightly red 
for each test. After a dozen or so tests this would cause changes 
in the wire, and the burnout limit would decrease so that the 
data would become inconsistent. Despite this limitation we can 
say that for a step in power to 10 per cent above the burnout flux, 
only about 30 per cent of the burnouts occurred in less than one 


How- 


ever, when the power was pulsed to about 25 per cent above burn- 


second. The remaining 70 per cent took from 1 to 5 sec. 
out, all of the burnouts took place within a second and many of 
them were essentially instantaneous 
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These transient tests could only be performed under normal 
gravity conditions. However, it is reasonable to assume they 
apply qualitatively for reduced gravity. The results of these 
tests offer a possible explanation for the scatter which was ob- 
served in Fig.3. Let us say that a series of drop tests were being 
made in which the power was increased in increments until burn- 
out occurred. When the power was just above the burnout flux 
for the gravity field under consideration, there was a fairly small 
probability that burnout would occur during the short duration of 
the test, and hence a burnout would only be observed at this 
power setting in some instances. Most likely the power would 
have been increased and another test performed. Hence burnout 
would finally be observed at some higher value where there was a 
greater probability of the instability taking place within one 
second. As a consequence, the burnout data would generally be 
too high, but not by over 25 per cent since at this excess power, 
burnout within one second would be expected. The very lowest 
data points at a given gravity would be near the true burnout limit 
and would be the result of a highly improbable event occurring. 

Although there is no experimental evidence on local surface 
temperature fluctuations in boiling (reference [2]) there is a 
possibility that these would account for the randomness in the 
transient burnout behavior. When part of the wire reaches a 
certain critical temperature the process becomes unstable and 
burnout occurs. As the mean temperature level of the wire is 
raised, the probability is increased that locally the burnout tem- 
perature could be exceeded in a given time interval. For a power 
setting which would cause the average temperature of the entire 
wire to be above the critical value, burnout would occur almost 
instantaneously. 

The transient considerations are especially important for the 
zero gravity case. In this instance, the theories for the critical 
heat flux indicate that the burnout flux would go to zero. This, 
of course, neglects the heat removal that would actually occur by 
radiation and conduction when the heated surface is completely 
surrounded by vapor. If the liquid is at the saturation tempera-~ 
ture, the vapor cavity may keep increasing in size as time pro- 
ceeds. For a proper evaluation it would be desirable to have ex- 
perimental information for periods of zero gravity which are 
longer than those in the present investigation. 
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The rise of individual bubbles in 5.5 per cent of normal gravity 
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Fig. 4(b) 


Nucleate Boiling at Low Gravity 

Photographic Study. A photographic study was made at several 
gravity fields of boiling from a flat horizontal nickel ribbon with 
boiling from only the upper surface. The ribbon heat fluxes for 
the films were all within a few per cent of 91,000 Btu/(hr)(it? 
The motion pictures were placed in a viewer and measurements 
were taken on about 15 different bubbles for each gravity field, 
The number of bubbles measured was limited by the low gravity 
runs where relatively few bubbles are formed because vapor re- 
moval is so poor. As soon as a bubble could be distinguished on 


the ribbon, measurements were taken every 1/120th of a second of 
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The rise of individual bubbles in 28.2 per cent of normal gravity 


the height of its center of gravity above the ribbon. These 
measurements were taken until the bubble had traveled about 
1.5 in. upward from the heated surface. The center of gravity 
was estimated at the center of the area of the bubble when it was 
attached, and at the intersection of the major and minor axes 
The values of the major and 
minor diameters were recorded at about six successive 1/120 
second time increments immediately following breakoff from the 
suriace. 


when the bubble was detached. 


It was found that in the low gravity range, the bubbles would 
become quite irregular and poorly defined while attached to the 
This was due to the poor removal of vapor which would 
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surface 
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cause small bubbles to coalesce and form a larger film of vapor. 
For this reason, the bubbles attached to the surface were very ir- 
regular, and hence an average bubble size for attached bubbles 
could not be determined. Shortly after the bubbles detached, 
they became much more distinct, and hence diameter measure- 
ments could be made for the detached condition. 

Bubble Rise Rates. Figs. 4(a) and (b) show typical curves of the 
heights of the bubble centers as a function of time for 5.5 and 28 2 
per cent gravity fields. Although the bubbles had a fairly wide 
variation in diameters, it is seen that the rise rates for the de- 
tached bubbles are all very much the same for a given gravity 
field. This is in agreement with the results for high bubble 
Reynolds numbers in reference [6] where the rise rate of bubbles 
was found to be independent of size. The bubble paths have 
some irregularities probably due to the stirring actior of the boil- 
ing process. The resulting convection currents have increased 
importance at low gravity fields where the buoyancy forces be- 
come small. When looking at the films it was noted that bubbles 
would move downward at times due to the convection currents. 

Plots similar to those in Fig. 4 were prepared for each gravity 
field including the normal one gravity condition. For each bubble 
path two straight lines were then drawn. One line went in an 
average way through all the points after the bubble had detached, 
and hence its slope gave an average bubble velocity for about one 
in. of rise away from the heated surface. The other line was 
drawn tangent to curve of the data at the point of detachment, 
and the slope of this line gave the bubble velocity at the time of 
breakoff from the surface. An arithmetic average of each of these 
two rise rates was then computed using all the bubble paths for 
each gravity field, and these were divided by the corresponding 
rise rates for normal gravity. Fig. 5 shows the rise rates relative 
to those for normal gravity, as a function of the gravity field. 
For normal gravity the average of the bubble velocities at the 
time of detachment was 0.98 ft/sec, while the average velocity 
over one in. of rise was 1.17 ft/sec. Except for very low gravities 
the data points in Fig. 5 fall close to a straight line. 

The magnitude of the rise rates and their dependence on 
gravity did not agree with those of gas bubbles rising through 
liquids as given in references [6 and 7]. The rise rate measured 
for normal gravity was higher than that predicted from the gas 
bubble correlations. Even larger rise rates have been observed 
in reference [4]. The bubble velocities may have been influenced 
by cellular convective motions in the tank, which would produce 
an upward circulation in the vicinity of the heated element, and 
a downward motion along the sides. In view of these motions it 
is not known if the calculation of bubble drag coefficients would 
be very meaningful. 

Bubble Diameters. Since most of the bubbles were not spherical, 
an assumption had to be made to obtain an average bubble diame- 
ter from the measurements of the major and minor diameters. 
Since the third dimension of each bubble into the plane of the 
photograph was not known, it was decided that any refinement 
beyond a simple arithmetic average bubble diameter was not 
warranted. For each bubble, the diameter at detachment was 
teken as the arithmetic average of several readings taken at 
successive 1/120 sec intervals immediately following detach- 
ment. Then an average was taken of all the bubbles for a given 
gravity field. 

For comparison, information on bubble diameters for the nor- 
mal gravity condition was needed. This was obtained by starting 
the motion-picture camera about one quarter of a second before 
the platform was released. The bubble rise rates for normal grav- 
ity did not vary appreciably from run to run, but the bubble 
diameters could vary by several per cent. This variation in 
bubble size was possibly due to small differences in water tem- 
perature for different runs. Hence the data on bubble diameter 
for each gravity field was compared with the normal gravity 


248 


AUGUST 1961 


condition observed immediately before the drop. Fig. 6 shows 
a plot of the ratio of bubble diameter to normal gravity bubble 
diameter, as a function of gravity. For normal gravity the aver- 
age bubble diameter for all runs was 0.245 in. As expected, the 
bubble diameter increases as the gravity field is reduced. The 
slope of the line on the logarithmic plot is about 1/3.5. This does 
not agree very well with theory which indicates (see reference [3 | 
for example) that, for bubbles departing from a horizontal surface, 
the diameters increase as 1/+/g. This assumes that the bubble 
contact angle, which also appears in the theoretical expression, 
is independent of gravity at the instant of bubble breakoff. 

A rough comparison of bubble sizes can be seen in Fig. 7 which 
shows typical photographs of bubbles for five different gravity 
fields with the same heat flux at the surface. In the pictures, the 
bubbles appear fairly evenly spaced (the photograph for 13 per 
cent gravity is especially good) which indicates that in low 
gravity fields the bubbles continue to be generated in a regular 
fashion. 

c ts on te Boiling Data. It was thought that, in the 
nucleate boiling range, a decrease in the gravity field might be 
reflected in a poorer heat transfer due to the accumulation of 
vapor near the heated surface. This would require a higher sur- 
face temperature to dissipate the same heat flux. Hence during a 
drop test the oscilloscope traces might show a higher voltage drop 
and a lower current flow due to the resistance increase of the 
platinum wire. However, in drop tests where burnout was not 
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Fig. 7 Nucleate boiling from the top surface of a nickel ribbon for five different gravity fields 


Heot flux = 91,000 Btu/hr-ft?, g, earth gravity 


present, the traces went straight across the screen and no surface 
should be noted, 
however, that a change could only be clearly detected if it were at 
least 6 deg F, so that a shift in the boiling curve of Q/A as a func- 


temperature change could be detected. It 


tion of t, — tsa: could have taken place of less than this magnitude 
These results can be justified in terms of the analysis of Forster 
and Zuber (see reference [2]) which yields a heat-transfer co- 
efficient independent of gravity. Their analysis shows that the 
“stirring action” of the bubbles, as indicated by the product of 
the bubble radius and the change in radius with time, is inde- 


pendent of the size of the bubbles. Hence the large bubbles ob- 
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tained in low gravity fields may be just as effective in promoting 
The results of Rohsenow [2] do contain a 
If Q/A is constant, 
For example, if a drop test is 


good heat transfer. 
gravity parameter, but it is to a small power. 
then At is proportional to (g,/g)'*. 
performed where g is reduced suddenly to 20 per cent of normal 
gravity, than At would be increased by about 30 per cent. Since 
the At for these tests is on the order of 25 deg F, a 30 per cent 
Hence with our instrumenta- 
tion, a shift in the boiling curve would only be detected for gravi- 
ties less than about 1/5 ofnormel. In this range we still did not 


observe any change in wire temperature during the experiments. 
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change would just be detectable. 
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Fig. 8 Nucleate boiling from a horizontal pletinum wire in water at 
atmospheric pressure 


The possible shift of the boiling curve to a higher At is unim- 
portant with regard to failure of a heating element by melting, 
except at very low gravities where a continuous vapor film may be 
formed. At zero gravity the limitation of the short duration of 
the test is significant, since under these conditions the surface 
would eventually tend to become surrounded by vapor. 

The experimental data recorded prior to each drop test pro- 
vide information on normal one gravity nucleate boiling. A 
boiling curve using these data is presented in Fig. 8. The data 
were taken using three calibrated platinum wires with diameters 
of 0.0453 in. The resistance measurement of the wire provides an 
average wire temperature, and a correction for the radial tempera- 
ture variation was applied as given in reference [5] to yield the 
surface temperature. There was also an axial temperature varia- 
tion due to heat conduction from the heated wire to the cooler 
upporting electrodes. This effect was checked using the results 
of Callendar (reference [8], p. 152) and found to be quite small so 
no correction was needed. The figure also shows how the data are 
located relative to those for smaller diameter wires given in 
Near the critical heat flux, the data fall in the 
range as those for smaller wires. Hence it is felt that the 
influence of wire diameter is probably unimportant for the burn- 


reference [5] 


same 


out data given here. 


Motion-Picture Film 


A 16-mm narrated color film has been prepared and is available 
on loan from the NASA, Lewis Research Center. The number of 
the film is C208 and it is entitled “Boiling in Reduced Gravity,” 
by C. M 


equipment 


Usiskin and R. Siegel. The film shows the experimental 


and illustrates its operation. Nucleate boiling of 


water from a horizontal platinum wire is shown for three gravity 
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Fig. 9 Film boiling from the outside of a stainless-steel tube for two 
gravity fields 


Heat flux = 127,900 Btu/hr-ft*, g, earth gravity 


fields, 28, 5.5, and 0 per cent of normal gravity, and is compared 
with normal boiling. 

230,000 Btu/(hr)(ft*). 
side of a horizontal, red-hot stainless-steel tube at 5.5 and O per 


The heat flux for these three sequences is 
Then film boiling is shown from the out- 


cent of normal gravity 
175,000 Btu/(hr)(ft*). 
illustrated in Fig. 9. 


The heat flux for these two sequences is 
The nature of low gravity film boiling is 
At 5.5 per cent gravity the photograph 
shows two bubbles which have broken off at each end of the 
vapor film surrounding the heated tube. 
in the 
previous bubbles have departed. 


A new bubble is growing 


central section between the which the 


The formation of bubbles at 


locations from 
alternately spaced locations is a well-known characteristic of film 
boiling and evidently persists for low gravity fields 


Conclusions 


The burnout heat flux decreases with decreased gravity as ex- 
pected from the trend predicted by theory. The theoretical 
curve which gives the burnout flux varying as gravity to the one 
quarter power appears to be a reasonable lower limit for the 
data If the heat flux is suddenly raised above the burnout limit 
an interval of time is required before burnout actually occurs. 
This transient time decreases as the magnitude of the step in 
power is increased beyond the burnout limit. Because the data 
in this work were all obtained during drop tests which only lasted 
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about « second, the transient phenomenon is significant in ac- 
counting for the scatter of the burnout data. 

The photographic study of nucleate boiling indicates how the 
velocity of freely rising bubbles decreases as gravity is reduced. 
The bubble diameters increase as gravity is decreased approxi- 
mately as gravity to the 1/3.5 power. At zero gravity, film and 
nucleate boiling take on a similar appearance 

For nucleate boiling, within the limitations of the present ex- 
perimental equipment, the surface temperature of the test section 
for a fixed heat dissipation was not influenced by the reduction in 
gravity field. 
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DISCUSSION 
Marvin Adelberg‘ and Kurt Forster’ 


We are fortunate to have, in the present paper, one of very few 
experimerital investigations on the influence of gravity upon heat 
transfer to a boiling liquid. The authors feel that their results 
which showed no significant influence of gravity, substantiated 
the correlations of Forster and co-workers as contrasted with the 
correlations of Rohsenow We wish to note, 
however, that the fact that g does not appear explicitly in the 


and co-workers. 


correlations of Forster and co-workers does not imply that 


this correlation is independent of g. The correlation constant C 
in that correlation was obtained by reference to experiments per- 
formed under normal gravity (g/g, = 1); for example, had C for 
the correlation been determined by reference to experiments per- 
formed on the moon (g/g, = '/s), then the influence of g would 
have been manifested in a new value of C. 

To elaborate on this point, by reasoning from dimensional 
analysis: Assuming four primary dimensions (time, temperature, 


mass, and length) and noting the large number of significant and 
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independent variables which appear in the various correlutions, 
it is evident that more than three IT terms are required for a com- 
plete set. Thus the additional I] terms which do not appear 
explicitly are incorporated in the constant C. Should g be a 
significant independent variable, then at least one of these addi- 
tional II terms in C contain g. 

We want to take this opportunity to present some physical 
considerations concerning the relative importance of gravity in 
the transfer of heat from a heated surface to a boiling liquid. The 
main function of gravity in this process is the removal of the vapor 
bubbles from the heated surface. Apart from gravity, the 
vapor bubbles can be removed from the surface also by forced 
convection (shear) forces and/or by the flow field induced by 
the dynamics of the growing bubble. Let us estimate the 
dynamic force F, associated with the growing bubble and com- 
pare it with the buoyancy force F, in order to obtain a criterion 
for the relative importance of the latter. Consider a hemis- 
pherica! cavity of radius R(t) growing on a flat surface in a liquid 
of density p; its apparent mass is of the order ?/,9R*, and its 
velocity is of the order R. We set the dynamic force F, as- 
sociated with this mass flow proportional to the momentum 


change 
d 2 
Fua 
. € 


and we submit that in a system in which the buovanev force 
dominates, the ratio F,/F, is small and that when this ratio is 
large, the system will be essentially independent of gravity as far 
as removal of vapor from the heating surface is concerned. We 
therefore form this ratio, which is of the nature of a Froude num- 
ber, 


: 1 
priv) = 2pr (eens ae rn) (1) 


: ° 1 ee 
2or (eit + 3 R :) 
W = ——-. ———____ 
» 

pr R%q 


It is well known that, for a bubble growing in either a saturated or 
a subcooled liquid, R is negative and, inasmuch as the present is 


a consideration in orders of magnitude, we neglect the second term 
in equation (2) and we approximate R by the mean value theorem 


Raz 
bmax 


(3) 


in terms of the maximum radius Ryax and the time t,x at which 


this maximum radius occurs. Hence 


a 
ie — (4) 


gt? max 


The problem for the designing engineer is to develop a system 
under normal (g/gn = 1) conditions such that he can predict its 
performance for other gravity levels. Equation (4) indicates that 
the important ratio is that of R/t® versus g. For saturated boiling 
at g/gn = 1, significant times for detachment of the vapor bubbles 
are of the order of 3 X 10-2 seconds and the corresponding maxi- 
mum radius is about 0.4em. For this condition IT, from equation 
(4), is seen to be about unity. Without resorting to new experi- 
ments, we can take advantage of the fact that, for a subcooled 
liquid, in which the bubbles collapse due to condensation (rather 
than being detached by gravity), the boiling mechanism should 
not be significantly influenced by gravity. We might conclude 
from this that values of IT corresponding to the subcooled case 
indicate a system which is insensitive to changing conditions of 


To obtain a feeling for the magnitude of IT under such 


oi) 


gravity 


AUGUST 1961 





onditions, we tabulate below some experimental data reported 
by Ellion*® for water: 


Tabie 1 


Effect of subcooling upon the ratio I] 


tmax Il 
|Equation (4)] 
1.3 


Liquid temp Ress 
Tr i-deg F em X 107? sec X 107? 
212 4) 30 

170 5.3 1.1 130 
120 44 0.83 190 
i 3.4 0.50 410 


We conclude that a system which is characterized at g/g, = Lby 
a value for IT greater than, say, one hundred is essentially insensi- 
tive to change of gravity. The relatively very low value of II in 
the first row of the foregoing table suggests that a system designed 
for pool boiling of a saturated liquid at g/g, = 1 will fail at low g 
levels. This is so for the following reason: In order to produce 
sizable dynamic forces of the growing vapor bubbles in a saturated 
liquid, the superheat would have to be extremely high; but super- 
heat is limited to low values by the occurrence of “‘burnout.’’ 
Deeper insight into these questions might be obtained by the ex- 
periment suggested below. 

The authors stress the desirability of experimental investiga- 
tion of extended duration to minimize transient effects. We 
would appreciate the authors’ comments on some experiments, 
proposed by one of us a few vears ago, intended to yield design 
criteria for heat-transfer components to operate independently of 
the level of gravity. Essentially, the designer needs to know two 
criteria regarding the boiling process, for his system designed un- 
der g/g, = 1 conditions, to remain largely unaffected by reduction 
in gravity: (1) The level of subecooling and/or superheat at which 
the bubble dynamic forces dominate and are sufficient to insure 
removal of the bubbles from the heating surface. (2) The velocity 
in forced convection at which the shear forces near the heating 
surface dominate and are sufficient to remove the vapor from the 
heating surface. A simple experiment which will yield the fore- 
going design criteria and which permits the observation of the phe- 
nomena in the steady state is the following: Consider a system 
with «a flat heating surface on top of and in contact with the 
liquid. In this case gravity tends to keep the bubbles attached 
to the heating surface instead of aiding their removal (as takes 
place in the “heating from below”’ condition); in this manner one 
can observe a system in which g/g, is effectively —1, and one can 
obtain experimentally the relation between boiling heat transfer 
and the usual parameters (superheat, subcooling, convective 
velocity, and soon). The desired above-mentioned criteria would 
be established for the range —1< g/g, < +1 when superheat, sub- 
cooling, and convective velocities were found such that the result- 
ing heat flux in this “heating from above’’ case approximates the 
heat flux obtained by “heating from below.”’ In this manner, 
criteria for sufficient conditions for proper heat-transfer design at 
low gravity can be established conveniently (at rest) by observing 
the operation at g/g, = —1 


C. P. Costello’ 


This writer wishes to congratulate the authors not only on ob- 
taining significant data but also on presenting the information 
clearly and completely so as to facilitate appraisal of the data. 

The use of a 0.0453 in. diameter wire for burnout studies should 
give slightly low values of burnout heat flux according to Ber- 
nath.* He has accumulated data for nonaccelerating pool boiling 


*Max E. Ellion, “A Study of the Mechanism of Boiling Heat 
Transfer,"’ Jet Propulsion Laboratory Memorandum No. 20-88, 
California Institute of Technology, March 1, 1954 

’ Assistant Professor, Mechanical Engineering, 
Washington, Seattle, Wash. Assoc. Mem. ASME. 

* L. Bernath, “ A Theory of Local Boiling Burnout and Its Applica- 
tion to Existing Data,"" AIChE paper 110, presented at ASME- 
AIChE Heat Transfer Conference, Storrs, Conn., August, 1959. 


252 


University of 


AUGUST 1961 


systems which show that heater diameters up to roughly 0.1 in. 
are influential in determining burnout. The peak heat flux for a 
wire of 0.0453 in. diameter appears to be roughly 85 per cent of 
that obtainable with heaters above 0.1 in. diameter. 

The fact that no changes of ¢, — ts... with various accelerations 
were observed is understandable. Costello and Tuthill® observed 
that acceleration up to 40 times the local acceleration of gravity 
produced a maximum change of 4.0 deg F in ¢, — tat at a heat 
flux of 200,000 Btu/hr-sq ft. That is, the increased acceleration 
lessened rather than improved the heat-transfer coefficient. The 
writer believes that with accelerations slightly less than the local 
acceleration of gravity the heat transfer would improve, but so 
minutely as to be unobserved in the tests reported here. 

When acceleration is reduced, bubbles adhere to the heater and 
remain near the heater longer. In itself, this would add re- 
sistance to heat transfer. However, the fact that the bubble can 
attain larger size and promote more turbulence near the heater 
apparently more than compensates for this. Thus there should 
be some optimum acceleration from the standpoint of heat- 
transfer behavior at which the net improvement of heat-trans- 
fer coefficient is maximized. The data of Merte and Clark" and 
Costello and Tuthill seem to indicate that this acceleration will 
be somewhat less than the local acceleration of gravity although 
this is a surmise at present. 

Analytic predictions of burnout heat flux are based on cases 
where the acceleration always has the same orientation with 
respect to the heater surface over the entire surface. In the case 
of an accelerating cylindrical surface this is not the case; this 
would seem especially important since varying the orientation of 
the acceleration would alter its effect on the stability of the boiling 
system. Stability criterion have been used extensively in deriving 
burnout heat-flux correlations. 

In view of this, it is interesting to note that the burnout data 
still agree quite well with the analytic predictions. At the Uni- 
versity of Washington, burnout data have been obtained for 
accelerating cylinders with accelerations from 20 to 40 times the 
local acceleration of gravity. Considerable work remains to re- 
duce these data, but a preliminary reduction indicates that agree- 
ment with the analytic prediction that burnout flux is propor- 
tional to acceleration to the one-fourth power will be very good. 
Thus the authors’ data and that obtained at Washington for ac- 
celerations above the local acceleration of gravity seem to agree 
with the analytic prediction of the effect of acceleration despite 
the fact that the analyses have been carried out on much simpler 
systems. 

The writer congratulates the authors on their efforts and feels 
that this paper will aid materially in the understanding of the 
burnout phenomenon and the appraisal of various burnout heat 
flux correlations. 


Authors’ Closure 


The authors would like to thank Dr. Adelberg and Professors 
Forster and Costello for their interesting discussions which are 
a valuable supplement to the paper. 

With reference to the correlation constant C, we did not detect 
any shift in the boiling curve of heat dissipation versus tempera- 
ture difference for the range of conditions that were studied. 
These conditions were limited to saturated pool boiling with 
moderate and high heat fluxes. As mentioned by Professor 
Costello, the change in ¢,—¢4,.. was also found to be small when 
the gravity field was increased to as much as 40g. Further in- 

*C. P. Costello and W. E. Tuthill, “Effects of Acceleration on 
Nucleate Pool Boiling,’ Presented at AIChE-IMIQ Meeting, Mexico 
City, June, 1960. To appear in AIChE Symposium 


”H. Merte, Jr.. and J. A. Clark, “Pool Boiling in Accelerating 
Systems,” published in this issue, pp. 233-242. 
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vestigation with more sensitive instrumentation would be de- 
sirable in the low gravity range. 

From the present study, some rough computations can be 
made for the dimensionless group II = 3Rmax/gt%max, Which is the 
ratio of the dynamic foree to the buoyancy force on a bubble. 
For Riax the information in Fig. 6 can be used as an approxima- 
tion. This gives the bubble diameters, for various gravity fields, 
at the time of detachment from the surface. Since these are the 
maximum sizes that the bubbles attain at the surface, we shall 
use one half of these diameters for R,,,.x. Fig. 4 shows the rise of 
typical bubbles in two gravity fields, and the points of detach- 
ment from the surface are given. The authors have additional 
bubble histories for these gravity fields and for the other gravity 
fields which were studied in the experiment. We shall define tnx 
as the time from the origination of a bubble to the instant of de- 
tachment. The instant at which a bubble was formed could not be 
determined due to lack of resolution in the high-speed motion pic- 
tures, but a rough approximation can be obtained by trying to 
extrapolate the curves to zero height. This is very crude but 
still should give values for ¢,,,x which are not in error by more than 
a factor of about 2, and hence the IT values should be within an 
order of magnitude. The comparisons between different gravity 
fields should be better than this since the sets of data were each 
treated in the same fashion. 
fields are given in the table: 


Average data for various gravity 


Fractional 
gravity | tmax, 
g/n in. sec 
0.055 0.29 
0.126 0.22 
0.282 0.20 
0.475 0.15 
L.0 0.12 


; Il 
3Rmax gt* wax 
0.32 0.40 
0.17 0. 
0.14 0.2 
0.067 0.5: 
0.045 0 


The II term does not exhibit any definite trend with gravity and 
remains essentially constant. This results from the large increase 
in the time scale as g is reduced which offsets the increase in 
Reasax/g. It should be mentioned that the approximation of 
hemispherical bubbles growing radially may be poor for the boil- 


ing regime we investigated. Most of the bubbles that were ob- 
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served were quite irregular during the period while they were at- 
tached to the surface. 

The experiment proposed by Adelberg and Forster appears to 
be a good way to compare the shear forces due to forced flow with 
the buoyancy force. The results would probably be most mean- 
ingful for. subcooled boiling since the two-phase flow that would 
result in saturated boiling for negative gravities might be quite 
different than for zero and positive gravities. For subcooled 
boiling, the experiment should yield criteria such as the degree of 
subcooling necessary for boiling to be independent of gravity. 
For subcooled pool boiling, the removal of heated liquid from the 
general neighborhood of the surface may be dependent on a free 
convection circulation since the stirring action of the bubbles is 
confined to a region close to the heated surface. The free con- 
vection will cease for zero gravity, so a small forced circulation 
may be necessary to keep the liquid subcooled near the surface 
We recently saw some motion pictures taken at Wright Field of 
slightly subcooled boiling in zero gravity. The immersion heater 
had a large surface area compared with the size of the bubbles 
formed on it. The bubbles were propelled off the surface a short 
distance before condensing, so that the dynamic forces must have 
been large in this instance. The use of subcooled boiling is, of 
course, limited to applications where cooling is desired, but a net 
vapor generation is not required. 

Professor Costello mentions the errors brought about by using 
small-diameter heating wires to determine the burnout heat flux. 
This situation could be aggravated in low gravity fields since in 
this instance the bubbles are much larger and hence the com- 
parative scale of the wire size is reduced. Also for a heated wire 
in reduced gravity the bubbles can easily grow completely around 
the circumference of the wire, which is in contrast to bubbles 
spreading sidewise over a large surface. It would be very desir- 
able to have experimental data for bubbles growing on large sur- 
faces in low gravity fields. 

It is interesting that the experimental results for burnout in 
high gravity fields also appear to substantiate the analytical pre- 
dictions for the gravity dependence. The analytical predictions 
were made before any data were available for gravity fields other 
than one g. It is satisfying when the predictions of a simplified 
analysis are later verified by experimental evidence, 
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The exponent a 


atmospheric pressure was conducted. 
heating-surface material was investigated 
was found by a spectally fabricated thermocouple placed in contact with it. 

maximum temperature variation may be found from the following equation: 


is a function of surface roughness. 


The effect of surface temperature, heat flux, and 
The temperature variation of the surface 
The average 


. - AT wur—sat 
AT ave max > cla(f, a) /}— q k 


The rate of heat flow was 


denoted by q in Btu/sq ft-hr, a the thermal diffusivity in sq ft/hr, f the frequency of 
variations in cphr, k the thermal conductivity in Btu/ft-hr-deg F, and AT sur-sar the 
temperature difference between the heating surface and the saturation temperature of 


water 


The coefficient c and exponent a were determined experimentally for 


various heating-surface materials and surface finishes. 


I. RECENT years the importance of bciling heat 


transfer has increased. There are several different types of boiling 


which oceur in boiling heat transfer. However, nucleate boiling, 
in which bubbles form on the heating surface, is by far the most 
desirable type for high heat-transfer rates. In order to under- 


stand further the phenomena occurring in nucleate boiling, 
numerous investigations have been made and the results have ap- 
peared in recent publications 

4 study of the surface-temperature variation caused by bubble 
formation in nucleate boiling has been made at the University of 
Wisconsin. In order to accomplish this, experiments were car- 
ried out by varving the heating-surface material, the roughness 
of the surface, and the heat flux, so that their effect on the mag- 
nitude of the temperature variation of the heating surface in pocl 
boiling of water at atmospheric pressure could be investigated 

A thermocouple probe consisting of a constantan wire enclosed 
in a stainless-steel hypodermic needle silver-soldered together 
at its tip was used to measure the temperature variations of the 
The 


signal from the thermocouple was recorded with a Sanborn re- 


us the heat flux and the surface finish were varied 


surface 


corder. The charts from the recorder were analyzed and the 


magnitude of surface-temperature variations was found 


Although considerable literature is available on the mechanism 


f bubble formation, the exact history of temperature fluctuation 


at the and its correlation with the heat flux are not vet 


kn wh 


problem but serves as one phase of the informatior 


surtace 
This paver does not give the complete answer to the 
leading to 


ultimate solution 


Theoretical Considerations 


To obtain an idea of the temperature variation present during 
the boiling process and to determine the factors which affect 
these variations, an analysis of the phenomena occurring on the 
surface was made. In discussing the test-specimen surface, it is 
Heat 
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necessary to differentiate between the surface directly in contact 
with the steam and that directly in contact with the liquid. When 
the bubble was initiated on the surface of the test specimen, the 
resistance to heat transfer on this heating surface covered by the 
bubble was caused by the low thermal conductivity of the steam 
in contact with it. As the bubble grew in size, a temperature 
difference developed between the bulk of the steam in the bubble 
and the molecules of the steam in contact with the heating surface. 
This temperature differential caused a density differential te exist 
and resulted in the natural convection of the vapor inside the 
bubble. 
the temperature difference present, affected the pattern and 
The film coefficient be- 


The size and shape of the bubble formed, as well as 


magnitude of these convection currents. 
tween the steam and the heating surface and the film coefficient 
between the heated liquid and the heating surface had to be con- 
sidered separately when looking at the heat transferred from the 
test-specimen surface where bubbles were present. 

As the bubble continued to grow, not only did the film co- 
efficient between the steam and specimen surface become sig- 
nificant, but the areas affected by 
Thus a certain temperature pattern, on and below the specimen 


this coefficient increased also. 


surface, resulted. This pattern continued to change while the 


bubble was growing in size. The bubble grew in size on the sur- 
face until the conditions were such that it escaped from the 
surface and rose. As the bubble departed, liquid rushed into 
contact with the heating surface. The temperature of the liquid 
directly in contact with the heating surface increased while the 
temperature of the heating surface decreased at this location. 
The resistance to heat flow again varied with time as the new 
thermal boundary layer was being formed. The variation was 
periodic but the events in each period did not remain the same. 
The frequency of the bubbles was affected by the liquid convee- 
tion currents present 

The variation of the temperature on the surface because of the 
formation of bubbles presented a very complex problem. Es- 
sentially, a heat-transfer problem of three-dimensional unsteady- 
state conduction combined with variable film coefficients was 
present. The film coefficients were a function of time, frequency, 
shape, and other factors affecting the bubble growth. 


After careful consideration it was decided that the best ap- 
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proach would be to analyze the problem in various steps. Each 
step would represent a certain bubble size, and the temperature 
distribution would be determined by using numerical analysis. 
In this analysis, steady-state conditions were considered to exist 
in each step. If the steps were taken at small enough intervals 
the solution would approach the unsteady-state solution. Various 
assumptions had to be made. The heat flux was assumed to be 
50,000 Btu/sq ft-hr and the diameter of the bubble at escape 
was assumed to be 0.045 in. 
hemispherical in shape. It was also assumed that the bubbles 
formed at a rate of 36 per sec. The period was 0.0278 sec and 
each bubble remained on the surface 54 per cent of the period. 
Therefore the bubble was on the surface for 0.015 sec of each 
period. The radius of the bubble varied with the square root of 
time. The heating-surface material was stainless steel with a 
thermal conductivity of k = 14.4 Btu/ft-hr-deg F, and a thermal 
diffusivity of a = 0.271 sq ft/hr. The bulk temperature of the 
water was 210 F and the mean temperature of the heating surface 
was 220 F. The average film coefficient for the heat transfer 
between the water and the heating surface was assumed to be 5000 
Btu/sq ft-hr-deg F. The average film coefficient between the 
steam and the heating surface was considered to be 50 Btu/sq ft- 
hr-deg F. From the boiling curves the film coefficient for steam 
was estimated at approximately one-one hundredth that of the 
liquid. Table 1 shows time and bubble diameter for each step. 


The bubble was assumed to be 


Table 1 


Time, sec Bubble diam, in. 
0.0000 No bubble 
0.0001 0.003 
0.0006 0.009 
0.0017 0.015 
0.0033 0.021 
0.0054 0.027 
0.0081 0.033 
0.0113 0.039 
0.0150 0.045 


Bubble growth 


Step 


CON wh 


At 0.015 sec the bubble became detached from the heating 
surface. A square grid of 0.003 in. was selected for the relaxation 
pattern. 

The temperature of the surface after the bubble departed was 
difficult As stated previously, the surface was 
cooled because of its contact with the liquid. An estimate of the 
surface temperature under the center of the bubble is shown in 
Fig. 1. 
which is below the mean. 


to determine. 


Area A above the mean temperature must equal area B 


It can be seen readily that a certain bubble speed and rate of 
growth were assumed. These assumptions gave physical sig- 
nificance to the calculation even though it was apparent that the 
only factor changed in the various step analyses was the area 
the bubble. 


covered by The frequency of the bubbles was not 
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Surface temperature variation at center of bubble for a complete 
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considered here because steady-state heat flow was assumed for 
each step. The effect of the frequency of the bubbles on the sur- 
face temperature will be presented later. 

In the analysis, only one bubble was considered. It was ap- 
parent that other bubbles adjacent to the bubble under considera- 
tion had some influence on the surface-temperature variation. 
As the bubble density increased and the bubbles grew closer to- 
gether, the temperature of the surface was expected to increase 
because of the increased resistance to heat flow. This increase 
in the mean surface temperature did not necessarily mean an in- 
crease in the magnitude of the variations present. As the fre- 
quency increased, the number of variation cycles per unit time 
increased, but the amplitude usually became smaller. 


Description of Apparatus 


Heating Unit. A view of the assembly is shown in Fig. 2. The 
unit consisted of several pieces of 3-in-diam bar stock of various 
materials and thicknesses as stated in the following text. 

The lower two pieces, composed of stainless steel on the bottom 
and copper on the top had’ two holes drilled into them. The 
center lines of the holes were located at the interface of the copper 
Installed in these holes were two 300-W 
cartridge heating elements. The heaters were connected in 
parallel so that the maximum total heat supplied was 600 W. A 
rheostat was located in the d-c power-supply line making it possi- 
ble to vary the power supplied and the resulting heat flux. Since 
the thermal conductivity of the copper is approximately 20 times 
that of the stainless steel, the largest proportion of the heat from 
the heaters flows upward. 


and the stainless steel. 


Located directly above the copper was 
From Fig. 2 it may be seen that three 
grooves were made on the top and bottom surfaces of the alumi- 
num. These grooves were approximately 0.018 in. square and the 
two exterior grooves were placed approximately */, in. from the 
center groove which was located on a diameter of the bar. 
Copper-constantan 


a piece of aluminum. 


thermocouples were installed in these 


grooves. The copper and censtantan wires, 0.010 in. diam, with 
their cotton insulation intact, were placed in the grooves from 
To insure 
good contact between the thermocouples and the aluminum piece, 


opposite sides and their junctions were silver-soldered. 


the sides of the grooves were center-punched to hold the thermo- 
couple firmly. The junctions of the three thermocouples were 
staggered so that the junction of the center one was located 
directly at the center of the aluminum bar; the other two junctions 
were located */, in. on either side of a diameter drawn perpendicu- 


lar to the grooves. The grooves on the bottom were the same as 
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those on the top but in a direction perpendicular to the top 
grcoves. 

By having the temperature drop across the aluminum, the 
thickness of the aluminum, and the thermal conductivity of the 
aluminum, the heat flux through the piece may be calculated. 
The assumption made in this calculation was that at the center 
section of the aluminum the heat flow in a radial direction is 
negligible, and the heat may be considered to flow only in an axial 
direction. Thus the one-dimensional steady-flow heat-transfer 
equation could be used without appreciable error. 

Test Specimen. The test specimen was bolted directly to the 
aluminum and an aluminum tube was pleced around the test 
specimen. An ©-ring was used to seal the space between the 
aluminum tubing and the test specimen. In this manner a con- 
tainer for the water heated at the bottom with a known heat 
flux was constructed. The whole unit, excluding the aluminum 
tubing, was insulated with 2 in. of asbestos to minimize the heat 
loss in a radial direction, as well as in a downward direction from 
the stainless steel in which the heaters were partially imbedded. 

Thermocouple Probe. 
lhe probe was constructed by placing a piece of number 30-gage 


A view of the probe is shown in Fig. 3. 


constantan wire, wrapped in cotton insulation, inside a piece of 
drawn glass. The glass was then inserted into a No. 17 stainless- 
steel hypodermic needle. The constantan wire and the tip of the 
hypodermic needle were then silver-soldered together. Care was 
However, there 


was a physical limitation on the size of the junction because the 


taken to make this junction as small as possible. 


smaller the junction the more easily it may be broken or damaged 
during use 


Experimental Procedure 


Test Specimen. 
surface finish was installed in the heater assembly, as described 
previously 


The material to be tested with the appropriate 


Table 2 lists several materials tested, with a de- 
The surface of the test material which 
came in contact with the aluminum plate was finely ground for 
all the specimens. When the unit was fully assembled, distilled 


scription of the surface 


water was added 


Table 2 Test-specimens finishes 
Run 
101-102-103-104 
108-110-111 
112-113-114 
115-117-118 
119-120 


Description RMS, microin. 
Ground stainless steel 19 
Ground stainless steel 104 
Polished stainless steel 5.2 
Polished aluminum 13 
Ground stainless steel 21 


The thermocouple probe was brought in contact with the test 
specimen at the desired location. The estimated pressure holding 
the probe in contact with the test specimen was 5000 psi. Such 
a high pressure was used to insure good contact between the test 
specimen and thermocouple so that the correct surface tempera- 
ture could be recorded. The probe was always installed per- 
pendicular to the test-specimen surface. 

A thermocouple probe was also installed approximately */, in 
above the test specimen. This thermocouple measured the bulk 
temperature of the water. 

Heat-Fiux Determination. The rheostat installed in the d-c heater 
line was adjusted to allow various heat fluxes to flow from the 
The controlled 
variable was the value of the current flowing in the circuit. 


installed heaters through the test specimen. 


Once the rheostat was set, the unit was allowed to reach an equi- 
librium condition. At that point, the temperatures indicated by 
the copper-constantan thermocouples, which were installed at the 
These tem- 
peratures were also recorded at the end of the test and the average 
temperature difference across the aluminum was found 
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top and bottom of the aluminum plate, were recorded 
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Fig. 3 


The heat flow at the center of the aluminum was treated as one- 
dimensional steady-state flow. The equation for the heat trans- 


ferred in this case was 


Btu sq ft-hr (1 
Ax 


Procedure. The distance between the thermocouples AX and 
AT is the average temperature difference. 

The thermal conductivity of the aluminum was 89.2 Btu /ft-hr- 
deg F and the distance between the thermocouples was 0.0625 {t. 
Equation (1) thus reduced to the fcllowing form: 

q = 1428AT Btu/sq ft-hr 

Recording of Date. (nce the system was brought into equi- 
librium, the temperatures indicated by the probes which were 
positioned on the test-specimen surface and above the test speci- 
men were found by using a potentiometer. The galvanometer of 
the potentiometer was not able to dampen completely the varia- 
ble signal from the surface probe. As a result, some difficulty 
was incurred in determining the average surface temperature. 

The signal from the surface probe was connected to a Kin Tel 
d-e amplifier and then to the Sanborn recorder. The recorder ran 
for a 25-sec interval at a paper speed of 5 mm/sec. A zero com- 
pensator was used to center the recording wire of the recorder. 
These charts secured with the Kin Tel amplifier were analyzed 
for the maximum and minimum surface temperatures. 

After the temperature variation during a 25-sec interval was 
recorded by using a Kin Tel d-c amplifier, a Tektronix preampli- 
fier was connected to the recorder and was run for a 40-sec in- 
terval at a paper speed of 25 mm/sec. A higher paper speed was 
used here to facilitate the chart analysis. For a final check, the 
recorder was again connected to the Kin Tel amplifier and the 
charts were recorded again. 

During the test, water often had to be added to the unit. The 
unit was always allowed to come back to a state of equilibrium 
before continuing the recording. The barometric pressure and 
the reference-junction temperature for the thermocouples were 
recorded, with the reference-junction temperature being recorded 
at both the beginning and the end of the test. 

The tests were begun with a high heat flux of the magnitude 
determined by the maximum current which the heater could 
withstand (5 amp). In the succeeding tests, the heat flux was 
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decreased. 
peated. 

Analysis of Data. From the photographs of the charts, Fig. 4, 
it may be seen that the variations recorded do not appear to be 
periodic in nature. These charts were analyzed in two ways: 
By analyzing a 25-sec interval using the maximum variation 
method; by analyzing selected 1-sec intervals using the average 
variation method. 

The analysis of the charts by the maximum variation method 
can be easily seen in Fig. 5. 


Tests which were found to be questionable were re- 


A 25-sec interval of the curve was 
divided into five periods of 5 see each. 
5-see period were: 


The data recorded for a 


(a) The frequency of the variation in cycles per second. 

(b) The largest uninterrupted temperature variation. 

(c) The average of the five largest uninterrupted temperature 
variations. 

(d) The total deflection of the curve. 


Averages for the 25-sec interval were determined for (a) fre- 
quency, (b) maximum uninterrupted variations, and (c) average 
five uninterrupted variations. For the 25-sec interval, the largest 
of the total deflections was recorded. 

Because the analysis of the data by the average variation 
method was very lengthy, only five tests were analyzed. The first 
second of each 5-sec period was analyzed. Variations less than 
0.5 mm corresponding to 0.0923 deg F, were not considered. The 
frequency and the average variations were found for each second 
The average values for the 25-sec interval were found. 

In both analyses just described the purpose was twofold: (a 
To obtain a method of comparing data for different heat fluxes, 
surface finishes, and materials; (b) te give some indication of the 
maximum temperature variation and the frequency at which the 
variations occurred. 


Discussion of Results 


Boiling Curve. Upon analyzing the charts in the described man- 


@ 7800 BTU/HR SQ FT 


Fig. 4 Recorder charts for run No. 101; ground stainless steel; paper 
speed 25 mm/sec; RMS 19 
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ner, the effect of the heating-surface material, the finish of the 
heating surface, and the heat flux on the surface temperature and 
its variations were determined. For each surface finish several 
different runs were made. Each run represented a different loca- 
tion on the heating surface. The roughness of the surface was 
indicated by the RMS values given in microinches. These values 
were indicative of the surface finish. On the same surface finish 
the particular shapes of protrusion and cavities at various loca- 
tions were not identical. When the probe was held in one loca- 
tion on the surface, the variation recorded was not the variation 
from one bubble-forming location but the resultant of all the 
variations induced by the bubble-forming spots surrounding the 
probe. The number and location of these other bubble-forming 
spots influenced the magnitude and frequency of the variations 
indicated by the probe. 

Fig. 6 shows the relationship between the heat flux and the 
temperature of the heating surface minus the saturation tempera- 
ture of the liquid for the heating surfaces tested. For a constant 
heat flux the temperature difference required, regardless of surface 
finish, was less for the stainless-steel heating surface than for the 
aluminum. The tendency of the aluminum to form an oxide 
may explain the reason for the higher temperature difference re- 
quired. The formation of the oxide, called aging, resulted in 
either a shrinkage cf the cavities in the material, or the filling of 
the cavities with oxide. A higher temperature difference was 
required in order to reduce the critical radius to a value equal to, 
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Fig. 5 Maximum variation analysis of recorder chart 
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or less than, the vapor in the cavities, thus enabling the bubbles 
to form and grow 

For the stainless steel an increase in the surface roughness ef- 
fectively increased the size of the surface cavities, thereby reduc- 
ing the surface temperature needed for the formaticn of bubbles. 
Any change in the surface of the heating material which altered 
the size of the cavities and the vapor trapped in them affected 
the surface temperature required for the formation of bubbles. 

Temperature-Variation Data. 
mum 


For each run, the frequency, maxi- 
ininterrupted temperature variation, average maximum 
uninterrupted temperature variation, and temperature deflection 
were plotted as a function of heat flux 
shown in Fig. 7. 


A representative run is 
The general trends of these curves for various 
surfaces and locations were similar while the magnitude varied 
greatly. At high heat fluxes the number of bubble-forming loca- 
tions was so great that a slight variation in the heat flux and a 
change in the number of Iccations did not greatly affect the fre- 
quency of the temperature variation as indicated by the probe 
Consequently, the frequency remained nearly constant at high 
heat fluxes. As the heat flux was reduced further, a condition 
The 


last of the bubble-forming locations near the probe were dis- 


was reached wherein the frequency decreased very rapidly. 


appearing and the only variation present was caused by natural 
convection currents in the liquid. The frequency of the convec- 
tion variations was very low. The heat flux at which this transi- 
tion occurred was easily determined from the curves 

As the heat flux was decreased the temperature difference be- 


This, 


when combined with a decrease in bubble-forming locations, re- 


tween the heating surface and the liquid also decreased. 
sulted in a decrease of the maximum uninterrupted tempera- 
ture variation, the average maximum uninterrupted temperature 
variation, the temperature deflection, and the average unin- 
terrupted temperature variations 

The slope of the boiling curve in the nucleate region increased 
as the heat flux increased. This indicated that at higher heat 
fluxes only a small increase occurred in the temperature difference 
us the heat flux was increased. This, when combined with the 
small effect of the increased bubble locations on the surface tem- 
perature 


sulted in 


as previously mentioned when discussing frequency, re- 
s nearly constant In several 


runs it was observed that the tem erature variation actually de- 


tem erature variation 


creased as the heat flux was increased 
f the 
spending quenching of the surface by the liquid. 


The temperature varia- 
tion w: bubbles and the corre- 
With an in- 


crease in the number of bubbles, the frequency of variation may 


: caused by the departure 


increase but the amplitude decreases 
In discussing the influence of surface roughness it Was pre- 
viously pointed out that, as the roughness increased, the tempera- 


The in- 


ture difference required for a given heat flux decreased 


10,000 20000 30,000 
HEAT FLUX BTU/ftrr 


40,000 


Fig. 7 Chart analysis for stainless steel 19 rms 
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crease in roughness also resulted in an increase in the number of 
bubble-forming nuclei present on the surface. However, the 
dominant factor influencing the surface-temperature variations 
was the decrease in temperature difference which resulted in 
smaller variations for rough surfaces. As the surface became 
smoother the temperature difference between the heating surface 
and liquid saturation temperature increased, while the number of 
bubble-forming locations and the frequency were slightly less. 
The curves shown in Fig. 8 may be explained in this way. The 
smallest variation was recorded with the 140-RMS surface. The 
variation appeared to be independent of the heating-surface ma- 
terial 

The maximum uninterrupted variation, the 
average maximum uninterrupted temperature variation, the aver- 
age uninterrupted temperature variation, and the tempera- 
ture deflection were all influenced by the factors previously dis- 


cussed 


temperature 


The temperature deflection indicated the difference be- 
tween the maximum and minimum surface temperature during 
The maximum uninterrupted temperature variation 
indicated the largest uninterrupted temperature variation present 
while the average maximum uninterrupted temperature variation 
gave a more accurate indication of the temperature variations 
present a large number of uninterrupted temperature 
variations were considered in determining its value. Because 
the maximum uninterrupted temperature variation indicated the 
temperature variation only at one instant it could be quite mis- 
leading, for variations of this magnitude might occur only once 
during the interval investigated while the other variations present 
were comparatively smaller. 


the runs 


since 


The average uninterrupted temperature variation considered 
all the variations present but gave no indication of the magnitude 
It will be noted that the 
trend of the average temperature variation and average maximum 


of the largest variations occurring 


temperature variation are similar as the heat flux is varied. 

A relationship between the average maximum temperature 
variations and the temperature deflection for all surfaces is shown 
in Fig. 9. This relationship was expressed in an equation of the 
form 


AT avg™ = 0.515( AT an)! -° (3) 


Correlation of Data. 
ture variations have been discussed previously and are now cor- 


The various factors affecting the tempera- 


related, so as to form an expression for the temperature varia- 
tions. As the temperature difference between the heating surface 
and the liquid increased, the variations also increased. Because 
the liquid temperature was difficult to measure, this expression 
was simplified by speaking of the temperature difference between 
the surface temperature and saturation temperature. 

An increase in the heat flux had two effects on the temperature 
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variations. One was that the temperature gradient in the ma- 
terial increased and caused a higher maximum surface tempera- 
ture. The second effect was an increase in the film coefficient, 
resulting in an easier dissipation of heat from the surface to the 
liquid at the liquid-surface interface and tended to decrease the 
maximum temperature present. The first effect was the domi- 
nating one. 

An increase in the thermal conductivity of the material al- 
lowed the material to transfer the heat more readily from the 
high-temperature region. This reduced the maximum surface 
temperature and thereby decreased the variaticn. 

Since the probe was not located at the exact spot where bubbles 
were formed, the temperature variation at the probe depended 
upon the temperature changes at the bubble-forming locations 
The temperature 
variation was considered to be a function of the distance from the 


surrounding the probe as discussed previously. 


bubble and the temperature-transmitting properties of the ma 
terial. From a study of periodic temperature change, an increase 
in the frequency of a signal at the surface decreased the maximum 


amplitude of the signal transmitted to some internal location 
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Fig. 9 Composite relationship between temperature deflection and 
average maximum temperature variation 



























































Fig. 10 Correlation of data for stainless steel 5.2 rms 
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An increase in the thermal diffusivity of the material increased 
the maximum amplitude transmitted. As the distance was in- 
creased the maximum amplitude decreased. The ratio of the 
frequency and the thermal diffusivity was usually expressed to 
the one-half power when considering their effect on the tempera- 
ture variation transmitted. flux de- 
creased the distance between these bubble-forming locations and 
the probe and thereby increased the amplitude transmitted. The 
variation recorded was the summation of all bubble locations. 


An increase in the heat 


An increase in the heat flux might have resulted in an actual de- 
crease in magnitude of the temperature variations because of the 
phase relationship of the various signals transmitted to the probe. 

By taking these factors into consideration, the following rela- 
tionship was formed: 


AT, amax = clo(f/a '/2) (9 AT surmsat/k) 1) 


\ plot of 
pga ma h V ! 1 ( f 

—_ rersus q(f/a) 

gAl sur—sat 
was made on logarithmic paper to determine the various con- 
stants. The curves for the various surfaces are shown in Fig. 
10. A list of the appropriate coefficients and exponents is given 
in Table 3 


Table 3 Coefficients and exponents for equation (4) 
Surface description a 
Aluminum 13 RMS 706 
Stainless steel 5.2 RMS 030 
Stainless steel 19 RMS 630 
Stainless steel 21 RMS 688 
Stainless steel 140 RMS 920 
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Fig. 11 Correlation of data for stainless steel 19 rms 















































Fig. 12 Correlation of data for stainless steel 21 rms 
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Fig. 13 Correlation of data for stainless steel 140 rms 
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Conclusions 

The foregoing findings have been observed from the experi- 
heating surface 
and frequency 


mentations: The surface temperature of the 
varied during nucleate boiling. The 
of variations were principally functions of the heat flux and the 


finish. 


amplitude 


surtace 
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Natural-Circulation Tests With Water 
at 800 to 2000 Psia Under Nonboiling, 
Local Boiling, and Bulk Boiling 
Conditions 


Natural and forced-circulation test data for a closed-loop system are presented and 
analyzed. The data were obtained at pressures of 800, 1200, 1600, and 2000 psia from 
the natural-circulation loop at the Bettis Laboratory, using single rectangular channel 
test sections (0.100 in. X 1.0 in. X 27.0 in. long, 0.200 in. XK 1.0 in. X 27.0 in. long, 
and 0.250 in. X 1.0 in. X 27.0 in. long). Heat fluxes ranged from 50,000 Btu/hr-sq 
ft to burnout with inlet subcoolings of 20, 70, and 100 deg F. The results showed that 
single and two-phase pressure drop, burnout heat flux, and riser density measured under 
natural-circulation operation are no different from those measured with forced circula- 
tion at the same thermal and fluid flow conditions. For the loop studied, it was shown 
that natural-circulation-loop flow rates can be predicted to within 10 per cent for both 
single and two-phase flow. Some data for slip ratios at liquid velocities less than '/, fps 
and for two-phase exit losses were obtained. Flow fluctuations were noted during some 
of the natural-circulation runs; these occurred before burnout heat flux was reached 
In some instances these fluctuations were severe enough to cause a premature burnout 


0. J. MENDLER 
A. S$. RATHBUN 


Assoc. Mem. ASME 
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A. WEISS 
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Bettis Atomic Power Laboratory, 
Westinghouse Electric Corporation, 
Pittsburgh, Pa. 


Introduction forced-circulation conditions already was available, it 


l. THE DESIGN of a water-cooled and moderated, 
natural-circulation reactor plant, one of the most important 
problems is the accurate prediction of the circulation rate of the 
main coolant stream. If boiling occurs in some parts of the reactor 
core, the problem is complicated further because of the uncer- 
tainty in predicting pressure drop in two-phase flow, and the 
possibility of the occurrence of flow oscillations under certain 


operating conditions. Since a considerable amount of pressure 


drop and heat-transfer burnout information obtained under 

LEGAL NOTICE: This report was prepared as an account of 
Government sponsored work. Neither the United States (nor the 
United States Navy, nor the Commission), as dictated by governing 
contracts, nor any person acting on behalf of these agencies 

a) Makes any warranty or representation, expressed or implied, 
with respect to the accuracy, completeness, or usefulness of the in- 
formation contained in this report, or that the use of any information, 
apparatus, method, or process disclosed in this report may not in- 
fringe privately owned rights; or 


»b) Assumes any liabilities with respect to the use of, or for dam- 


Nomenclature 


was con- 
sidered desirable to demonstrate that these data were applicable 
to natural-circulation conditions. 

Thus tests were run at the Bettis Atomic Power Laboratory 
on a natural-circulation closed loop operating with water at high 
pressures. It is the purpose of this paper to report the results of 
this study performed with the following specific objectives: 


| To compare experimental natural-circulation-loop flow rates 
with predicted flow rates. 


ages resulting from the use of any information, apparatus, method, 
or process disclosed in this report. 

As used in the above, “person acting on behalf of these agencies” 
includes any employee or contractor of these agencies to the extent 
that such employee or contractor prepares, handles or distributes, 
or provides access to, any information pursuant to his employment 
or contract with the (United States Navy or the Commission). 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society OF MecHANICAL ENGINEERS and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 
1960. Manuscript received at ASME Headquarters, June 2, 1960: 
Paper No. 60—HT-36 





area, sq ft 
hydraulic equivalent diem, ft 


friction factor 


void fraction, cu ft steam/cu ft 


mass velocity, lb/hr-sq ft é. 

mixture 

acceleration due to gravity, ft 
hr? 

heat-transfer coefficient, Btu 

hr-sq ft-deg F, calculated from 


Dittus-Boelter correlation, A 


Tt 


kp 
= 0.023 (Re) ,°-*( Pr) g°-4 2 : 
D, specific volume, cu ft/lb 
thermal conductivity of fluid, 
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Btu/hr-ft-deg F 
pressure drop, psf 


system pressure, psi v= Dp, 


temperature, deg F 

film temperature difference, deg 
Tp = AT, = o/h 
inlet subcooling, deg F, 7'sat 


F, T, - 


velocity, fph 


mean specific volume of two- 


phase fluid mixture assuming 


homogeneous flow, cu ft/lb, 

+ 2rvy,, 

flow rate, lb/hr 

quality, Ib flowing steam/Ib 
flowing mixture 

distance in direction of flow, ft 

density, pef 

Martinelli-Nelson 
friction parameter 

heat flux, Btu/hr-sq ft 

viscosity, lb/hr-ft 


two-phase 


Continued on next page) 
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2 To compare natural-circulation pressure drop, riser density, 


and heat-transfer burnout data with corresponding forced-circula- 
tion data. 
3 To obtain information about two-phase exit losses and 


steam-water slip ratios at low water velocities 


Circulation rates in natural-circulation loops operating at 
high pressure have been studied previously with particular ap- 
plication to the boiler industry. Simply stated, for a given heat 
input and heat extraction, the loop flow will be that value where 
the frictional and accelerational losses around the loop are equal 
to the difference in the elevation head between the hot and cold 
portions legs of the loop 


>) (AP sie) 4 >> (AP se) + D> (APn) = 0 
loor loop loop 


Lewis and Robertson [1],?, Markson, Ravese, and Humphreys 


2}, Davis [3], and Kutateladze [4] have presented solutions to 
equation (1 However, each of these solutions was based on a 
number of simplifying assumptions, principally in the methods of 
The 


transient behavior of a closed natural-circulation loop operating 


estimating the various pressure drops in two-phase flow 


near atmospheric pressure has been studied at the University of 
Minnesota [5, 6]. Here again, assumptions concerning the pres- 
“ure drop components were necessary. 

Actual comparisons between measured and predicted circula- 
limited 


tion rates have been very Rowand [7] in a discussion 


of reference [2] presented such a comparison of flow rates based 
conducted on 
Lottes, et al 


sons for an open loop natural-circulation boiling water reactor. 


on a circulation test an open-pass type boiler, 


operating at 1350 psia 8} also presented compari- 


Description of Apparatus 


Fig. 1 shows the heated test section and natural circulation 
The main loop piping was fabricated from schedule 80 type 
304 stainless steel, and was in the shape of a vertical rectangle 
14.5 ft high and 15 ft long. Heat was added uniformly to the 
lower part of the left vertical leg through an electrically heated 
rectangular channel test section. Details of the test-section inlet 
and exit geometry are also shown in Fig. 1. 


loop 


The test section was 
connected to a riser made from 2-in. pipe; the other vertical leg 
The top 


is the downcomer and was made from 1'/.-in. pipe. 


horizontal leg consisted of a double pipe heat exchanger and by- 


? Numbers in brackets designate References at end of paper. 


Table | 


Nominal test-section size 
0.100 in. X 1 in. X 27 in. 


0.200 in. X 1 in. XK 27 in. 


0.250 in. X 1 in. XK 27 in X), 70, 


. Duplicated with foreed eireulation 


——Nomenclature 


Jr, 70" 
109 20, 


pass line in parallel; the bottom horizontal leg contained a 0.340- 
in-diam-orifice and a preheater. 
sealed with Flexitallic gaskets. 


The flanged connections were 
The loop auxiliaries consisted of 
a resin-bed ion exchanger and a pressurizer which were the same 
as those described in references [9, 10, 11]. A Westinghouse 
model 30A canned-rotor centrifugal pump was connected across 
a gate valve on the bottom horizontal leg. This pump was used 
during degassing and deionizing of the water and during forced- 
circulation tests. 

The rectangular test sections were 27 in. long and 1 in. wide 
The nominal 
spacings were 0.100 in., 0.200 in., and 0.250 in. The actual chan- 
nel spacings deviated slightly from these nominal values and are 
listed in Table 5 


at 20 in. or 22 in., for measuring over-all pressure drop. 


and were fabricated of type 304 stainless steel 


Each test section had two pressure taps, spaced 
A detailed 
description of the d-c power supply and the details of the test sec- 
tions are found in references [9, 10,11]. The test-section channels 
had surface finishes of 20 microin. (rms) or less and were con 
sidered hydraulically smooth. Pressure taps were located at 


various points around the loop; see Fig. | 


Test Procedure 


The test procedures, instrumentation control, experimental 
errors, and method of determining the burnout heat flux are dis- 
cussed in detail in references [12 and 13] and were essentially the 
same as those discussed in references [10 and 11]. 

The loop was filled with demineralized water, degassed and 
deionized until a resistivity of a 1 megohm-cem and an 0» content 
of 0.2 ece/kg were reached. The accuracy of the test section and 
loop instrumentation was confirmed by performing a series of 
runs during which the inlet and exit thermocouples of the test 
section were calibrated, and isothermal pressure-drop measure- 
The 
average channel spacing was then determined from the isother- 
mal pressure-drop data by selecting a channel spacing that made 


ments across the test-section pressure taps were obtained. 


the measured friction factor coincide with the smooth Moody 
curve. (The measured channel spacing agreed with these values 
to within | to 2 mils.) 

were mounted 
across the orifice plate (see Fig. 1, taps 4 and 5) and the pressure 


To determine flow instabilities, transducers 


taps of the test section (taps | and 2), and their output was re- 
corded on a Sanborn recorder. The pressure differences were also 
read on U-tube manometers filled with CCl. These manometers 
were used as a measure of flow and test--ection pressure drop. 


Natural-circulation runs 


Values of inlet subcooling, A7’\,, deg F 
SOU psia 


1200 psia 
109 
70", 109 20, 
70, 109 


1600 psia 2000 psia 


"je 
20, 


702, 109 
20, 70 


70, 109 





Subscripts 


= acceleration 


exit 


= evaluated at bulk-fluid tempera- 
ture 


iriction 


= bulk beiling difference 
burnout liquid 


= calculated 
= cold leg 

= elevation hot leg 
= entrance heat 
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= experimental 


saturated liquid; 
between 

and 

properties 


saturated vapor 


exchanger 


= inlet 
isothermal 
local boiling 
Martinelli and Nelson 


film . 
pipe 

saturated- riser 

saturated-vapor at saturation conditions 

total 

two-phase flow 

test section 


= wall 
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Fig. 2 Prediction of flow circulation for 0.210 in. channel, 1200 psia 
pressure, 109 deg F inlet subcooling 


The transducers were used only for the indication of flow fluctua- 
tions. 

The natural-cireculation experiments were started by heating 
the loop to the required inlet temperature with forced circulation, 
using the test section as a heat source. After the required inlet 
temperature had been reached, the pump was turned off. Then, 
natural-circulation, steady-state conditions were established at 
test section heat-flux increments of about 50,000 Btu/hr-sq ft 
until burnout occurred. During these runs the water tempera- 
ture was essentially constant between the heat-exchanger exit 
and the test-section inlet. Some of the natural-circulation runs 
were duplicated under forced-circulation conditions. 


Calculation of Loop-Circulation Rates 


For given conditions of static pressure, test-section inlet tem- 
perature and heat flux, equation (1) is solved for the loop flow at 
which the elevation head balances the loop resistance. It was 
found convenient to do this by plotting these two quantities 
against flow rate, Fig. 2 

Preliminary calculations indicated that pressure drops across 
only certain of the loop components were significant; the others 


were considered negligible. The significant pressure drops were: 


(ec) Elevation Pressure Drops 
I Test section 


2 Riser 


3 Downcomer 


(b) Frictional Pressure Drop 


| Test section. 


Acceleration and Form Losses 
Inlet and exit plenum of the test section 
Orihee 

3 Loop acceleration 


4 Test section 


All of the foregoing losses except the elevation pressure drop in 
the riser and the inlet and exit plenum form losses in the test sec- 
tion were calculated from available data and correlations. Ex- 


perimental pressure drops were used for these cases because cor- 
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relations were not available for their prediction. 
pressure drop is discussed in the following. 

Test-Section Pressure Drop. The test-section pressure drops were 
measured (and predicted) across taps | and 2, Fig. 1. The 
methods of prediction are summarized in Appendix 2 and include 
elevation, friction, and acceleration losses in the nonboiling, local 
boiling, and bulk boiling regimes. 

Loop-Elevation Pressure Drop. The elevation term, or thermal 
driving head, of equation (1) is given by 


> : L L 
(AP ciev) -f, pdz - f, paz 


loop el Al 


Each significant 


The single-phase densities for equation (2) are determined from 
the system pressure and fluid temperature. The densities in the 
two-phase regions are more difficult te evaluate because of 
the varying slip ratios (ratio of vapor velocity to fluid velocity). 
The two-phase densities in the test section were ca'culated by 
the methods described in Appendix 2. 

Most of the elevation head difference in the loop was due to the 
2-in-diam riser above the test section. data 
available for the effective density in the region where low veloci- 
ties existed (0.1 to 0.5 fps) the experimental values of the effective 
density were used in predicting loop flow rates. The effec- 
tive riser density could be calculated from 


Since few were 


AP acssuet ae AP on AP un 
L 


Briser = 
where L is the distance corresponding to AP measured. 
Calculations showed that AP;, and AP,.. were negligible for 


the conditions of the test. Thus equation (3) reduced to 


AP ace d 


oe 4 
P L ’ 


and was used in equation (2). 


This value of Priser, together with 
the quality x, could be used to calculate void fractions R, or slip 


ratios V/V, as follows: 


i a ( 
V, p, I 


Typical values of slip ratios are shown in Fig. 3 for runs with a 


0.100-in. and 0.200-in. test section at 1200 psia. This figure 


shows that the slip ratio increases markedly with decreasing 


water velocity. This trend is confirmed by reference [16]. 


Sur RATO 4 


£978)" BOUNDS 
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Fig. 3 Ratio of steam-to-water velocity in a 2-in-diam riser as a func- 


. wr! 
tion of saturated water velocity (: ) 
r Ps 


tion preceding riser are: 0.101 in. and 0.210 in. 


channel spacings of test sec- 
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Loop-Acceleration Pressure Drop. A summation of the accelera- 
tion pressure drops due to area and density changes around the 
loop results in 


Ww? A te s 
BP oss =. 2. e-ex ~~ Xe l= 7 
2 2gA ts? xe " al ( Anx )| ae 


This equation is derived in Appendix 1. 
Orifice Loss. The pressure drop for the loop orifice is given by 


(8) 


(There was negligible pressure-drop recovery downstream from 
the orifice since the ratio of orifice to pipe diameter was small.) 
Test-Section-Entrance Flange Loss. The loss from taps 1-3 across 
the entrance flange (Fig. 1) is given by 
ian = =e (9) 
29 PAs? 


where Kent is defined as 


Kent = At? > ~ 


. fl; 
+.Au® D) D,,A2 


(10) 


where K; values, the single-phase expansion, and contraction 
losses, are taken from reference [14]. 

Table 2 lists the calculated and measured values of Kent for two 
test sections. The measured value for the 0.200-in. test section 
was determined from isothermal runs. The large discrepancy be- 
tween the calculated and measured value for the 0.200-in. channel 
was due to an inlet-temperature thermocouple which partially 
blocked the channel inlet. The measured values were used in 
calculating loop-circulation rates for this channel. No measured 
value was available for the 0.100-in. channel and the cal- 
culated value was used. 


Table 2 Values of Kont 


Test-section spacing, in. Calculated 
0.100 0.8 
0.200 2.1 


Measured 
3.8 


Test-Section-Exit Flange Loss. The pressure drop across the test- 
section-exit flange (taps 2~9C) was measured during single and 
two-phase flow for all tests except those with the 0.100-in. test 
section. The measured value was used in predicting the loop- 
circulation rates. For predicting circulation rates with the 0.100 
in. channel, a procedure was developed for estimating the pressure 
drop across the exit flange. This procedure may also be used for 
predicting two-phase exit losses in the absence of specific experi- 
mental data. 

Two reports [15, 16] described the results of studies conducted 
at Argonne National Laboratory on the flow of air-water mixtures 
through contractions and expansions at 


pressures near at- 


mospheric. The results in reference [15] were for horizontal flow, 
and include data on pressure drops as well as upstream and down- 
stream densities. The results in reference [16] were for vertical 
flow, but include no pressure drop data. 

The pressure drop across the test-section-exit flange (taps 2-9C) 
is made up of elevation losses, acceleration losses caused by 
changes in density and velocity, and a residual unrecoverable 
form or friction loss. The elevation and acceleration loss could be 
estimated but no method for predicting the unrecoverable two- 
phase form or friction loss was available. Thus an empirical 
correlation for these two-phase exit losses was developed from 
the measured total pressure drop across tap 2-9C and from the 


formulas for the elevation and acceleration losses: 
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BP ait = ) = AP stow = AP sce] 2-9C (11) 


The elevation loss is given by 


ta exit 
AP wow = Prs Azs + Pp, Az; + Pts dz 


exit 


(12) 
tap 2 

where Az; and Az; are lengths associated with test section and 
riser density, respectively. The acceleration loss for a simul- 
taneous change in density and velocity is given by equation (13) 
(see Appendix 1 for derivation). 


72 
ets Ue 2] 
29 LA, Aili, Ats 

The form loss data, APtorm-exit, Was expressed in terms of a 
single-phase coefficient similar to the form of equation (9). 
The single-phase exit loss coefficient, Kexi:, was calculated from 
equation (10) for the 0.100-in. channel. This was considered valid 
because there was good agreement between the measured and 
calculated K.xi, values for the 0.200 in. channel, Table 3. 


AP co = (13) 


Table 3 Values of K.. i: (single phase) 


Calculated Measured 
:.3 wa 
2.9 3.2 


Test-section spacing, in. 
0.100 
0.200 


Four methods of correlating two-phase exit losses were ex- 
amined. The first, equation (14), used the Martinelli-Nelson 


Py ( Kesit w) 
Pu-n \pyAte® 2g 
The second, equation (15), was based on the Martinelli-Nelson 

two-phase friction multiplier: 


density: 


AP torm-cxit (14) 


(15) 


‘ Kexit Ww? 
AF es ™ us’ (= ts? -) 


The third, equation (16), used the fog-flow model density: 
xv Kexit W? 
AP torm-exit = (1 + » )( * ) 
vy pyA te” 29 


The fourth, equation (17), defined an experimental two-phase 


exit-loss coefficient: 
Krexit ( Kexit *) 
Kexit prAw? 2g 


Equations (14, (15), (16), and (17) may be expressed as 


Kesit Ww? 
BP tenm-cntt = B ( ) 
pyAts? 29 


(16) 


AP form-e<it (17) 


(18) 


where K.xit is the single-phase exit-loss coefficient and @ is a func- 
tion of quality and pressure. The four methods are compared 
in Fig. 4 as a plot of 8 versus quality at 1200 psia. Equation (14) 
predicts values of exit pressure loss which are too low, equation 
(15) predicts values of exit pressure loss which are too high, 
and equation (16) predicts values which are reasonably close to, 
but slightly higher than the experimental values given by equa- 
tion (17). Fig. 4(a) shows the agreement between the experi- 
mental and predicted 8-values (fog-flow model) at 800, 1200, and 
1600 psia. Equation (17), with Kexi: of 1.2 and 3.2 for the 0.100- 
in. and 0.200-in. channels, respectively, was used in the flow pre- 
diction. In the absence of any data, equation (16) could be 
used 
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Fig. 4 Comparison of four methods for calculating two-phase pressure 


losses (not including acceleration) 


.¥, LD/Hr 


a 
- 
4 
« 
bad 
O 
me 


HEAT FLUX  @ Btu/H, 


Fig. 5 Natural circulation flow rate as a function of ‘heat flux (different 
pressures, same inlet subcooling) 


Experimental Results 
Loop-Circulation Rates. 


channel spacing, and pressure on natural-circulation flow rates 


The effects of heat flux, inlet subcooling, 


are shown in Figs. 5, 6, and 7. These trends are a result of the 


relative magnitudes of the component pressure drops 

The com parison between measured and predicted flow rates 1s 
shown in Fig 7 Three calculated flow rates are shown: these 
three flow rates are based on calculating the test-section exit loss 
14 15), and (17 


consistent 


by the use of equations The results of this 


comparison are with the discussion of the various 
methods for predicting test-section-exit flange losses The pre- 
dicted flow is within 5 per cent of the experimental flow under 


All three 


methods predict the trend of the flow-flux curve but vary mark- 


nonboiling conditions, but diverges as boiling begins. 
edly in accuracy of prediction. The use of equation (14) pre- 
dicts flows up to 20 per cent too high and the use of equation (15) 
predicts flows up to 15 per cent too low in the boiling region. 
for both 
channel sizes with errors less than 5 per cent for all qualities. 
This agreement is expected for the 0.200-in. channel; the 0.100-in. 


The use of equation (17) gives excellent agreement 


results, however, show that the experimental S-values give good 
results for other channel sizes 
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Fig. 4(c) Comparison of experimental and predicted (fog flow) 
values; S = 0.210 in. 
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Fig. 6 Natural circulation flow rate as a function of heat flux (different 
inlet subcooling, same pressure) 
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Fig. 7 Comparison of three methods for predicting flow circulation; 
P = 1200 psia 
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Fig. 8 Comparison of total test section pressure drop under forced and natural circulation conditions 
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Fig. 9 Comparison of riser density under forced and natural circulation 
conditions (riser preceded by a 0.210-in. channel) 
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Fig. 10 Comparison of experimental and calculated test section total 


pressure drop 
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Table 4 Tesi-section pressure drop” 
Pressure = 1200 psia S$ = 0.200 in. 
Experimental Calculated Experimental Calculated 
. Total Total Priction Friction Elevation Acceleration 
Mass Pressure Pressure Pressure Pressure Pressure Pressure 
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Comparison of Forced and Natural-Circulation, Test-Section Pressure 
Drop, and Riser Density. Fig. 8 shows plots of measured total pres- 
sure drops across the test section under both natural and forced- 
circulation conditions at 800, 1200, and 1600 psia. Fig. 9 simi- 
larly shows a plot of riser density measured under forced and 
natural-circulation conditions. The forced-circulation runs 
duplicated the conditions existing during the corresponding 
natural-circulation runs. No significant difference 
forced and natural-circulation pressure drop and riser density was 
noted. 


between 
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Fig. 14 Comparison of experimental and calculated test-section-friction 
pressure drop 


Comparison of Test-Section Experimental and Calculated Test-Section 
Pressure Drop. Figs. 10 to 12 show a comparison between the 
measured and calculated values of the total pressure drop across 
the taps of the test section, AP;-.. Data for some of the runs are 
shown in Table 4. Complete tabulations are included in ref- 
erences [12 and 13]. The elevation, acceleration, and friction 
pressure drop were calculated as described in Appendix 2. The 
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Table 5 Burnout data 


Burnout Heat 
Flux go x 107° 
F Btu/hr-ft* 


Inlet 


Temperature 
° 


Exit 
quality 
x 


Mass Velocity Enthalpy at 
y PY 

> x 10-6 Burnout Hgo 

hr-ft2 Btu/1lb 
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ARBITRARY ZERC 


Time ECONOS 


Fig. 16 Oscillatory behavior observed under natural circulation con- 
ditions; pressure = 1200 psia, test section heat flux = 320,000 Btu/hr-sq 
ft, inlet subcooling = 109 deg F, channel spacing = 0.101 in. 


measured total pressure drops agree with the predicted pressure 
drops to within 10 to 15 per cent up to exit qualities of 65 per cent 
at 800, 1200, 1600, and 2000 psia 
the calculated pressure drops become less than the measured 


These curves also show that 
values at higher qualities. It is believed that this trend is caused 
primarily by the limitations of the existing pressure-drop correla- 
tions; reference [17 

The experimental and calculated friction pressure drop are com- 
13 to 15 and Table 4. The experimental friction 
AP) exp Was obtained from: 


exp ™ (AP r)exp = (AP ciev - AP cc) cale 


pared in Figs 
pressure drop 


APs, (19) 


The calculated pressure drop components, AP 7, AP ciey, and AP sce 
are computed in accordance with the procedures of Appendix B. 

The frictional pressure drop can be predicted to within 30 per 
cent at exit qualities above 10 per cent. At low exit qualities, 
the predicted friction drop can be as much as 70 per cent higher 
It is believed that this 
discrepancy is caused primarily by the inadequate relationship 


than the measured friction pressure drop 


for calculating AP;, in the local boiling region. 
Loop-Filow Fluctuations. 
some fluctuations of a random nature were noted on the trans- 


In nearly all natural-circulation runs, 


ducer that measured the pressure drop across the orifice flow 
meter. These fluctuations increased at higher exit qualities and 
lower pressures; they were not observed during corresponding 
forced-circulation runs. 

During the run with the 0.100-in. channel, flow fluctuations of 
a cyclic nature began as the heat flux reached a value of 320,000 
Btu/hr-sq ft, Fig. 16 
reference [6 


Similar fluctuations have been reported in 
No satisfactory method of predicting their occur- 
rence exists 

Burnout Heat Flux Under Natural and Forced Circulation. Burnout 
data obtained under forced circulation and natural circulation are 
The 


points were obtained by maintaining the inlet and cold-leg tem- 


presented in Table 5 natural-circulation burnout data 
perature and pressure constant and gradually increasing the test- 


section heat flux until burnout was reached. The forced-circu- 
lation burnout points were obtained by duplicating the loop flow 
indicated by the manometer across the loop orifice) and inlet 
temperature of the corresponding natural-circulation burnout 
points 

In some natural-circulation runs, large flow fluctuations were 
noted before burnout was reached. These runs are also listed in 
Table 5 It is seen that for those runs where burnout occurred 
before large flow fluctuations began, no significant difference ex- 
ists between forced-circulation and natural-circulation burnout. 
In most runs where flow fluctuations occurred, it was possible to 


increase the heat flux considerably before burnout was reached. 
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When these runs were duplicated under forced circulation, burn- 
out occurred at a heat flux 20-30 per cent higher than that 
under natural circulation. The forced-circulation flow rate, how- 
ever, was set by using the manometer readings of the correspond- 
These natural-circulation flow read- 
ings did not represent the true flow because of the flow fluctua- 


ing natural-circulation runs. 


tions and consequently the duplication of these natural-cireula- 
During natural-circulation runs with 
the 0.100-in. channel, burnout occurred at a heat flux of 320,000 
The 


natural-circulation flow existing just prior to the fluctuations was 


tion runs is questionable. 
Btu/hr-sq ft immediately after the fluctuations began. 


then duplicated with foreed circulation and the heat flux was in- 
creased until burnout was reached at a flux of 615,000 Btu/hr-sq 
ft. This shows that flow fluctuations under natural circulation 
conditions can cause premature burnout. 

A detailed discussion of the burnout heat-flux data presented 
in Table 5 is not considered to be within the scope of this paper. 
However, it may be said that the data, in general, show that 
burnout in thicker channels (0.200 in. and 0.250 in.) seems to 
occur at the same heat flux as that occurring in thinner channels 
(0.050 in. and 0.100 in.) based on comparable fluid conditions 
and channel lengths. 


Accuracy of Results 


A detailed discussion of errors in instrumentation and control in 
similar high-pressure and high-temperature experiments can be 
found in reference [11]. The estimated over-all experimental 
errors associated with the test data may be summarized as fo!- 
lows: 

Power Measurements (El). Less than +2 per cent (at point of 
measurement). 

Local Heat Fiux (0). 
(assuming uniform resistivity). 

Flow Rate (w). 
tions do not exist). 

inlet Temperature (T;,). +2 deg F. 

Total Pressure Drop (AP). 
boiling conditions. 


+2 per cent in addition to error in power 


Less than +1 per cent (provided large fluctua- 


+0.01 psi for both boiling and non- 


Conclusions 


1 Pressure drop, burnout heat flux, and riser density measured 
under natural-circulation conditions are no different from those 
measured with forced circulation at the same fluid conditions 
provided that no large flow fluctuations are present. 

2 Flow fluctuations can occur in two-phase natural-circulation 
flow which are not present during forced-circulation flow at the 
same conditions. These flow fluctuations increase at lower inlet 
subcooling and system pressures. Burnout can occur prematurely 
as a result of flow fluctuations. 

3 For the loop studied, natural-circulation flow rates can be 
predicted within 10 per cent. 

4 The total pressure drop across 0.200-in. K l-in. X 27-in- 
long and 0.250-in. X 1l-in. X 27-in-long test sections can be pre- 
dicted to within 15 per cent up to qualities of 65 per cent using 
the pressure-drop correlations derived from tests on thinner 
channels 
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APPENDIXA 


Acceleration Pressure Drop. In general, the acceleration force for 


a steady-state, one-dimensional continuum is: 


dz | dWV) d(wv) 
e g dz i. g 


Now if the steam and water are 


(20) 


assumed to travel at different 
velocities, the acceleration pressure drop (reversible) between 
any two points | and 2 becomes: 
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Constant density (b) Constant area (c) Variable density 


and area 
Fig. 17 Acceleration pressure drop 


ilies f * W.V,) + aw Va) 
acc 1 gA 


W rw 


oO 


V.= — = - 
; A, Py R,Ap, 


WwW,  (-2W 


V,=—+ = - 
4" Aypy (1 — R,)Ap, 


Substituting (22) and (23) into (21) results in: 
W? 2 1 

= — f —¢ (2 
g 1A A 


Equation (24) can be used for both the nonboiling regions and 
the boiling regions where: 


AP sce (24) 


l 
= for no bulk boiling, and 
p 


(l — x 
l— R, 


Equation (24) will be used to calculate the acceleration pres- 


x? py 
R. Ps 


1 
] for bulk boiling 
py 


sure drop for the following three cases: 


Case 1: The density of the fluid is constant and the flow area is 
variable from 1 to 2. 

Case 2: The density of the fluid is variable and the flow area is 
constant from 1 to 2. 

Case 3: The density and the flow area are both variable and 
the density is a function of the velocity. 


For Case 1, (4) integrates to: 


we —1 
29 * LA” A? 


Ww? ( ) 
gA? X2 Xi 


OP wsin = 
For Case 2, (24) becomes: 


AP xcc1-4 = (26) 

Case 3 is the condition that exists in the test section exit re- 
gions because of the dependence of the slip ratio on the velocity. 
This condition will be approximated by recognizing that (24) 
represents an area in the (1/A, x/A) plane. In Fig. 17(a, b, and 
c) the area under the curve represents AP ace ,., for Cases 1, 2, and 
3, respectively 

An approximation of the area in Fig. 17(c) is made by drawing 
Then: 


Ww? l l 2 
SP ns 4 |x 
. 29 Az A, Ay 


Equations (25), (26), and (27) 


a straight line between points 1 and 2. 


were used to determine the 
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acceleration pressure drop AP,,. in the calculation of the test 
section exit losses. 

The loop acceleration pressure drop was found by summing the 
individual acceleration pressure drops around the loop. With 
the omission of the negligible terms, this expression becomes: 


Fare = 2B tro mil - (42)'] cm 
loop Te 29 Aw? anes Mot Anz 4 


APPENDIXB 


Test-Section Pressure Drop. The total test section pressure drop 
AP, was measured from taps 1 to 2, Fig. 1. The equations used 
to predict this pressure drop are presented in references [17 to 19] 
for both single and two-phase vertical up-flow of water. In brief, 
these equations are: 

Elevation Pressure Drop. 
lated by equation (29). 


AP view = 


The elevation pressure drop is calcu- 


Zs 
pdz 


(29 
Z: ) 


In the nonboiling and local boiling regions p is given by p = 1/v,. 
In the bulk boiling region p is given by equation (30) for pres- 
sures from 800 to 1600 psia: 


pas = py — Repy, (30) 


where R, is the modified Martinelli-Nelson void fraction, ref- 
erence [20] 
(31) 


For pressures of 2000 psia p is given by equation 


1 | 
B= 7-2? 
a Ls 


(31) 


Acceleration Pressure Drop. 
region 


In the nonboiling and local boiling 


2 
[ves — vai] 


G 
AP. = (32) 


In the bulk boiling region for pressures from 800 to 1600 psia 


G 1 — z)% zy (1 — z)*% zy 
AP - ( ee 7 sé ( Med + ‘) | 
" = (4 R,/: 1—R, R,/; 
(33) 

while for 2000 psia, equation (34) is applicable, 

G@ 

AP xc = (Ug — 0) 
i] 


where » is calculated from (31). 
Friction Pressure Drop. In the nonlocal boiling (heated) and local 
boiling regions the friction pressure drop is given by 


G@ Zs f 
= f Sieo ° ) Up dz 
2g D, Zi Jieo 


For pressures from 800 to 1600 psia 


= 1 — 0.001 AT, (36) 


Fieo 


for the no-local boiling (heated) region; AT’, is calculated from 
AT, = o/h where h is given by h = 0.023(k,/D,)( Re) g°-*( Pr) ,°**. 
For the local boiling region the relationship for f/fiso is 


rato ((f)_—] 
T eat _ T 13* Siee sat 


where (f/f iso) saat is equal to the value of ,? at 4.2 per cent quality 


-=i1+ (37) 


und 7,,* is calculated from 
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$ )" 
wo ( 
10° 0.766 
T 12* = T sat + eP/900 = h 7 





(38) 


When 7’, > T,,* and Hg < Hea use equation (37) to calculate 
S/fie. When T, < T,,* use equation (36). 

For pressures of 2000 psia for the no-local boiling (heated) re- 
gion 


S/fieo = 1 — 0.001915AT, (39) 


where f/fiso has a minimum values of 0.85. 
For the local boiling region 


—%/,; 
=(1- 25 + 0.7 - 
(1 — 0.0025AT y-1) [ 0.76 (<) 


AT s-1 
<> eee 40) 
(1 oral (40) 


where AT ;-1, considered as the effective temperature difference 
in the local boiling region, is equal to 


wo (*)" 
108 


ATy-1t = Ts — 
J-L t+ eP/900 


190 


- J, 


Equation (39) should be used when 0.766AT, < ATs-1, while 
equation (40) should be used when 0.766 AT, > AT -1. Note 
that equation (40) reduces to (39) when 0.766A7, = ATs-:. 

The minimum value for (1 — 0.0025AT7y-1) is 0.85. The 
value of fis is obtained from the local Reynolds number (Re = 
D,G/g) and the appropriate surface roughness. 

In the bulk boiling region at 2000 psia the frictional pressure 
drop is calculated from 


Gf iso-eat Vv, fe 
= — 2 dz 
Zi Pie 


AP, 
29 D, 


(41) 


where @,,’ is obtained from references {18 or 19] as a function of 
mass velocity and quality. 

In the bulk boiling region at pressures from 800 to 1600 psia the 
frictional pressure drop is given by 


ian = Pleas out 
AP sy = 29 D, z, (Pta*) M-w ate dz (42) 


where Pioy-y? 18 the Martinelli-Nelson ratio (reference [21]) and 
G14"/Ptoy—y" is a correction factor given by equations (43) and 
(44). ForG < 0.7 & 10° lb/hr-ft?, use 
>i," 20 i <p j vi we 
as = 1.36 + 0.005P + 0.1(G/10% — 0.000714P(G/10*) 
le M-N 


(43) 


and for G > 0.7 X 10° lb/hr-ft?, use 


2 
Pu" _\ 2 1.26 — 0.0004P + 0.119(108/G) 
(10*) yy 


+ 0.00028P(10*/G) (44) 


where ( fiso-sa:) is obtained considering Re = D,G/tisst and the 
appropriate surface roughness. 

Equations (41) to (44) show that the two-phase friction-factor 
multiplier also depends on mass velocity as well as quality at 
pressures below 2000 psia (reference [18] indicates this effect at 
2000 psia). They were obtained from over-all pressure-drop data 
taken at pressures from 400 to 1600 psia across a 22-in. length of a 
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0.097-in. X l-in. X 27-in-long channel and across a 60-in. length 
of a 0.070-in. X 2.25 in. X 72-in-long channel at a wide range of 
heat fluxes, mass velocities, and inlet temperatures [17]. The 
frictional pressure drop was determined by subtracting from the 
total pressure drop the acceleration and elevation pressure drop 
as determined from the modified Martinelli and Nelson void frac- 
tions [21]. The actual two-phase friction-factor ratio @z,? was 
found and the best estimate of these data was deduced in the form 
of a multiplier, equations (43) and (44), for the Martinelli and 
Nelson local two-phase friction factor. 


DISCUSSION 
H. S. Isbin® 


A wealth of empirical correlations on two-phase, steam-water 
flow phenomena has been presented by the authors. Design 
equations and experimental data have been successfully in- 
corporated into a system for predicting the over-all performance 
of a natural circulation loop. The authors have wisely eliminated 
those terms in their pressure drop analyses which were not im- 
portant. Consequently, the significant factors and the effects 
of changes in these factors on the predictions become more 
apparent. 

Even with this simplification, considerable detail is required for 
predicting pressure drops, for example, in the test sections. The 
special design equations used for nonboiling, local boiling, and 
bulk boiling reflect the extensive studies carried out by the 
Westinghouse Bettis Atomic Power Laboratory. The local 
boiling and boiling studies were made without the use of void 
measurements, and consequently the data reduction methods for 
determining the frictional pressure drop losses used combina- 
tions of models, depending upon the system pressure. Perhaps 
additional measurements are available now to improve the corre- 
lations. 

Data for two-phase, steam-water, pressure losses in fittings and 


+ Professor, Department of Chemical Engineering, University of 
Minnesota, Minneapolis, Minn. 
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connectors are needed, and, as shown for the natural circulation 
loop, the test-section-exit flange loss is very significant. The 
authors’ equation (16) appears to be in good agreement with the 
data at 800 and 1600 psia, and one would like to question what 
limits would be placed upon extended use of the relationships. 

A dominant term in the analysis is the experimental pressure 
drop in the riser. Do the authors have any means of predicting 
the void fractions for pipe sizes larger than the 2-in. diameter 
riser used in the loop described? 

We have been working on transient flows in natural circulation 
loops and we appreciate the difficulties in trying to account for 
the loop-flow fluctuations. With two-phase flow, oscillations 
can be predicted at low system pressures. At high pressures, 
thus far we have found with a loop of different geometry that 
disturbances introduced still lead to very strongly damped oscil- 
lations. The models we have used provide for a continuous 
change in flow properties, and perhaps if one provides 
step changes in flow regimes corresponding to specified conditions 
that the sustained oscillations might be predicted. 


Authors’ Closure 


The authors are grateful for the comments and suggestions 
of Professor Isbin. They agree with him that there is a need 
for improving two-phase pressure drop correlations and note 
that a test program has been completed at the Bettis Atomic 
Power Laboratory to simultaneously measure incremental pressure 
drop and vapor fraction in thin rectangular channels over a wide 
range of pressures, flow rates, and qualities. Correlations derived 
from these data are expected to be an improvement over the pres- 
ently used relationships. 

Concerning the use of equation (16) at pressures other than 
those mentioned in the paper, the authors feel that additional 
experimental information is needed using different geometries 
before equation (16) could be extrapolated with confidence. 

No data have been obtained in risers other than the 2-in diame- 
ter pipe used and, therefore, no correlation was developed that 
could be used for other pipe sizes. 
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Introduction 


Heat Transfer to Laminar Flow Across a Flat 
Plate With a Nonsteady Surface Temperature 


Forced convection heat transfer is considered for laminar flow across a flat plate whose 
surface temperature varies with time. The case analyzed first is that of a step 
change tn surface temperature, and series solutions are obtained which apply for both 
small and large time. These series results are used to construct an approximate solu 
tion which describes the entire time history of the nonsteady heat-transfer process, and 
tt 1s found that the results agree S ly "uth an envel pe c mposed of pure transtent 
conduction and steady onvection solutions. The analysts is then generalized to 


include any prescribed variation of surface temperature with time 


ees heat transfer from a surface 


ure or heat flux is a pres ribed function of time 
nereasingly important, and a knowledge of this type 
en necessary in the design of control systems. in Fig. 1 Physical model and co-ordinate system 


me-temperature information, 








or in the evaluation 


Accordingly, several investigations have re temperature are constant Initially the plate is at the free- 


1, 5)' concerning the solution of the non- stream temperature 7'.., while 


juation for | 


for t > 0 the surface tempera- 


laminar and turbulent flows in the ture is a prescribed function of time, 7',(¢ The results for this 


region of circular tubes and parallel flat plate s case may readily be extended to include that for which steady- 


has been done with respect state heat transfer exists for t < 0 


for which the surface 


ime 


over a suriace The 


Step Change in Surface Temperature 


has been considered 


Cregg {6, 7 However, this analvsis ipplies Consider first the problem of a step change in surface tempera- 


viations from quasi-steady 


conditions.2 Non- ture Initially the plate and fluid are at temperature T., 


ere } _ ace 18 8s niv chs » ‘ ain- 
it transfer at a two-dimensional stagnation whereupon the plate surface is suddenly changed to and main 


heen considered by Sparrow 


e for all values of time 


hods 


the present investigation 


i 


sS In this case a tained at a constant temperature 7 Assuming incompressible 


was obtained through flow with negligible viscous dissipation and constant fluid proper- 


ties, and letting 


is to determine the 


of the heat-transfer process for laminar flow 


with a nonsteady surface te mperature rhis 


istrated in Fig. 1. The free 


MecHanicaL Es 


Nomenclature 


stream velocity and 


the equation expressing the conservation of energy within the 


fluid becomes 


” 00 oO 220 


4 => a 
ot or é 12 
Tur AMERICAN 0 0 JY OY 
the ASME- : 
us 15-17 with the OUndArY conditions 


H = 
0 = 0) 


19060 





Blasius stream function 
thermal conductivity 
Prandtl! number, v/a 


local surface heat flux 


teynolds number, u.z/v 
Laplace transform variable 

time 

temperature 

velocity component in z-direction 
velocity component in y-direc- 


tion 
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distance co-ordinate measured = dumray variable of integration 
along plate from leading edge = kinematic viscosity 
= distance co-ordinate measured = y/vV/vt 
normal to plate = uat/z 
= thermal diffusivity == function defined by Equation (11) 
= constant = 0.3521 » = functions of 7 (n = 0, 1, 2,...) 
= gamma function 
VV u vr Subscripts: 
dimensoinless temperature , = quasi-steady heat transfer 
T.\/(T. y.. conditions at plate surface 
= functions of §(n = 0,1, 2 free-stream conditions 
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The velocity components u and v are given by the well-known 
Blasius relations 


= (nf’' —f) (3 
aW ss ”. ; 


where f(7).is the dimensionless Blasius stream function [9], and 


. 
n=Yy \ 

vx 

The complete solution of Equation (1) represents a formidable 

task. 

for the limiting cases of small and large time. 


Consequently, solutions of this equation will be obtained 
These limiting 
solutions will in turn be used to construct an approximate result 
applicable for all values of time. 

Solution for Small Time. To obtain a solution of Equation (1) for 
small values of time, it will be convenient to introduce two new 
independent variables defined by® 


Y 


V vi 


and a solution for small 7 is sought. Noting that 9 = &4/1, then 


from Equations (2) and (3), Equation (1) transforms to 


oo 1 oO 


o& Pr og? 


Furthermore, the furction f(7) may xpressed as [9] 


where 6 = 0.332 


A series solution will now be assumed of the form 


© = Of) + O£)r (é jae @ 


Upon substitution of Equations (5) and (6) into Equation (4 


and collecting like powers of 7, ordinary differential equations 
describing the functions Oo, O;, Qe, . 


.. are obtained. Consider- 


ing the evaluation of these functions up to 0s, it is found that 


QO, = 8, = B, = OG, = 0 


& 


while ©) and 0, are the solutions of 


0 
0» 


It may readily be verified that the solutions of Equations (7 


are 


re] l 
0; = rah 
2V PrL6Vr 


‘One may note that £ is the similarity variable for one-dimensional 
transient conduction in a semi-infinite solid 
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— Perfe (va : é) (8b) 


where #? erfe(z) denotes the third repeated integral of the comple- 
mentary error function [10]. 
For very small values of 7, only the first term in Equation (6) is 


significant, and 
Pr 
_8 = erfe (¥. :) 


which represents one-dimensional transient conduction within the 
fluid. 


of time temperature gradients occur only very near the surface of 


This result should be expected, since for very small values 


the plate where u and v approach zero, and, consequently, con- 
vection effects are negligible. 

Since one is mainly interested in evaluating the heat flux at the 
surface of the plate, the quantity of practical importance is the 


derivative 
(2°) 
oy J/y=0 


In the following analysis, it will be convenient to have this deriva- 
tive with respect to 7. Since y = &\/r 
00 1 oo 
2 o& 


On T 


1 


and from Equation (6) 


00 
= QO '(0)r— 2+ @,'(0)r 4+ 
On /n=0 


Correspondingly, Equations (8) give 


0,'(0) 


0;'(0) 


(2)_.-(2) . 
on ai: ) EF (9) 


and this represents the limiting solution for small values of time. 
Solution for Large Time. For large values of time, the independ- 
ent variables tT and 7 will be employed, and Equation (1) be- 


comes 


1 oO 
(10) 
Pr on? 
A new function ¢(s, 7) will further be defined as 
g(s,n) =8 f, O(r, n)e~*"dr (11) 


such that ¢/s represents the Laplace transform of 0. 
10) transforms to 


Equation 


1 > 1 d%& 
pat ie ~ (12) 
Pr On? 


2° On 

At first sight it might appear that little advantage has been 
gained in going from Equation (10) to Equation (12), since both 
equations are partial differential equations. However, a solu- 
tion of Equation (10) does not exist in the form of a series in 
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powers of ror 1/r. On the other hand, since large r corresponds 
to small s, the solution of Equation (12) is appropriately repre- 
sented by a power series of the form 

¢ = gol) + oiln)s + gx(y)s* +... (13) 
Upon substituting Equation (13) into Equation (12) and collect- 
ing like powers of s, there is obtained 


1 ’ 1 , 
¥o + Ie = 0 


14 
Pr an 


l 1 
Pr eo" + sie’ —- fa = (146) 


1 
9 fer’ — 2S'Gr = ri (14c) 


with the boundary conditions 


Ge = I, 


7 = 0 
Go= co = ¢ = 0; 7 = @ 

For very small s (rt —> @), only the first term in Equation (13) 
is significant, and taking the inverse transform 


0 = ¢o(7) 


This result represents steady-state heat transfer and is readily 
verified by noting that Equation (14a) corresponds to the steady- 
state Pohlhausen equation [9]. 
An interesting result of the foregoing solution is that Equations 
14) are the same as the equations obtained by Sparrow and 
Gregg [6, 7] in analyzing small deviations from quasi-steady con- 
ditions. These equations have been solved numerically for 
Prandtl numbers of 0.01, 0.72, 1.0, and 10 by Sparrow and Gregg, 
and their results are listed in Table 1. Correspondingly, from 
Equation (13) 


(15) 


oy ; ‘ i 
= ( ) = —~@ (0) — 9, (0)8 — gs (0)s? 7 26 
On /»=0 


and this represents the limiting solution for large time (small s) in 
terms of the Laplace transform variable s. 


Table 1 
Values of ¢,’(0) from Sparrow and Gregg [7] 
Pr ¢e'(0) #:'(0) 2'(0) 
0.01 —0.05160 —0.05845 0.01017 
0.72 —0.2957 —0.7080 0.2370 
1.0 —0.3321 —0.877! 0.3227 
10 —0.7280 —3.997 3.070 


Approximate Solution for All Time. It is now desired to obtain an 
approximate solution which may be employed for all values of 
time, and a method recently developed by Rosenzweig [11] ap- 
pears to be directly applicable. Rosenzweig considered the non- 
steady velocity problem of stagnation-point flow against a wall 
which moves impulsively in its own plane. Series solutions were 
obtained in terms of the Laplace transform variable s for both 
arge and small values of s. These series results were in turn 
used to construct an approximate solution which could be em- 
ployed for all s. The inverse transform then yielded the com- 
plete time-history for the nonsteady velocity problem. 

In the present analysis an approximate solution is to be ob- 


tained for the derivative 
( ) 
on 9=0 
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— Approximate Solution 


Limiting Solutions 





EEE eee * a 


ypiace Transform Voriobie. $ 


Fig. 2 Comparison of solutions for the transformed temperature deriva- 
tive at the surface 


The solution for small s is given by Equation (15), while for large 
s the transform of Equation (9) yields 


- () = (Pri — Boing... 
On /=0 16 


Following Rosenzweig, an approximate expression will be as- 
sumed of the form 


&) 
_ =a 
on /y=0 


For small s this reduces to 


oy a0, a; 4,02 a 
( on en a;/* ° (Ss, 2a,"/? * =) te hers 


while for large s 


_ (22) = as/? + a, (a - 8) am + at 
on / a=0 2 


(19) 


(16) 


(8 + az) a48 


—_—-—— 17 
: (8 + a)'/* (s + as)? ie 


(18) 


The five constants appearing in Equation (17) will now be evalu- 
ated such that the first two terms in Equation (18) agree with 
Equation (15), and the first three terms in Equation (19) agree 
with Equation (16). This gives 


a, = (Pr)'/? 


9 
a= — (0)}? 
n= 5 [go’(0)] 


8 


[¢o'(O) }? Go — 


4 
Pr 16 


Ber’) 


a,= 
. ar — 6Pr 


a = 


Equation (17) is compared in Fig. 2 with the limiting solutions 
given by Equations (15) and (16). It is seen that the approxi- 
mate solution represents a logical joining of the two series results. 

Heat-Transfer Results. Since the heat flux at the surface of the 
plate is given by the Fourier-Biot law as 
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q 
k VRe(T, — T..)/z ( on hs 


then in terms of the function ¢(s, 7) 


q_ — = -2>[1 (2) ] 
hk -WRe(T, — T.)/z s \dn/n=0 


Combining this result with the approximate formulation given by 
Equation (17), the heat flux at the plate surface becomes 


P= 
7 q = 0.5642 ¢/ PT ¢ 
k /Re(T. — T.)/z r 


— gy'(0) erf (~/asr) (20) 


ar _ 0.02076Te~°" 


For convenience, the constants a; and a, have been listed in Table 
9 


Table 2 
Values of a; and a; 
Pr ay as 
0.01 1.065 1.208 
0.72 0.4858 0.3182 
1.0 0.4412 0.2861 
10 0.2120 0.1341 


For very small values of tr, Equation (20) reduces to 


a — = 0.5642 «| PF (21) 
k V Re(T, — 7..)/s T 


which, as should be expected, corresponds to one-dimensional 
transient conduction. For large 7, the steady-state result 


os ¢o'(0) 
= ) 
k V Re( Tn —_- to) z 


is obtained. 

The surface heat flux as given by Equation (20) is shown in 
Fig. 3 together with the results of Equations (21) and (22). Asr 
increases the heat flux for Pr = 0.01 drops below the asymptotic 
one-dimensional conduction solution. Actually, the same effect 
occurs for the Pr = 1 and Pr = 10 cases, since the second term 
in Equation (9) is negative, but the result is too small to be ob- 
served in Fig. 3. Exactly the opposite effect has been found by 
Sparrow [8] for stagnation-point heat transfer; i.e., the initial 
deviation from the one-dimensional conduction solution was found 
to be positive rather than negative. 

The physical explanation for this difference in behavior may be 
formulated in the following manner, and consider first the flat 
plate problem. For small time only the term 00/0r is significant 
on the left side of Equation (1). As time progresses the tempera- 
ture field moves out into the velocity field and the convective 
terms ud©/dzr and vd0/dy begin to affect the heat-transfer 
process. Now, during the time when convection effects are 
negligible the derivative 00/dz is zero while 00/dy is large. The 
first influence of convection is therefore solely through the term 
v0O/dy. Since the quantity 00/dt is positive while vd00/dy is 
negative (00/dy is negative and »v is positive), the substantial 
derivative 

DO 00 00 00 
+ ) . 


= u v 
Dt ot or * oy 


is reduced through the initial influence of convection. This means 
that a fluid particle observes a reduction in its time rate of change 
in temperature with reference to that for pure conduction, and 
this may be thought of as a stretching of the time scale. So, at 
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a particular instant of time, the actual surface heat flux will be 
less than the value for pure conduction. 

For stagnation-point flow, the term v00/dy is positive since v 
is now negative. Consequently, convection increases the value 
of the substantial derivative, and the initial deviation from the 
pure conduction solution will be opposite to that for flow across a 
flat plate. 

A rather surprising result shown in Fig. 3 is that the instantane- 
ous heat flux goes slightly below the steady-state value and ap- 
proaches steady state from below. Admittedly, this might be a 
consequence of the approximate nature of the solution, particu- 
larly since the effect first occurs in the mid-range of times when 
the solution is least accurate. A physical reason as to why this 
type of behavior might occur is not readily apparent. However, 
the same effect appears for nonsteady free convection from a 
vertical flat plate. This has been predicted analytically by 
Siegel [12] and observed experimentally.‘ 


Arbitrary Surface Temperature 


The preceding results may be extended to include the case for 
which the surface temperature is an arbitrary function of time, 
T(t), fort > 0. Since the energy equation is linear, this generali- 
zation may be made through the use of Duhamel’s theorem.’ 
Expressing the time variation of surface temperature as 7',(T), 
then by Duhamel’s theorem [13] with reference to Equation (20), 
the surface heat flux is given by the Stieltjes integral 


q ° P 
7 an f | esses * e—a _ 0.02076\e~™ 
k VRe/z oL N 


; Tir-d 
— ¢o'(0) erf (Van) | te ™) Or (23) 
d(r — i) 


As an example of the use of this equation, consider a linear in- 
crease in surface temperature with time such that 


TAt)-—T. = Mt 


T(r-r)-T.= o-%) 


4 See published discussion following reference [12]. 
’ This is identical with the superposition techniques employed in 
previous nonsteady convection solutions [1, 2, 3, 4, 5, 7]. 
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Fig. 3 Heat-transfer results for a step change in surface temperature 
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Upon substituting 


aT (tr — A) Mz 


= 
dr — Xd) Ue 


into Equation (23) and performing the integration, there is ob- 


tained 


q I / l : / 
=il1-— erf \V ast) — + 2erfe \¥Y ast ) 
des ay,Tt 2 


l a. 
- . erf | V ar) 
¢o'(0)r a; 


— t T l 
— 0.02076 < eer (24) 
) as? as a;? 


where g,, is the quasi-steady heat flux given by Equation (22) as 


dee = —y~'(0XT, — T.) 
kV Re/z 


For the linear increase in surface temperature 


= —~'(O)k V Re 


Yes 


The ratio of instantaneous to quasi-steady heat transfer as 
given by Equation 24) is shown in Fig. 4. 
Sparrow and Gregg’s results [7 


Also shown are 
| which apply for small deviations 
from quasi-steady conditions. For an arbitrary wall temperature, 


Sparrow and Gregg’s solution may be written as 


0) aT, 


‘(0) dr* 


reduces to 
26) 


ind it is this expression that is represented by the broken curves 
in Fig. 4 
For large values of r 


the present analysis predicts values of 


9/ Was which are slightly higher than those predicted by Equation 
An) 


However, this difference is small, and as rT continues to in- 
crease the two solutions approach precise agreement In fact, 
for very large rT the asymptotic form of Equation (24) is identical 


with | 


Sparrow 


yuation (26 For decreasing values of Tr, the results of 


This is 


upplies only for small devia- 


und Gregg diverge from the present solution 
to be expected, since Equation (26 


tions 


from quasi-steady conditions. 


Fig. 4 Heat-transfer results for a linear increase in surface temperature 
with time 
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Actually, the relationship between the present analysis and the 
results of Sparrow and Gregg may be illustrated in a more general 
sense. Considering the large time solution for a step change in 
surface temperature given by Equation (15), then 


1 . 
: (2°) = —g'(0)s~! — gi'(0) — ge’(O)s — ... 
8 \On/»=0 


Taking the inverse transform term by term [14] 


q 
k VRe(T, — T..)/z 


dX T) 


¢o'(0) — o,'(0) Hr) — ge"(0) 


where 5(r) is the delta function. Extending this result to an arbi- 
trary surface temperature variation, 7,,(7), Duhamel’s theorem 
[13] gives 


q - ’ d"o(X 
_ -)> $n (0) [ (T.(7 — A) — T.] ar 


k VRe/z 4, dd” 


Following Watson [15] successive integration by parts yields 


q ms — Pee 
¢, (0) 
/ 1 n 
kv Re/z : aT 
which is the same as Sparrow and Gregg’s solution given by Equa- 
tion (25). 


Simplified Method 


Although Equation (23) describes the instantaneous heat flux 
for any prescribed variation of surface temperature with time, 
the evaluation of the integral is generally difficult. An alternate 
procedure will thus be presented which has been applied by Spar- 
row [8] to the stagnation-point problem with good success. 

From Fig. 3, the instantaneous heat flux does not deviate ap- 
preciably from the broken curves representing the asymptotic 
one-dimensional conduction and steady-state convection solu- 
tions. Consequently, for a step change in surface temperature it 
may be assumed that the heat flux is essentially represented by 
the one-dimensional conduction solution for a finite time interval, 
after which the steady-state value applies. From Equations (21) 
and (22), this gives 


q 0.5642 [Pr 
k VRe(T. — T.)/z “N; 


q — (0); (27b) 
k /Re(T, — T.)/2 


where 7, denotes the value of 7 at the intersection of the two 


asymptotic solutions. By equating Equations (27) 


Pr 1.273 
a 


™= a 
© ~ 3.142[g’(0) }? a; 


(28) 
A physical significance may also be attached to 7,. For all 
practical purposes, T, is a measure of the duration of the transient 
for a step change in surface temperature. 

Consider now an arbitrary variation of surface temperature 
Applying Duhamel’s theorem to Equation (27), the 
surface heat flux is given by 


q / se 
= 0.5642 VP i 
k VRe/z v rf, » 


with time. 


aT (rt — X) aD < 
dy; tT<r 
d(r — X) 7” 


(29a) 
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Fig. 5 Comparison of results for a linear increase in surface tem- 
perature with time 


_ q 
kV Re/z 


= ().5642 


For a case of a linear 
there is obtained 


Comparison of this result with Equation (24) is shown in Fig. 5 


and it may be seen that the agreement is excellent 


Discussion of Results 


Asymptotic expressions may easily be obtained for a, and 
which are ) ible 
that gy ‘(0 


Prandt! number 


for large Prandtl numbers. It is well know: 
maches an isvmptotic behavior for high values of 
n) is 
with 


Pr temperature gradients will be restricte 


rhis occurs since the velocity function f 


linear for small 7, as may be seen from Equation 5 
é V T; and for large 


within this linear range. Making use of this linear relationship 


is found to be [16 


l (== 
- ) = 0.3388( Pr 
(4/3 12 


One would ilso expect that ¢ ¥ 


the asymptotic solution for g)‘(0 


0) should possess an asymptotic 


behavior, and with this in mind consider the quantity 


This has the value 0.2908 for Pr = 1 and 0.2910 for Pr = 10, indi- 


cating that the asy mptotic value is effectively 0.2910. Combina- 


tion with Equation (31) gives 


0) = 0.859( Pr 
and 
0.450( Pr 


a; = 0.579( Pr 


so that these expressions may be employed for high Prandtl 
number fluids. 

Consider now the extension of the present results to situations 
for which a constant surface temperature different from T 
fort < 0 
Fake 


Equation (22) as 


exists 
If this temperature difference is denoted by (7, — 


then steady-state heat transfer occurs for t < 0 given by 
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q P - an 
A = -@'(O\T. — Ta): 

kV Re/z 
Equations (23) and (29) may then be applied to this case through 
addition of the foregoing term. 
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DISCUSSION 
C. L. Tien® 


lhe author has certainly presented a stimulating analysis for 


joining the two known solutions in transient heat-convection 


problems, the Rayleigh type solution and the steady-state solu- 
tion. One mathematical question, however, occurs to this writer 
oncerning part of the analysis, on which the author’s comment 
would be greatly appreciated. 

In obtaining the solution for small time, the author has used 
slasius’ method of successive perturbations over the Rayleigh 
solution. From the physical reasoning as stated in [9] 


ty pe 
it is quite clear that the Rayleigh type solution (8a) is a legiti- 
The 


juestion arises in determining successive corrections to the 


mate choice as the first approximation to this problem. 


Rayleigh type solution. In dealing with problems of unsteady 


¢ Assistant Professor of Mechanical Engineering, University of 


California, Berkeley, Calif. 
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boundary layers it has been realized’ that this method of suc- 
*essive perturbations could not take the effect of the leading edge 
into account because of its failure in obtaining successive cor- 
rections. This is not so in the present problem, in which the 
leading-edge effect has been considered through the velocity 
boundary layer. Nevertheless, this writer still questions whether 
this method of successive perturbations has included all the ef- 
fects due to the leading edge. 

In order to have a better understanding of this, let us devise 
a system which does not have the leading-edge effect on the 
velocity field but does on the temperature field. The simplest 
case seems to be the formation of thermal boundary layer in the 
thermal entrance region of flat ducts [1]. With the same physical 
reasoning as used in [9], the Rayleigh type solution is readily 
seen to be the first approximation. The use of method of suc- 
cessive perturbations fails to give any corrections to this Rayleigh 
type solution. This may be interpreted as an indication that 
the effect of the leading edge on the temperature field has not been 
taken into account by use of this method. While the evidence 
above is not conclusive, this writer feels that the method of suc- 
cessive perturbations is not a mathematically rigorous method 
for obtaining corrections to the first approximation, Rayleigh 
type solution. 


Author's Closure 


Dr. Tien raises an interesting point concerning the appearance 
of the leading edge effect in the present solution. To obtain a 
more complete understanding of this, consider the physical process 
for small times. As previously discussed, the first influence of 
convection upon the initial one-dimensional conduction process 
will result through the velocity component v, and this influence is 
represented by the higher-order terms in Equation (9). Now, as 
time increases a second convection influence will occur, and this 
will be the leading edge effect. In other words, there will be an 
additional influence of convection upon the heat-transfer process 
when a portion of the fluid initially located at z = 0 reaches a 
particular location z. Furthermore, in line with Dr. Tien’s com- 
ments, it would appear that this leading edge effect is not ac- 
counted for in Equation (9), such that Equation (9) applies only 
for a finite initial time interval. Nevertheless, Equation (9) still 
serves the purpose for which it was intended; i.e., an applicable 
small time solution. 

Now, if the leading edge effect is not present in the small time 
solution, Equation (9), then the only alternative would be its in- 
clusion in the large time solution, Equation (15). To see whether 
or not this is reasonable, it is interesting to follow Dr. Tien’s 
suggestion and devise a situation for which there is no initial con- 


’ Sin-I Cheng, “Some Aspects of Unsteady Laminar Boundary 
Layer Flows,” Quarterly of Applied Mathematics, vol. 14, 1957, pp. 
337-352 
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vection influence (i.e., v = 0). 
flow (ue = 0,v = 0). 


One such situation is that of slug 


For slug flow the energy equation is of the form 
(32) 


and this problem is directly analogous to that considered by 
Siegel,* from which it is easily shown that Equation (32) yields 


(22) [Pr _,, 
-{— ¢™¢s1 
on woNe 


(2 ee 
a“ on /_=0 \:' es 


Equation (33a) represents pure one-dimensional conduction, 
while Equation (336) is the steady-state solution. As discussed 
by Siegel,*® the instantaneous transition from pure conduction to 
steady-state convection at tT = 1 is due to all the fluid initially 
located at z = 0 reaching a particular axial location at the same 
time. In other words, this instantaneous transition is due solely 
to the leading edge effect. 

Now, for slug flow 8 = 0 and this requires all but the first 
term in Equation (9) to be zero. Consequently, Equation (9) 
reduces directly to Equation (33a), although the condition 
T < 1 is not obtained. This is compatible, however, with the 
premise that Equation (9) does not include the leading edge 
effect 

Consider next Equation (12), which is applicable for large 
time. Since f’ = 7» for slug flow, this equation becomes 


(33a) 


(336) 


o¢y og l 
ove . 2 2. 
os 2 on 


—— or" 
Pr on? 


and has the solution 


(“= ) 
¢ = e~* erfc =? 


Upon taking the inverse transform, it is found that 


20 Pr . 
«fo - = (35) 
on /a=0 T 
and this corresponds directly with Equation (33b). Conse- 
quently, since the condition rt > 1 is due solely to the leading edge 
effect, this would in turn suggest that in the laminar flow analysis 
the leading edge effect is included, at least in an approximate 
sense, within Equation (15). 
* R. Siegel, “Transient Heat Transfer for Laminar Slug Flow in 
Ducts,” Journal of Applied Mechanics, vol. 26, Trans. ASME, vol. 
81, 1959, pp. 140-142. 
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Film Cooling With Multiple Slots and Louvers 


IN TWO PARTS 


Experimental results are presented for film cooling of an adiabatic plate downstream of 
one to ten slots (Part 1) and two to twenty rows of discrete punched louvers (Part 2) 
in a subsonic turbulent flow under zero pressure gradient. 


The adiabatic wall tempera- 


tures downstreams of the last equivalent slot were measured and correlated in terms of 
the flow parameters, equivalent slot number and slot spacing, and distances downstreams 
of the last equivalent slot. 


Part 1 


J. H. CHIN S. C. SKIRVIN? 


Multiple Continuous Slots 


L.E. HAYES F. BURGGRAF 


Flight Propulsion Division, General Electric Company, Cincinnati, Ohio. 


Introduction 


s COOLING is used in many fields to protect struc- 
tural surfaces from a high-temperature stream. Some applica- 
tions are in furnaces of the steel industry [1]? and in turbojet 
combustor and afterburner liners. Similarly, film heating has 
uses in wind shield and wing deicing. These applications have 
promoted a number of experimental and theoretical investiga- 
tions. Wieghardt [2], Seban, Chan, and Scesa [3], and Seban 
[4] injected warm air through ports to heat a downstream sur- 
face exposed to a cold main stream. Tribus and Klein [5] used 
a heat-sink model to obtain a solution for the two-dimensional 
turbulent boundary-layer energy equation. Papell and Trout [6] 
obtained data for a wide range of main-stream velocity, main- 
stream temperature, and slot height. Hatch and Papell [7] used 
a simplified theoretical flow model to correlate data of film cool- 
ing or heating by tangential gas injection. Chin, Skirvin, Hayes, 
and Silver [8] presented data and correlation for adiabatic wall 
temperatures downstream of a single, tangential injection slot 
with cold and hot injections and varied hydrodynamic starting 
lengths. 

! Assoc. Mem. ASME. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society oF MecHANICAL ENGINEERS and presented at the ASME- 
AIChE Heat Transfer Conference, Buffalo, N. Y., August 15-17, 
1960. Manuscript received at ASME Headquarters, June 2, 1960. 
Paper No. 60—HT-35. 


Part 1 of this paper extends the previous results [8] and presents 
dimensionless experimental adiabatic wall temperatures down- 
stream of one, two, three, four, five, and ten nearly tangential 
slots. Analysis of the data yields an empirical correlation gen- 
eralized for n slots. Part 2 presents dimensionless adiabatic 
wall temperatures downstream of multiple rows of discrete 
punched louvers. 


Apparatus and Experiments 


The experiments were carried out in the same low-speed (up 
to 180 fps), low-temperature (up to 160 F) wind tunnel described 
in the previous paper on single-slot film cooling [8]. The wind 
tunnel consisted of an inlet duct, a hot-water-to-air heat ex- 
changer, a centrifugal blower, a diffuser, a 7'/:-ft by 7'/:-ft 
plenum, a screen section, an acceleration section, a 20-ft-long 
18-in. by 18-in. test section, and an exhaust duct. The test 
panel replaced a 90-in. segment of the wind-tunnel test-section 
floor, beginning 30 in. from the accelerating section. 

A schematic side view of the ten-slot test panel is shown in 
Fig. 1. The active width of the panel was 12 in. Table 1 
summarizes the pertinent facts about the materials and dimen- 
sions of the test panel. Modeling clay was used to fill joints 
between the test panel and the wind-tunnel floor and to block 
some of the slots in order to vary the number of slots upstream 
of the “adiabatic’’ instrumented panel. Figs. 2 and 3 show the 
ten-slot test panel in the wind tunnel and the clay blockage of 
the slots, respectively. 





Nomenclature 


A = single-slot parameter (ps/p,)~'* 
(Vs/V,)~'°Re,*-* Re,*-!*(X/S) 
d = distance between successive slots, 
ft 
f(®) = single-slot function represented by 
equations (10) to (12) 
F = flow parameter (ps/p,)~'> (V3s/ 
V,) 1.0 Re,~®-? Re, 9-1 
h.= heat-transfer coefficient on bottom 
side of instrumented panel, 
Btu/hr-sq ft-deg F 
h,= heat-transfer coefficient on top side 
of instrumented panel, Btu/hr- 
sq ft-deg F 
thermal conductivity of instru- 
mented panel material, Btu/hr- 
ft-deg F 
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1 = thickness of instrumented panel, ft 
hydrodynamic starting length up- 
stream of first open slot, ft 
= number of open slots 
main-stream Reynolds number 
V pol ‘Be 
injection Reynolds number Vsp3S/ 
Hs 
slot height, ft 
= true adiabatic surface temperature 
of instrumented panel, deg F 
= main-stream temperature, deg F 
injected air temperature, deg F 
measured surface temperature of 
instrumented panel, deg F 


= main-stream velocity, fps 


mean injection velocity through 
open slots, fps 
distance downstream of last open 
slot, ft 
= exponent on F in trial correlation 
= measured adiabatic film cooling 
effectiveness (t, — t,)/(t, — t,) 
true adiabatic film cooling effec- 
tiveness (t, — t,)/(t, — t,) 
= main-stream air viscosity, lb/sec ft 
injected air viscosity, lb/sec ft 
main-stream air density, pcf 
= injected air density, pef 
= parameter in over-all correlation 


1.3 
fo) 
, 1+0.0 (<) p= 


S 
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Fig. 1 Schematic side view of ten-slot film-cooling test panel 





Fig. 2 Ten-slot test panel installed in heat-transfer wind tunnel 


rv’ T1413 
«he injection panel slots (Table 1 


were formed by 9 stainless- 


atee plates « im 


thick at a 3-deg inclination to the main 


stream direction. The longitudinal spacing between slots was 
} in. with */, in. overlap to form a flow channel for the injected 
air. The average slot height was 0.115 in. Zee-shaped brass 
clips were placed in each slot 3 in. on each side of the panel 
center line to preserve the slot height and to minimize upward 
bowing of the injection panel under pressure loads 

The secondary-air duct which passed beneath the injection 
panel was 1*/, in. deep. The bypass flow which passed through 
the secondary-air duct without being ejected through the slots 
was metered by a downstream orifice run in order to determine, 
in combination with an upstream orifice run, the mass flow 
through the slots. Back pressure could be varied in the down- 
stream bypass duct to aid in controlling the mass flow through the 


slots. However, the effect of bypass flow variation was found 
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ne gligible and, hence, all data in the present paper are for zero 
bypass flow 

Test-panel instrumentation consisted of static pressure taps 
in the plastic side fences and in the floor of the secondary-air 
duet, or flush surface thermocouples in the leading panel, in- 
strumented nosepiece, and instrumented panel, and of fixed 
probe thermocouples which sensed the secondary-air temperature 
All thermocouples used in the experiments were copper-constan- 
tan except for the 40-gage chromel-alumel thermocouple which 
was used for boundary-layer traverses. Surface thermocouples 
were 28 gage and were placed in transverse grooves filled with 
epoxy resin, similar to the technique described in reference [8] 

Flush surface thermocouples were located every °/\. in. along 

* If the slots peeled off the secondary-air boundary layers com- 


pletely and injected into the main stream, the net heat transfer from 
the hotter main stream to the secondary stream would be zero. 
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Table 1 


Component Material 


Leading Panel 1/2 in, thick ss’ 12 


Injection Panel (9) 1/14 


Plates 


- thick SS 12 


Instrumented ‘losepiece 1 in, SS stock 


Instrunented Panel 1 in, canves-phenolic 


resin laninate 
aft Piller Panel 1/2 in, canvas-phenolic 
resin laminnte 


Ay ir 


resin 


Plastic Fences « thick ccryllie 


of Secondary Duct 1 in, SS st 


1/2 in, canvas-phenolic 3 1h 


resin lwein 


Floor of Sccondary > 


Inlet and Outlet Ducts 1 


fy in, Aluminun plate 


the center line of the instrumented nosepiece and instrumented 
panel. At every tenth station four additional thermocouples 
were installed transversely to monitor transverse temperature 
gradients in the plate. In addition to the thermocouples on the 
upper surface, there were 4 thermocouples on the bottom surfaces 
of the instrumented nosepiece and the instrumented panel 
Temperatures indicated by these latter thermocouples were used 
as a guide in making conduction corrections in the measured 


upper surface temperatures for low film-cooling effectiveness 
values, 


Additional surface thermocouples were located on the top and 


bottom of the leading panel at 3 stations along the center line, 
1m luding one set of transverse thermocouples. 
to aid in determining 


thermal equilibrium had been attained by the test panel. 


Leading panel 
thermocouples were used chiefly when 
All thermocouple outputs were recorded directly as tempera- 
tures by a 120-point recording pyrometer except for the boundary- 
laver traversing thermocouple whose output was fed directly to 
an X-Y recorder typical profiles, Fig. 4 
Experiments were run with a hot main stream 
70 to 90 F 


150 or 160 F 
and a cool secondary ) and appreciable time 


1 to 2 hr 


stream 
was required to heat up the structure of the wind 
tunnel and to bring the test panel into thermal equilibrium 
Flow-condition data and dimensionless surface-temperature 
at center line of the instrumented 


data 15 locations along the 


nosepiece and instrumented panels are given in Table 2. 
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Fig. 4 Typical boundary-layer profiles, run 1502 
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Basic 


in, 


in, wide x 3 3/4 
(3/, in. overlap) 


12 in, wide x 1/2 in. lon; 
wedce-shaped, O-1 in, thick 


12 in, wide x 17 1/2 in, lon 


12 in, wide 


(i 


Approxinste 1) 


x 72 


ia, 


- ign x 


Structural components of multiple-stage film cooling test panei 


Dimensions Romarks 


ide x 27 3/4 in. long Tapered to knife edze downstream; 


has thermocouples, 


3° inclin-tion to mainstrean; 
sy"rwtrical bevel leadin: and 


trailing edges, 


lone 


3° inclination on upper surface; 
forms bottom of tenth slot. 


Intended to simulate un sdiabatic 
test panel, 
x %h in, 1 


ng Filler panel dowmstresn of instru- 


mented panel, 
¢ Use 


efi 


to mininize tunnel sidewall 


in, long 
) ects; have stutic prescure taps. 


3 ec 


1 3/4 in. hiat 


lonz 


Chief structural mewbers, 
in, 


wide x 72 Has static pressure ta 


far probe insertion, 


ps and ports 


Boundary-layer traverses upstream of the injection section 
were made. The results indicated that the boundary layer was 
turbulent and that the hydrodynamic starting length was com- 
parable to the physical distance from the acceleration section to 
the first injection slot [8]. 


Analysis of Data 
Che experimental data in Table 2 
effectivenesses downstream of the last 


consist of the adiabatic 
slot, main stream and 
secondary main 
The 
idiabatic effectiveness 7 is defined as the ratio of the temperature 


difference between the local main stream and the local adiabatic 


stream temperatures, average injection and 


stream velocities and their ratios, and a flow parameter F. 


wall to that between the local main stream and the injection 
150 fps are 


= 5 with d/S 26.1, 


stream. = 


Typical 7 versus X/S variations for V, 


l and n 


given in Figs. 5(a and b) forn = 
respectively 

Observation of Fig. 5 and similar plots for other runs indicates 
that there is generally a leveling of 7 at large X/S, particularly 
for small values of 7. This leveling of 7 may be attributed to 


conduction leakage through the test plate to the cooler back- 


nei 


Vg ~ 150 fps 


ne*5 
d/s = 26.1 
Vg ~ 150 fps 
40 60 80 100 
V/s 


20 200 400 600 8001000 


Fig. 5 Typical 7 versus X/S 
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Table 2 Data, multiple siot 
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side environment. On the assumption that back-side tempera- 
ture equals injection temperature and that conduction is two- 
dimensional, the following equation is obtained from the pro- 
portionality between the temperature drops and the thermal 
resistances: 


f, — t _ i/h, _ A./hy 
t — ts 1 + (hd/k) 


Rewriting (1): 
i_-& t-%& t—ts t— ) h./h, 


1 + (hJ/k) 


t,—ts t,—ts t,—ts t,—ts 


yields 


a h./h, 
2-6 °-9-—" 
' 1 + (hd/k) 

Equation (2) indicates that the difference between the ex- 
perimentally measured value and the true adiabatic effectiveness 
increases as 7 decreases and may become significant in log 7 
plots for small values of 7. Substituting estimated values of the 
parameters typical for runs in Fig. 5: 


h, = 1 Btu/hr sq ft F, A, = 15 Btu/hr sq ft F, k = 0.175 
Btu/hr ft F, and 


| ='/,, ft into equation (2) yields: 
7 — 1. = 0.045 (1 — n) 


Therefore, at 7 = 0.2, the conduction error in effectiveness 
amounts to 0.036 as compared to 0.014 at 7 = 0.7. Bottom 
temperature infermation confirms qualitatively that conduction 
error is generally small for the front half of the instrumented 
panel but becomes more and more significant for the rear half 
as 7 decreases. Furthermore, at small values of 7, the accuracy 
of temperature recording, the slight timewise variation of f 
the small deviation from two dimensionality may become 
significant. Consequently, an arbitrary criterion for correlation 
purpose was to de-emphasize data points in Table 2 with low 
effectiveness generally occurring near the panel downstream end 
(X/S greater than 107.2, the region of the last six effectiveness 
points). The approximate criterion was: 


» and 


n(X/S = 107.2) > 0.5, no point was de-emphasized 

0.5 > n(X/S = 107.2) > 0.45, last point was de-emphasized 

0.45 > n( X/S = 107.2) > 0.40, last 2 points were de-emphasized, 
etc., 


until 9(X/S = 107.2) < 0.2, all last 6 points were deemphasized 

Observation of Fig. 5 and similar plots for other runs indicates 
also a “‘discontinuity”’ between the instrumented nosepiece and 
instrumented panel effectivenesses. This discontinuity was 
apparently also due to conduction through the metal instrumented 
nosepiece. However, for the first three positions at X/S < 20, 
the temperature difference across the instrumented nosepiece 
was generally small; 
relatively small. 

In reference [8] the parameter 


consequently, the conduction error was 


A = (ps/p,)—5 (V3/V,)—” Res~-* Re,°-'* (X/S) (3) 


was used to correlate the single-slot effectiveness for Vs/V, < 
according to the following empirical equations: 


n=1,A <15 
n = 1.545, 15 < A < 72 


n = 12.7A, 72 < A 


, —_ 
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In the experiments, the variation of V, over the length of the 
test panel was small. The flow parameter F is then defined for 
convenience to consider the effect of the variables other than 
downstream distance in the parameter A 


F = (ps/p,)~'*(Vs/V,)—"Reg-*Re,"-® = A(S/X) (7) 
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curves of log 
Within 
the 1300 series, it is possible to select a 


As was the case for the data in reference |8}, 
versus log X/S show similarity in the present data. 
set of runs; Le 
curve and to match other curves with the standard 


matching 


“standard 


by translating the abscissa. Preliminary curve 
indicated that » could be empirically correlated in terms of the 
group parameter F*X/S, a being a constant dependent on other 
parameters such as the slot number. However, trial correlation 
of a with n indicated that @ was insensitive to changes in n, 
the variation of a being possibly within the accuracy of the data 
It was found that with a little spread of the data it was possible 
to correlate the effectiveness of the individual sets of runs in 
terms of the group parameter FX /S Fig. 6(a to 1) shows the 
n versus FX /S curves for the nine sets of runs, showing the 
effect of slot number and slot spacing 


The 


matched by a 


curves in Fig. 6 indicate similarity and hence can be 


translation of abscissa Two asymptotic ex- 


tremes are useful as additional points in the correlation One 
extreme is that, when the slot spacing is zero, the n-slot assembly 
lent to a single slot with n times the slot height. Since 
the n-slot 
3 FX/S. 


rhe other extreme is that, when the slot spacing approaches 


is @quly 

FX/S is proportional to Ss ’ the effectiveness of 
issembly is a function of the modified parameter n 
the last slot is effective and the single-slot equations 
With the 


was obtained 


ire valid ibove considerations, the final 


orrelation 


n=f(o 


F(X/S 9 


single-slot function represented by the three 


nine sets of runs and illustrates 
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Introduction 


I. CONTRAST to the interest in film cooling with 
wo-dimensional slots, only a relatively small amount 
film cooling with rows of discrete ports has been 
W le ghardt 2 


und two rows of oblong holes His 


presented some data for the effect of 


results 


Irom one 


that the discrete holes were less effective than continuous 


th the same quantity of injection air and that an arrange 


wo staggered rows of holes was not quite as unfavora- 


f holes 


eport extends the 


gie row 
Part 1 


temperatures 


results of 


and presents di 
ss adiabatic wall downstream of tw 

ten, and twenty rows of pun hed crescent louvers 
ised in turbojet combustor and afterburner liners 


were corre 


lated on the basis that each pair ot uj cent 
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Fig.7 1 versus > 
the simplicity of the over-all correlation. The solid line repre- 
12). 

For comparison, the predicted 9 versus FX /S curves according 
It is 
seen that, as the slot number increases, the over-all correlation 


sents equations (10) to ( 
to the over-all correlation are also given in Fig. 6(a to 7). 


becomes less satisfactory, indicating that more complicated 
expressions are needed if a better correlation is desired. 
Observation of the 9 versus X/S curves for large values of 
V/V, 
another “‘region’”’ 
1 < Vs/V, < 2 in reference {8}. 


point from one region to another is not very well defined for 


and for large values of n indicates the possibility of 
of correlation analogous to the region for 
However, the “transition” 


different slot numbers 
In favor of the simplicity of the over-all correlation for the 
the possibility of improved correlation and 


present paper, 


analyses will be left for future work. 


Summary 
Experimental 
1, 2, 3, 


with variations of injection to main-stream velocity ratio, main 


adiabatic wall temperatures downstream of 


4, 5, and 10 identical, nearly tangential slots were measured, 
stream velocity level, and slot spacing. Analysis of the data 
yielded an empirical correlation generalized for n slots, the film- 
cooling effectiveness being expressible in terms of the single-slot 
function of reference [8] with the single-slot parameter A modi- 
fied by 


spacing to slot height. 


a factor for variation of slot number and ratio of slot 


Part 2 Multiple Rows of Discrete Louvers 


could be simulated by a slot located 


midway between them and with an effective slot height to give 


louver rows continuous 


the same total flow area. Satisfactory correlation was obtained 


in terms of the multiple-slot parameters developed in Part 1. 
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Apparatus and Experiments 

The multiple-slot test panel in Part 1 was replaced by a 
multiple-louver test panel 60 in. in length and with its leading 
edge 30 in. from the accelerating section. 

A schematic side view of the discrete louver test apparatus 
is shown in Fig. 8. Secondary air entered a manifold where the 
flow was distributed to the air supply box through four hoses 
The air-supply box in turn served to distribute air through 
louvers in the discrete louver panel. Injection into the air- 
supply box was introduced in the opposite direction to the 
main-stream air flow to promote flow uniformity through the 
discrete louvers. 

rhe discrete louver plate was made of nominal 0.063-in. 
stainless-steel plate die-punched to form staggered slots of a form 
used in many jet-engine combustor and afterburner liners. 
Details of the panel are given in Fig. 9. Each slot was adjusted 
to 0.050 in. with feeler gages within a tolerance of 0.001 in. by 
bending the upper slot lips. Neoprene gasketing and screws 
sealed the panel to form a lid for the air-supply box. The 
louvered panel was observed to have an inward bow of 0.2 in 
from the punching operation. Pressure testing at the highest 
supply box pressure and flows of test conditions showed that 
the panel was rigid enough to prevent any observable change 
\ photograph of the discrete louver panel installed in the wind 
tunnel is shown in Fig. 10. The gaps existing around the panel 
is shown were filled and made smooth with epoxy resin prior to 
testing 

Che test plate in Fig. 8 was made of 1-in-thick phenolic 

nvas-based laminate. It was the same plate used in previous 
single-slot experiments [8] but with its position in the side rails 
changed, its length shortened, and extra thermocouples added 

Temperatures were me asured by means of 28-gage copper- 

tantan wall thermocouples and 24-gage copper-constantan 
loop-type probes All surface thermocouples wert exposed 
ish with the surface and their leads were lain in a transverse 
lirection as close to the surface as possible. In the diserete 
iver plate, thermocouple leads lay along the underside of the 
ile ind connected to the beads through -in-diam holes 
lled with epoxy resin. On the test plate, thermocouple leads 

d beads lay in epoxy-resin-filled transverse grooves in the 
surface. Between the test plate and louvered plate, thermo- 
coupies were cemented in place with epoxy resin. Loop-type 


probes were used to measure the main-stream temperature, 


Fig. 10 Louver panel installed in heat-transfer wind tunnel 
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Table 3 Data, multiple louver 
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temperatures at four positions in the air-supply box, and tem- 


peratures at upstream points in the main stream and in the 


injection stream 

Fiber-reinforced plastic tape in double layers was used for 
louver blockage to vary the number of rows of louvers open. 
The tape stood up well up to 15 in. H,O air-supply-box pressure 
under hot main-stream conditions and did not present excessive 
altering of the main-stream boundary layer 

The main body of experimental data consisted of temperature 
readings for the fixed thermocouple locations when the main 
stream air was set at about 160 F and at 85 or 170 fps levels; 
the injection flow was about 80 F 


and at one of four or five 


levels, and for one of ten configurations representing various 


numbers of equivalent slots open and various slot spacings. 


Analysis of Data 


The experimental data in Table 3 consist of the adiabatic 
effectivenesses downstream of the last equivalent slot, main 
stream and secondary stream temperatures, average injection 


and main-stream velocities and their ratios, and a flow pa- 
rameter F 
Fig. 11 


tested from one equivalent slot (two rows of louvers) through 


1 to 1) presents the data for each of the configurations 


ten equivalent slots (twenty rows of louvers), with three values 


of slot spacing. For the present correlation, each pair of ad- 
jacent rows of staggered louvers was simulated by a continuous 
and with an 


effective slot height to give the same total flow area and hence 


slot located midway between the louver rows 


the same average injection velocity, Fig. 9. The average slot 


height was 0.0637 in For the data presented in Fig. 11, points 
with effectiveness below 0.25 were not plotted because conduction 
leakage through the plate was too large. In addition, a small 
correction might be made on the other points ranging approxi- 
mately effectiveness of 0.3—decrease by 0.03, to at 


decrease by 0.014 


from at 


effectiveness of 0.7 


Exar i 


slots showed reasonable agreement 


ition of the data using the relationship for multiple 
at high FNX/S values; but 


the intermediate range where equation (11) would apply, 


the measured values were lower than for slots. For the multiple 


discrete 


louvers the correlation proposed is 


=1,¢<69 (13) 


” 
1.5 


7 = 69 < @ < 128 


n = 12.767, 128 < @ 

his set of equations is the same as for the multiple continuous 
slots, equations (10) to (12), except for the change of the exponent 
of @ in equation (11) from —0.15 to —0.21 and for changes of 
the @ limits. Fig. 11(a) shows the modified louver curve and 
iso the 


original slot correlation so that the magnitude of the 


change can be seen This reduction is considered to be due to 
ixing of the discharges from louvers in the same row and in 
djacent rows Further downstream of the louver panel the 
becomes more uniform and the effectiveness data can be 
ted again by the multiple-slot equation 
correlation is directly 


of the 


applicable along the center line 


wnstrean last louver row. There are, of course, side- 
iations to reduce the effectiveness in the regions between 
Fig. 12 shows a transverse 
values of X/S for the 
4 limited 


ilso taken, but is not included here. 


temperature pattern at 


“worst’’ case of a single row of 
of single-louver-row effectiveness 
Although it is 


of louvers by a continuous 


amount 


possible to simulate a single row 


slot, it was felt that with a single louver row the sidewise varia- 


on was comparable to the axial variation so that giving only 


center-line data could be misleading. No correlation has been 
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Fig. 12 Single louver row typical sidewise temperature profiles 


attempted to define the sidewise variation since with the normal 
multiple louver rows this is smoothed out in a reasonable distance 
downstream. 


Summary 


Experimental adiabatic wall temperatures downstream of 1, 
2, 3, 4, 5, and 10 equivalent slots, corresponding to twice this 
number of discrete stamped louver rows, were measured with 
variations of injection to main-stream velocity ratio, main-stream 
velocity level, and slot spacing. The same correlating param- 
eters developed for continuous slots were found to be applicable 
to the 


for louvers started to decay 


discrete louver case. However, the effectiveness 


at a shorter distance from the last 
a faster rate than for the continuous slots. 


louver row and at 


Then farther downstream the louvers were as effective as the 
slots. This relationship provides reasonable correlation over 
the wide range of slot numbers and spacings covered experi- 
Data 


variation are also presented for 


mentally showing the transverse wall temperature 


a single row of louvers but 


correlation was not attempted. 
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DISCUSSION 
S. Stephen Papell* 


The authors are to be commended for obtaining multiple slot 
data 
The data correlation presented 18 quite effective but because its 


Properties,” 


film-cooling which is certainly a definite contribution 
scope and application were not clearly defined in the paper, the 
discusser should like to add a word of caution concerning its 
use. 

There are two points to consider! The first is concerned with 
the type of data obtained in order to develop a general correlation 
and the second with the possibility of extrapolating the correla- 
tion to flow conditions more akin to actual cooling problems 

The injection air multiple slot test panel used to obtain these 
data cannot be considered a typical configuration for film cooling 
application. There is no doubt that uses may be found for this 
particular type but a more general type of test rig would have to 
be used in order to obtain maximum cooling effectiveness for a 
minimum cost in coolant weight flow. This point is quite signifi- 
cant since I am sure that when a cooling problem presents itself 
it is only natural for us to try to use as little coolant flow as possi- 


ble. 


a weight flow basis can only be obtained by proper control of cool- 


For gaseous film cooling, maximum cooling effectiveness on 


ant flow through each slot because the free stream flow conditions 
In addition to con- 
trolling the coolant flow through each slot, it would also be neces- 


change downstream of each successive slot. 


sary to obtain temperature measurements between the slots if a 
correlation were to be obtained which would enable us to properly 
design a configuration that could be cooled with a minimum cost 
in coolant weight flow. Unfortunately, this type of data was not 
obtained, thereby restricting the usefulness of the correlation 
presented in this paper. 

I make this point in defense of gzseous film cooling because if 
a comparison between various types of cooling were to be made, 
for a specific application, it would not be right to use this corre- 
lation. This equation would definitely underestimate the effec- 
tiveness of multiple slot film cooling on a weight flow basis. 

My second point is to question the possibility of extrapolating 
this correlation based on low temperature and low velocity data to 
The method of ob- 
taining the correlation is strictly empirical and there appears to 


use at high temperatures and velocities 
be no theoretical basis to allow this extrapolation. On the con- 
trary, there appears some justification that this should not be 
done. There is available some single slot higher temperature 
data at approximately 2000 deg R (reference [6]) which has been 
found to deviate significantly from the curve predicted by this 
correlation 

Let me reiterate now that this paper is a definite contribution 
to the film cooling field because it contains the only multiple slot 
data correlation of any significance. My only suggestion is that 
its limitations be understood 


R. A. Seban® 


It is remarkable that the authors have succeeded in correlating 
the multiple-slot results at all, even though the correlation shows 
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§’ Professor, Mechanical 
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substantial scatter and, as they point out, must be regarded as a 
prelude to further analysis. In view of the complexity of the flow 
in these systems in consequence of which superposition of the 
experimental solution for the single slot is probably untenable, 
it may be that the correlation of the paper will turn out to be more 
permanent than a first appraisal might indicate it to be. 

The present results for a single slot confirm the authors’ earlier 
presentation [8] and are unique in comparison with other results 
for systems of this type in the —0.65 power dependence of the 
effectiveness in the final power law regime. Certainly there 
exists some different feature in the authors’ experimental arrange- 
ment, compared to other systems from which the final power 
law dependence has been to the 0.80 power of the distance down- 
stream of the slot. One question that arises is the possible effect 
of radiation in this connection. When heat conduction effects 
are neglected, the wall temperature is specified by the relation 

- §.) 


u 


where ¢~ is the temperature of the surroundings with which 
radiant energy interchange takes place, through an effective 
radiation conductance h, which will be of the order of unity if the 
emittance of the test surface is unity. In these terms the true 


effectiveness 7, and the measured effectiveness 7 are related as: 

h h toa —t 

' , . 

Ne ( + = 

h h t= €, 
If the temperature ¢~ is the same as the gas temperature then the 
last term is zero; there is an error in the effectiveness but the 
slope of the observed value remains the same in a logarithmic 
representation as it is for the true value. If t« < t,, as is possible 
with a heated gas stream, then the slope changes. For instance, 
with h./h 1/10 and ta — t,/t, 0.40, the slope of the 
true effectiveness would need to be about 


—_ é, 
— 0.73 to obtain a 
value of —0.65 for the observed coefficient, though this is approxi- 
mate because in this case both 7, and 7 cannot have a power law 
dependence on the distance. It 
quently be of interest to have the authors’ appraisal of the tem- 
perature of the wind tunnel wall and of the emittance of the test 


downstream would conse- 


surface as they existed in the experiments which produced these 
effectiveness values. 


Authors’ Closure 

The authors appreciate the discussions by Mr. Papell and 
Professor Seban, who have contributed to the understanding of 
gaseous film cooling. 

In regard to Mr. Papell’s first point, the authors agree that the 
multiple-slot test panel used may not represent the optimum 
case with a maximum cooling effectiveness for a minimum cost 
in coolant weight flow. This optimum case depends specifically 
upon the main-stream axial condition distribution and can only 
be obtained by proper slot flow control to suit each special ap- 
plication. Inasmuch as there are unlimited main-stream varia- 
tions, such as pressure and temperature gradient, and in view 
of the very limited existing multiple-slot data, it is only logical 
in a research program to obtain first data for the simplest case 
the case with essentially constant free stream velocity and coolant 
flow from slot to slot. The fact that wall temperature measure- 
ments were not made between the slots was partly due to instru- 
mentation difficulty and partly due to the understanding that 
the injection panel could be considered as an upstream film- 
cooling section or a “‘generator’’ of initial velocity and tempera- 
ture profiles for the adiabatic wall downstream of the last slot. 
Furthermore, one will realize upon closer consideration that 
measurements made downstream of the last slot effectively 
vield slots. For instance, the adiabatic 


information between 
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wall temperatures after the second slot for a three-slot panel are 
equivalent to that after the last slot for a two-slot panel, with 
The 
effect of heat transfer is studied in further multiple-slot ex- 
periments. 

The authors certainly agree with Mr. Papell in that one should 
be careful in extrapolation. 


the corresponding main-stream and injection conditions. 


It may be possible that other un- 
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accounted variables, such as the turbulence level, contribute to 
the difference among different data. 

In regard to Professor Seban’s remark on the correction of 
radiation effect, the authors estimated that h,/h might be in the 
order of 0.07 and ¢.. — t,/t, — t, in the order of 0.14 so that 
(h,/h) (to — t,)/(t, — t,) was in the order of 0.01. Radiation 
then had a relatively small effect on the slope of the effectiveness. 
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Heat Transfer for Air Injected 
Through a Tangential Slot Into 


a Turbulent Boundary Layer 


A detailed study of the heat transfer for tangential air injection through a single slot into 
a turbulent boundary layer on a flat plate is presented; the results apply to a specific 
slot size, one injection rate, and a fixed free-stream velocity. Boundary-layer velocity 
and temperature profiles for a number of positions downstream from the point of injec- 
tion are presented as well as plate-temperature distribution and heat-transfer data for 
adiabatic and constant heat input-wall boundary conditions. 


Introduction 


A PROMISING method for protecting a surface ex- 
posed to a high-temperature environment involves the introduc- 
tion of a coolant liquid or gas through discrete slots appropriately 
positioned along the surface as shown in Fig. 1. This cooling 
scheme, commonly called film-cooling, has already found applica- 
tion in gas turbines and rocket nozzles and in the future may be of 
value in cooling leading edges of hypersonic aircraft. 

The initial study of the effects of hot-air injection from a dis- 
crete slot into a turbulent boundary layer was made by Wieghardt 
{1].4 This study consisted of the measurement of the adiabatic 
wall-temperature distribution downstream from the point of in- 
jection, and the subsequent development of the velocity and 
temperature boundary-layer profiles. In Wieghardt’s investiga- 
tion, the secondary or injected air was introduced in a direction 
almost parallel to the main stream. Next to study film-cooling 
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Fig. 1 Film-cooling 

was Scesa [2], who injected the secondary air flow in a direction 
normal to the main flow. This study included measurements of 
the adiabatic wall-temperature distribution and the heat transfer 
with film-cooling for the case of constant wall temperature. It 
was found by Scesa that the standard solid-wall turbulent heat- 
transfer relations can be used for film-cooling if the heat-transfer 
coefficient is based on the difference between the wall temperature 
and the adiabatic wall temperature. Seban, et al. [3,4], performed 
experiments for tangentially injected air with a slightly different 
slot configuration than Wieghardt [1], Fig. 26. Their reported 
dimensionless adiabatic wall-temperature distribution, the so- 





constant of proportionality 


= constants of proportionality 


specific heat at constant pres- 
sure, Btu/Iby, deg F 

energy of injected air per sec, 
Btu/sec 

heat-transfer coefficient, 
hr-sq ft-deg F 

momentum flow per sec 


Btu/ 


= defined in equation (26) 
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width of plate, in. 

blowing rate parameter, defined 
in equation (1) 

flow rate of secondary air, lby/ 
sec 

heat flux at surface, Btu/hr-sq ft 

Reynolds number, (UX/v) 

slot height, in. 

Stanton number, (h/pUC,) 

temperature, deg F 


average film temperature or 
reference temperature, deg F 

velocity, fps 

distance downstream from slot 
leading edge, in. 

distance downstream from effec- 
tive leading edge of hydrody- 
namic boundary layer, in. 

distance normal to wall, in. 


(Continued on next page) 
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Fig. 2 Wind tunnel 


called effectiveness, 
hardt 


is somewhat at variance with that of Wieg- 
Included in these studies of Seban are heat-transfer- 
results far downstream from the point of injection which confirm 
the findings of Scesa that the standard solid-wall heat-transfer 
relations may be used in conjunction with the measured adiabatic 
wall temperatures to predict the heat transfer with film cooling. 
Chin, et al. [5] using a slot configuration similar to [3] have 
obtained values of the dimensionless adiabatic wall temperature 
for various injection rates. The correlation achieved for these 
data gives higher results than the data of Seban 
hardt [1 


[3] and Wieg- 


The latest results for tangential injection are reported by Papell, 
et al. [6] and are concerned with large temperature differences be- 
The slot configura- 


tion is similar to that of Seban, and the effectiveness is in fair 


tween the free stream and the injected air. 


Several different correlations 
are proposed for the effectiveness for various ranges of mass 
injection 


agreement with the earlier study. 


This paper describes a complete study of the effects of tangen- 
tial air injection into the free stream on the boundary-layer 
velocity and temperature profiles with adiabatic and constant 
wall-heat input boundary conditions. In this study a free-stream 
The in- 


udies were restricted to a single slot size and a single 


velocity of 165 fps was used throughout the program. 


jection at 
blowing rate 


Experimental Apparatus 


Wind Tunnel. 
shown in Fig. 2. 


The wind tunnel used for this investigation is 

The main flow of air is drawn through a straight- 
ening section, a diffuser section, into the test section, followed by 
a st raightening section, and from here into the exhaust chambers. 


A blower removes the air from the chamber. The secondary or 
film-cooling air is introduced through an air heater, a standard 
thin-plate orifice, into a plenum chamber, and through the slot 
into the main flow as shown in Fig. 2. 

The straightening section consists of a screen, an egg-crate 
damping screens. The egg 
crate, made of 1-in. square openings 15 in. long, was used to re- 


section, and three additional 
move any rotation in the flow. 

The diffuser-section inlet dimensions of 28 < 22 in. contract to 
10 X 6 in. at the test-section inlet. The change in area is a 
smooth transition, and flow-visualization studies verified that no 
flow separation occurred. In this region, 6.5 in. ahead of the test 
section, a 6/0-grid emery-cloth strip 10 in. wide X 4 in. long is 
installed to “trip’’ the boundary layer and insure completely 
turbulent flow. 

The test section of the tunnel is 6 in. high and 10 in. wide, and 
is capable of a velocity of approximately 165 fps with the available 
The side and top walls of the tunnel are fabricated of 
plexiglas to allow 


blower. 
visualization studies to be accomplished. 
Following the test section is an egg-crate straightening section, 9 
in. long with */, * */, grid. The floor of the tunnel is a specially 
constructed machined-steel plate */, in. thick, 10 in. wide, and 17 
in. long and serves as the test surface. Provisions are made for 
either one or two injection slots in the base plate. 

The slot configuration, Fig. 3, is a duplication of the geometry 
utilized by Wieghardt [1]. In the installation of this section, the 
slot height is kept uniform by inserting gages of the correct height 
at several positions across the tunnel. When in adjustment, the 
gages were removed. 

The flow rate of the secondary air is measured by thin plate- 
orifice meters, constructed according to the ASME Code Stand- 





Nomenclature 


thickness, 


equation (12 


energy defined in 5 = 


a momentum thickness defined 

In equation (8 - 
thickness defined in 
equ ition (6 


i mass 


= density, lby/cu ft 


displacement thickness, in., de- = 
fined by equation (3 
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momentum 


boundary-layer 
thickness, 
equation (16 


defined in equation (14) 


thickness, in., de- Subscripts 


fined by equation (5) 
thermal’’ thickness, in., defined 
by equation (9 


avg average Measurement 
BL boundary layer 


te -rature 
emperature a : slot 


in., defined by 


starting length 


kinematic viscosity, sq ft/sec 


wall 


“effectiveness’’ for film cooling, 


free stream 
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Fig. 4 Sketch of heat-transfer plate 


Several orifices were made to cover the desired flow- 
9 


ards [7]. 
rate ranges. 
of Nichrome ribbons stretched back and forth across the duct and 
arranged in such a way as to insure adequate mixing of the air 


The secondary-air heater, shown in Fig. 2, consists 


flow, thereby smoothing out any temperature inequalities. 
Heat-Transfer Plate. ‘The 
Figs. 4 and 5, is constructed to minimize longitudinal heat trans- 


heat-transfer test section, shown in 


fer, thereby allowing its use for the adiabatic wall measurements 
as well as for the heat-transfer studies. This is accomplished by 
grooving the mild-steel plate, leaving 0.016 in. of metal and filling 
in the grooves with a low-conductivity material—epoxy resin 
The underside of the plate in Fig. 5 clearly shows that the 
grooves are more closely spaced at the leading edge of the plate 
where rapid temperature variations are anticipated. With this 
construction the effective thermal conductivity in the longitu- 
dinal direction (in the flow direction) is only 7 per cent of the 
Ther- 


mocouples are embedded in the grooves between the epoxy and 


effective thermal conductivity in the transverse direction. 


the steel allowing accurate measurements of the surface-tempera- 
ture distribution. The plate is heated from below by individual 
Nichrome ribbons bonded by epoxy resin to the back of each 
segment of the plate, with an intervening layer of fiberglas 
electrically insulating the heater from the plate (see insert in 
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Fig. 5 Underside of heat-transfer plate 


Fig. 4 Aluminum foil is placed beneath the heater units to 
minimize the radiation The large number of separate 
heaters with independent control of each unit permits the study 
of various thermal boundary conditions along the test length 
including the constant heat-input boundsry condition and the 
The test section was mounted 


losses. 


constant wall-temperature case. 
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TEMPERATURE PROBES 
LAYER SLOT PROBE 


BOUNDARY LAYER PROBES 


Fig. 6 


in place as shown in Fig. 2, being separated from the plastic 
walls of the wind tunnel by an air gap of '/ in. Below the heater 
section was 8 in. of vermiculite to minimize undesired heat losses. 

instrumentation. The boundary-layer velocity profiles were 
measured with a small flattened total-pressure probe with an at- 
tached free-stream static-pressure probe shown in Fig. 6. Probe 
tips were made from 0.036-in-OD stainless-steel hypodermic- 
needle tubing, the end of which was thinned to 0.0015-in. wall 
thickness, then flattened to a 0.003-in. X 0.037-in. opening and 
honed smooth. A probe tip was accepted only after examination 
under a microscope. The probes were mounted on a sliding car- 
riage with a micrometer head which provided both axial and 
vertical positioning of the probe for measurements. The probes 
could be inserted in one of the three grooves cut in the top of the 
tunnel test section at positions of '/,, '/2, and */, of the tunnel 
width, allowing velocity surveys to be made at these three 
positions across the tunnel. Contact between the probe and the 
model was indicated electrically with an ohmmeter. 

In the measurement of the temperature profiles the two com- 
pletely different probes, shown in Fig. 6, were constructed. These 
two probes were designed to minimize conduction and radiation 
errors. Probe B is similar to the velocity probe but with an exit 
area hole at the end of the boundary-layer tube. A 36-gage iron- 
constantan thermocouple junction was located within this tube. 
Probe C was a claw-type probe with a 0.001-in-diam thermo- 
couple wire stretched across the claw portion. These probes were 
calibrated and for a number of the early runs complete tempera- 
ture profiles were measured with each of the two probes. The 
individual profiles measured with probe B were in good agreement 
with those found with probe C. In no case did the local measured 
temperature differ by more than 0.3 deg F from one probe to the 
other. Because of the ruggedness of probe B, it was used for the 
remaining tests. 

Experimental Procedure. The object of the investigation was to 
obtain detailed information on the boundary-layer velocity pro- 
files downstream from a slot with both unheated and heated air 
injections for adiabatic and constant wall-heat input boundary 
conditions. For the nonisothermal runs, temperature profiles 
were also sought, along with a specification of the adiabatic wall- 
temperature distribution and the local heat-transfer performance 

Before the initiation of the film-cooling studies, extensive 
velocity and heat-transfer measurements were accomplished with 
the inlet slot covered, thereby providing a solid flat plate in a 
turbulent boundary layer. This solid-plate investigation re- 
vealed the flow conditions in the wind tunnel and also demon- 
strated the reliability of the temperature and heat-flux measure- 
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ments. With the inlet slot opened, secondary air could be in- 
jected at the leading edge of the test plate. To specify this rate 
of secondary-air injection, a mass-velocity ratio or blowing- 
rate parameter is defined as 


M = (pU )sicot/PoU a (1) 


where (pU),1or is average mass velocity at the exit of the slot and 
p.U.. the mass velocity in the free stream. 
The research was carried out in the following sequence: 


I Solid Flat-Plate Measurements: 


(a) Boundary-layer velocity profiles. 
(b) Heat transfer to a flat plate with unheated starting 
length. 


Isothermal Flow Study: 


(a) Boundary-layer velocity profiles with secondary-air 
injection. 


Adiabatic Wall Study With Heated Injection Air: 
(a) Boundary-layer velocity profiles. 

(b) Boundary-layer temperature profiles. 

(c) Velocity and temperature profiles at slot exit. 
(d) Adiabatic wall-temperature distribution. 


Heat-Transfer Study With Heated Air Injection—Constant 

Heat-Input Boundary Condition: 

(a) Boundary-layer velocity profiles. 

(b) Boundary-layer temperature profiles. 

(c) Constant heat input to plate with film-cooling heat 
transfer. 


Solid Flat-Plate Measurement 


Boundary-Layer Velocity Profiles. Using a solid plate with no air 
injection, boundary-layer velocity measurements were made at 
various stations in the tunnel test section. The initial velocity 
profiles were compared to establish laminar and turbulent 
boundary-layer velocity profiles and the comparison indicated 
that the velocity distribution was neither laminar nor fully 
turbulent. In an attempt to establish a fully turbulent bound- 
ary layer, a sandpaper trip was installed in the front of the 
tunnel as shown in Fig. 2. Fully established turbulent velocity 
profiles were then found in the test section; in addition, at any 
one axial position in the tunnel, the velocity profiles at the center 
line and the one-quarter and three-quarter width positions were 
in agreement. The measured center-line profiles are presented in 
a dimensionless manner in Fig. 7. These profiles, at several 
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Fig. 7 Comparison of boundary-layer velocity profiles at center line of 
tunnel 
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Fig. 8 Starting length determination U.. = 168 fps 


positions along the tunnel, are seen to be in good agreement with 
one another and with the profile reported by Klebanoff and 
Diehl [8]. 

Under the assumption that the boundary layer originated as a 
turbulent one, it is possible with the aid of the velocity measure- 
ments to determine the effective starting location of the bound- 
ary layer. This information is of obvious value to the film-cooling 
studies as well as in making comparisons with other experimental 
The boundary-layer growth for turbulent flow along a flat 
plate can be expressed in terms of the displacement thickness: 


data. 


5* = C(v/U.,)'/*x’’* (2) 


where the displacement thickness 6* is given by 


v 
= ) ay (3) 
Poa 


The value 6* can be determined by integration of the measured 
velocity profiles. A plot of the resulting (6*)'-* versus the dis- 
tance from the actual leading edge of the closed slot X’ can be 
extrapolated to the position when 6* is zero, thereby determining 
the effective location of the start of the turbulent boundary 
layer. As shown in Fig. 8, the effective starting length to the slot 
leading edge is 7.5 in. Starting lengths of previous film-cooling 
investigations varied over a large range of lengths; Seban [4] of 
2.5 in., Chin, et al. [5] of 41 and 239 in., and Wieghardt [1] of 
28.5 in. 

Heat Transfer to a Fiat Plate With Unheated Starting Length. 
On completion of the flat-plate velocity-distribution studies, the 
heat transfer to the solid plate with an unheated starting length of 
8 in. was investigated. A check on the reliability of the wall-tem- 
perature and heat-flux measurements was made with the grooved 
heat-transfer plate. Two distinct heat-transfer boundary condi- 
tions were imposed: (a) A heat-pulse input to the wall, and (b) a 
constant wall-heat input boundary condition. These two bound- 
ary conditions are shown schematically in Fig. 9. 

The heat-pulse-input-measured wall-temperature distribution 
is compared with the wall-temperature distribution calculated 
with the procedure outlined in [9] when the heat-input distribu- 
tion is given. This comparison is shown in Fig. 10. For such an 
extreme condition there is only fair agreement between measured 
and calculated wall temperatures. The spreading out of the ex- 
perimental distribution is apparently due to the remaining thin 
metal strip on the plate surface. Conversely, the measured wall 
temperatures indicated in that figure were used, in conjunction 
with the calculation procedure outlined in [9], to calculate the 


total heat input from the wall temperatures. This procedure 
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Fig. 10 Heat-pulse temperature distribution 


yielded a value of the heat input equal to 397 Btu/hr as com- 
pared to the actual measured heat input of 399 Btu/hr. 

\s an additional check on the measurement technique, a con- 
stant heat input was applied to the entire length of the heat- 
transfer plate. Wall-temperature measurements were made and 
the heat-transfer coefficients were calculated from these measured 
results. The measured wall-temperature variations for four heat 
inputs are shown in Fig. 11, where they are compared with the 
predicted temperature distribution calculated by the procedure 
described in [9]. The property values required for the deter- 
mination of the wall temperature were based on 7'*, where 7'* 
is defined as: 


T* = 


av T. 
(Te) mas (4) 


) 

The calculations were repeated using properties based on the 
free-stream temperature and on the average wall temperature; 
the resulting temperature distributions were within +2 per cent 
of the results obtained using the reference temperature 7. 
(In each case, the use of the free-stream property values gave the 
lowest predicted wall-temperature value.) 

The difference between the experimental and calculated wall 
temperature, evident in Fig. 11, is apparently the result of an un- 
certainty in the heated width of the plate used in the calculations. 
The uncertainty arises because of the construction of the outer 
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Table 1 
Vi meas), Qcale T*), 
Btu/hr Btu/hr 
348 371 
574 
SUO 
1420 


Two choices as to the heated 
a) The total width of the plate, 
and (6) the width inside the two epoxy ribs that run lengthwise 

Btu/hr-sq 
10 in An 
estimate of the possible error in using the width as 10 in. is 4 per 


edge of the plate, Figs. 4 and 5 


width of the plate are possible: 
down the plate. In the calculation of the heat rate 
ft), the maximum width of the plate was used (L 


cent 

Conversely, the total heat input was calculated from the meas- 
total heat 
inputs are shown in Table 1, where it is seen that the agreement 


ured wall temperatures. The calculated measured 


was always better than 6.7 per cent. These results indicate that 


the plate is satisfactory for the heat-transfer measurements. 


isothermal Flow Study With Secondary-Air Injection 


Boundary-Layer Velocity Profiles. 
main flow conditions were established: i.e 


In the preceding section the 
a turbulent boundary 
layer having its effective 


starting point 7.5 in. before the slot 


leading edge. The injection slot shown in Fig. 3 was next installed 
and a check on the uniformity of the air flow from the slot at 
various positions across the channel was made. These velocity- 
profile measurements taken at '/,, '/s, and 


width L, at . 


3/, of the channel 


4 position « in. from the slot leading edge, are 
shown in Fig. 12 in dimensionless form, and convincingly demon- 
strate that the flow is uniform across the channel. These profiles 
were reproducible from one day to another. 

A further condition to be specified is the velocity profile in the 
slot itself. These measurements were performed and the result- 
ing slot-velocity profile is shown in Fig. 13, as a solid line. A mass- 
flow balance was calculated using this measured velocity profile. 
It agreed within 7 per cent with the mass flow measured by the 
orifices, thereby establishing confidence in the measured profile 

The positions for the measurements of the velocity profiles 


were selected to obtain a detailed idea of the flow development 
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Fig. 13 Slot velocity profiles 


near the slot. The first measurements were made just after the 


trailing edge of the slot. Far downstream from the slot the 
measurements were used to study the transition to fully de- 
veloped flow. Fig. 14 shows the resulting profiles obtained at six 
stations downstream from the point of injection for a mass- 
velocity-ratio parameter of 0.28. If the velocity profiles at posi- 
tions E and F are plotted in a dimensionless manner and com- 
pared to the fully developed turbulent-velocity profiles of Kle- 
banoff and Diehl [8], their shapes coincide with the fully de- 
veloped profile 90 slot heights downstream from the slot leading 
edge. At position D, Fig. 14, the dimensionless velocity is still 
changing and has not yet attained a fully developed profile. 
From the measured velocity profiles, the displacement and 
momentum thickness 6* and 6,, respectively, were calculated. 
The displacement thickness was defined previously in equation 
3) and the definition of the momentum thickness is expressed as 


l U 
mf (17) 8-9 
Jo Val Poa 


The results of these calculations are shown in Figs. 15 and 16. 
Far downstream from the points of injection where the velocity 
profiles are fully developed, a new effective starting length could 
be defined to describe the resulting boundary-layer growth. 

The efficiency of the injected-air layer can be evaluated by de- 
termining how rapidly the injected mass and momentum intro- 
duced through the slot are transported toward the free stream. 
The mass of air injected into the boundary layer per sec from 
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Fig. 15 Displacement thickness with air injection 


the slot is calculated from the orifice-meter measurements. This 
measured mass is then equated to a mass in the boundary layer 
by the following equation: 


: ye pU 
m,; = mat = Lp.U.} — dy |lby/sec 
9 PaVe 


where y,, equals the height in the boundary layer under which the 
same quantity of mass per sec is contained as injected by the slot. 

In a similar way, the X-momentum per sec associated with the 
injected air from the slot was calculated from the following equa- 
tion: 


Is meMU., |by-ft/sec* 
’ Assuming the secondary air enters tangentially to the test surface 
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Fig. 16 Momentum thickness 5; 


This momentum per sec is then equated to the momentum in the 
boundary layer with the following equation: 


tw uv \2 
I; = Int = ove f ( : ) dy (8) 
9 Pe \Un 


Here, y, equals the height in the boundary layer under which the 
same quantity of momentum per sec is contained as injected 
from the slot. Performing the indicated operations gives the re- 
sults shown in Fig. 14 (solid line—mass transport, dashed line- 
momentum transport), where it may be seen that there is little 
effective transport toward the free stream of the mass and 
momentum introduced through the slot. 


Adiabatic Wall Boundary Conditions 


Boundary-Layer Velocity Profiles. For heated injection air the 
velocity profiles are shown in Fig. 17, where they appear similar 
in shape to the isothermal profiles. A comparison of mass-veloc- 
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Fig. 17 Velocity profiles for secondary heated air injecti 
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ity profiles for this case and the isothermal case is made for posi- 
tions A and D in Figs. 18 and 19. The profiles compared on this 
basis have the same shape, since p decreases with temperature, U 
increases, and the product pU remains constant. 
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Fig. 20 Adiabatic-wall boundary-layer temperature profiles 


The displacement and momentum thicknesses are shown in 
Figs. 15 and 16. The effects of heated injection air indicates no 
noticeable change in the displacement thickness, but shows 
a noticeable decrease in the momentum thickness. 

Boundary-Layer Temperature Profiles. The boundary-layer tem- 
perature profiles measured at four locations downstream from the 
slot are shown in Fig. 20. These results may be presented on a 
single curve if the boundary-layer temperature thickness 67, as 
first used by Wieghardt, is introduced: 


in = f 
0 


This definition of 6, normalizes the temperature profiles, as 6* 
does for the velocity profiles. Fig. 21 shows the results in a di- 
mensionless manner from which we see that the adiabatic bound- 
ary-layer temperature profiles are similar. Using a semiempiri- 
cal approach, Wieghardt was able to show that the boundary- 
layer temperature profiles for the adiabatic wall condition could 
be correlated by an exponential function. In Fig. 21, the solid 
line represents the correlation of the temperature distribution by 

T-T, 


Ta T, 7 [—0.768(y/57)"/") 


7-7, 


9 
y om _— ra dy ( ) 


(10) 
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Fig. 22 Temperature boundary-layer growth 


This same equation is seen to be in good agreement with the re- 
sults of the present study. The manner in which 6, changes with 
z is shown in Fig. 22. 

Slot Temperature and Velocity Profiles. Temperature and velocity 
profiles were determined at the slot exit to establish the secondary- 
air state. The slot-temperature profile was measured using probe 
C with the results shown in Fig. 23. The temperature profile, 
with respect to the center line of the slot, is not symmetrical be- 
cause of the heat conduction to the upper lip. An estimate of the 
maximum possible heat addition from the lip to the free stream 
is 4 per cent of that added by the injected air. Fig. 13 (dotted 
curve ) shows the measured velocity profile in the slot for heated 
secondary air. 

The rate may now be determined at which the mass, momen- 
tum, and energy, introduced through the slot, are transported 
toward the free stream. The momentum equation (7) is modified 
to take into account temperature effects. The energy flow per 
sec from the slot is 


° 1 U 
E, = C,SLp,,7T,.U » — © ( ‘) Btu/sec (11) 
o Un S 


where p,,, 7',,,, and U,, are the maximum values of each of these 
parameters in the slot. This equation is then equated to an 
energy equation for the boundary layer: 


° ° Ve 
E, = Es. = j C,pUTL dy 
0 


Ye U 
= C,Lp.U aT @ f 7 dy Btu/sec (12) 
0 
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Fig. 23 Slot temperature profile 


where yg is the height in the boundary layer under which the 
same quantity of energy per sec is contained as introduced 
through the slot. 

As shown in Fig. 17, the results at this blowing rate indicate 
that the mass, momentum, and energy introduced through the 
slot are not transported toward the outer edge of the boundary 
layer, but remain close to the surface. 

Adiabatic Wall-Temperature Distribution. With confidence estab- 
lished in the heat-transfer test measurements, heated secondary 
air was injected from the slot and the resulting adiabatic tem- 
perature distribution was determined. The usual choice of 
parameters was made to represent the data. These same parame- 
ters are suggested in a semiempirical analysis presented in the 
Appendix. If the results are confined to air with constant fluid 
properties, the adiabatic wall-temperature ratio 7 is a function 
of the following parameters: 





n = f(Re,, X/MS, Xsr/S, and slot geometry) (13) 


where the dimensionless adiabatic wall temperature (effective- 
ness) is defined by 


7 = (Tuas — T wo )/(T stot -_ Tar (14) 


and 7'siot is the temperature of the air leaving the slot and Tw, is 
the adiabatic wall temperature. The results of the adiabatic 
wall-temperature distribution are shown in Fig. 24, in terms of the 
dimensionless distance from the slot leading edge, X’/MS, 
where X’ is the actual distance from the slot leading edge, M is 
the injection parameter, and S is the slot height. The tempera- 
ture of the injected air 7'siot is measured in the position shown in 
Fig. 3, and was varied from 10 to 150 deg F above the tempera- 
ture of the free stream (7, = 70 F). At large values of the 
parameter X’/MS, the difference between the adiabatic wall 
temperature and the free-stream temperature (7.7 — T'..) is so 
small that a small fluctuation in either the free-stream tempera- 
ture or the mass-injection rate will make a considerable variation 
in (Tsw — T..) which gives rise to the scatter in the data. The 
data are correlated for X’/MS > 60 by the relation: 


n = 16.9(X'/MS)-*” (15) 

A calculation based on the theoretical analysis by Klein and 
Tribus [10] for a line heat source at the leading edge of a flat 
plate (i.e., a zero hydrodynamic starting length) gives a constant 
of 21.2 for a slot Reynolds number of 2100. One of the possible 
causes of the discrepancy between the constant of Klein and 
Tribus, 21.2, and the present one, 16.9, may be a hydrodynamic 
starting-length effect. The lower value of the present constant 
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Fig. 24 Adiabatic wall temperatures for secondary-air injection 
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Fig. 25 Comparison of results with previous measurement of Wieghardt 


for a finite starting length as compared to the value for a zero 
starting length is also borne out in recent measurements of Seban 


12} and Chin, et al. [5]. These latter investigators found that 
the effectiveness 7 decreases with an increasing starting length at 
least in the region far downstream from the point of air injection 
i.e., at X'/MS > 100). 

\ comparison with the measurements of Wieghardt for a 
similar slot configuration is given in Fig. 25. The comparison is 
made for X'/MS > 60 with the dashed line representing the 
correlation of Wieghardt for all values of the dimensionless blow- 
i.e., M < 1.0) and for slot 
12,600. If Wieghardt’s 
correlation is modified to represent only his lower blowing rates, 
M < 0.40 (the solid points in Fig. 25 
from 21.8 for the dashed line to 19.5. 


Based on the foregoing discussion, we would expect that the 


ing rate less than or equal to unit 


teynolds numbers between 3700 and 


, the constant is changed 


value of Wieghardt’s constant would be less than 16.9 as found 
in the present investigation since the hydrodynamic starting 
length in Wieghardt’s experiments was 28.5 in. as compared with 
7.5 in. for the present program. This inconsistency may possibly 
be the result of an inaccurate measurement by Wieghardt of the 
entering injectant air temperature 7’); as it is not clearly stated 
Notwith- 


standing the discrepancy in the value of the constant in equation 


in his report how this measurement was accomplished. 


15), the agreement of the present measurements with those of 
Wiezhardt is fair, and both investigations are in agreement with 
the conclusion of the Appendix; namely, that the effectiveness is 
proportional to (X’/MS)~* at distances far downstream from 
the slot 

Experimental film-cooling results obtained with several dif- 
ferent tangential-slot configurations are 
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Fig. 26 Comparison of adiabatic wall temperatures for three slot 
configurations for tangential air injection 


son—W ieghardt [1|,Seban [4], Chin, et al. [5], Papell, et al. [6]*— 
and the present results. The effectiveness values reported by these 
investigators is shown in Fig. 26 as a function of the important 
parameter X'/MS. In view of the different slot configurations 
and the different hydrodynamic conditions present in these sev- 
eral studies, it is surprising that there is not more variation in the 
effectiveness—in fact, a single curve can be drawn which will 
represent the reported values with a deviation of +40 per cent. 
It is clearly not possible at the present time to state the specific 
causes of this variation but this must await more carefully con- 
trolled experiments in which the governing parameters are varied 
in a well-defined and systematic fashion. In the meantime, a 
reasonable estimate of the effectiveness for practical applications 
can be obtained from Fig. 26. 
Constant Wall-Heat Input Boundary Conditions 

Velocity Profiles With Secondary Air Heating. Velocity profiles 
* Papell’s data are for a large temperature difference between the 


free stream and injected air and have been corrected by (7's/T @)'/2 
as suggested by Papell to agree with present results. 
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Fig. 27 Velocity profiles for secondary heated-air injection with constant wall heat input 
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Fig. 28 Boundary-layer temperature profiles with film-cooling, con- 
stant wall heat input 


were measured at the same locations as for the isothermal and 


adiabatic wall cases. These profiles are shown in Fig. 27 and 


have shapes similar to the earlier measurements. The mass- 
velocity profiles at positions A and D are compared with the iso- 
This 


method of comparison not only reduces the mass-velocity profiles 


thermal and adiabatic wall profiles in Figs. 18 and 19. 


to the same general shape but actually results in complete coinci- 
dence of the profiles. It should be emphasized that this agree- 
ment of the mass-velocity profiles is valid only when the dimen- 
sionless mass injection is constant for all three cases; i.e., the 
value of M is constant. 

The displacement and momentum thicknesses are shown in 
Figs. 15 and 16. From the definition of 6*, equation (3), and 4,, 
equation (5), property variations resulting from temperature 
differences should not affect the displacement thickness, since 
pU/p.U. The momentum thickness will decrease with 
an increase of temperature difference between the wall and free 
stream, since U//U., appears in the equation. This effect is shown 
in Figs. 15 and 16. 


is used. 
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Fig. 29 Dimensionless temperature profiles with film-cooling, constant 
wall heat input 


Boundary-Layer Temperature Profiles. The measured temperature 
profiles for heated injection air with constant heat input to the 
wall are given in Fig. 28. As would be expected, no similarity 
is evident except far downstream from the injection point. 
The thermal boundary layers are made dimensionless by defin- 


ing a thermal thickness 6,7: 


f 


The temperature profiles at positions D and E in Fig. 28 were 
made dimensionless by using this defined thermal thickness 67, 
and the results are plotted in Fig. 29, where it is seen that the 
curves for the two positions coincide, indicating a fully developed 
thermal boundary layer. 


6, = dy ( 16) 


T.—T. 


The rate at which the mass momentum and energy brought in 
by the injected air is transported toward the free stream is indi- 
cated in the figure; again, as in the isothermal and adiabatic 
measurements, it is clear that the injected mass momentum and 
energy remain close to the solid surface and are not transported 
toward the free stream. 

Heat Transfer With Film-Cooling. The heat-transfer measurements 
covered a range of heat inputs from 485 to 1920 Btu/hr-sq ft, 
while the secondary or injected air was varied from 0 to 100 deg F 
above the free-stream temperature. The boundary condition 
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imposed on the heated plate was that of constant heat flux. 
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Fig. 30 Local heat transfer with air injection 
results are shown in Fig. 30 in terms of the Stanton number 


h/pC,U.. versus the Reynolds number U,.X/v, with the heat- 
transfer coefficient being defined as follows: 


(aa) 
T. — Tons 


the adiabatic wall temperature 7’, is the local 


(17) 


In equation (17 
value corresponding to the particular free-stream injected air 
conditions; its value may be determined from Fig. 24. The 
properties used to calculate the Reynolds and Stanton numbers 
for film-cooling were based on the following equation for the 
reference temperature [11]: 


T* = 1/AT, — Ta) + To + 02ATw — To) (18) 


It should 


be noted that this expression reduces to equation (4) for the 


where 7, and 7, are local values of the temperature. 


solid-wall measurements since in that case the adiabatic wall 
temperature is equal to free-stream temperature. The selection 
of this reference temperature for evaluation of the physical proper- 
ties (p, U, and C,) represents an attempt to account for the 
variation in these property values. It has been demonstrated 
previously that the foregoing reference temperature is valid for 
both laminar and turbulent flow over isothermal solid surfaces 
[11] in that it allows the use of constant-property prediction 
equations (with properties evaluated at 7*) even in those cases 
where large property variations occur. 

Separate representation is given in Fig. 30 to data obtained 
with air injection (open circles) and data obtained with the slot 
closed designated as “‘solid wall with unheated starting length’’ 
(solid circles). For this particular mass-injection rate M = 0.28, 
there is no difference in the dimensionless heat-transfer per- 
formance with or without film-cooling. Also shown in the figure 
as a solid line is the predicted value of the Stanton number for the 
solid wall with an unheated starting length corresponding to the 
conditions of the investigation. This analytical prediction is in 
excellent agreement with the experimental measurements. The 
significant conclusion to be drawn from Fig. 30 is that standard 
solid-wall heat-transfer relations may be used for predicting the 
heat-transfer coefficient in the presence of film-cooling; the actual 
heat transfer is then calculated from equation (17) and requires 
the knowledge of the adiabatic wall temperature, which, for the 
present geometry, may be obtained from Fig. 24. 

The earlier experimental results of Scesa [2] for air injected 
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normally (i.e., perpendicularly to the main flow direction) and 
Seban [4} for tangentially injected air also support the use of the 
solid-wall predictions for calculating the heat-transfer coefficient 
in the presence of film-cooling. 

In conclusion, it is possible at the present time to make reasona- 
ble estimates of the heat-transfer performance with film-cooling 
in a zero-pressure gradient flow in that Fig. 26 yields a good ap- 
proximate value of the adiabatic wall-temperature distribution 
while [9] may be used to determine the heat-transfer coefficient. 
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APPENDIX 


Extending the analysis of Wieghardt [1], a relationship can be 
established between the effectiveness 7, the blowing-rate parame- 
ter M, and the slot Reynolds number Re,, from the velocity and 
temperature profiles far downstream of the injection point. 
The excess energy contained at any cross section downstream 
from the slot must be equal to the energy added at the point of 
injection. 


° Btu 


Eysiot - fovesar — T.,) dy (19) 
sec 


rearranging the right-hand side one gets the following: 


é 
° : ‘ pU ( T = Te ) 
Eu = [(9P2U.C LT awe — To ~ — ie 
; lp . f (* a) Tw _  * 4 


(20) 


Transactions of the ASME 








Using the experimental data as a guide, the mass velocity profile 
far downstream from the point of injection is represented by 


pU ( y\\"7 
Pow 6 
The adiabatic boundary-layer temperature profile can be repre- 
sented by Fig. 20, 


T — T. e J (z 8/s ge C ( y y (22 
ye T.. = exp 3 => exp 5 «s) 


Substituting equations (21) and (22) into equation (20) gives 


(21) 


Est - [p2.UqC,L Tow = T .)I 
4 fy 2 
y l , 
, ~) exp| -—c(—) dy| (23 
J. ( 6 ) is | ( 6 ) | ( , 


' ; 7 £ 4% ; , 
Expanding the term exp | - ( = ) ] and keeping only the first 
é ‘ 
three terms, one gets 


B, = [p.U CLT — To)! 


LG b-eGY +e] 


Integrating equation (24) results in 
E, = p.U.C[LTww — T)(76(1/E — C/22 + C*/36)) 
Let 
K = 7(1/8 — C/22 + C?/36) 
and noting that 6 grows as 
5 = BX/Re,’’* 


therefore 


E, = C’p.U.C,LXRe,~"/% , am <p Ta) 


E, can be put into the form 

E, = m,C{T, — To) = C,MSLp.U.(T, — Te) 
therefore 
C,MSLp.U.(T, — Ta) = C’'C,paUeLXRe,~"(Tw — Ta) 
defining 


Taw — ff 
7 = 


S 
7 = K’'M ( X ) Re,’ ‘ 
where K’ 1/C’. 


This equation can be rearranged in terms of the slot Reynolds 


number to give 
x\-e_.. 
= K’ Re,’/™ 
od (i) ve 


This equation represents the data quite well far downstream from 
the point of injections and also agrees with the theoretical results 
of Klein and Tribus [10]: 


. 7 —% 10 
n = 5.77(Pr)'/*Re,)/" ( ) 


results in 
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(31) 
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DISCUSSION 
J. H. Chin’ 


First of all, I would like to congratulate the authors for their 
fine and careful experiments. Further data of different blowing 
rates would be of interest. 

Second, I would like to discuss certain ‘differences’ between 
“Film Heating’”’ and “Film Cooling’’ in some practical situations. 
For adiabatic wail, the boundary-layer temperature profiles with 


— to oe 
— have the same characteristic 


— to 


t 
temperatures expressed as ; 
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shape for both film heating and film cooling. However, in film 
cooling when radiation ‘sources, such as luminous particles, are 
present in the free stream, wall temperature may be higher than 
the “‘film’’ temperature near the wall, as shown in the slide. With 
film heating, the wall has to be cooled to generate the same shape 
of dimensionless temperature profile. It is of interest to note 
that the dimensionless temperature profile for film coolmg with 
radiation heating has some similarity to the temperature profile 
for frictional heating with wall cooling. 


R. A. Seban® 


These welcome results on a film-cooling system reveal the de- 
tails of performance of a situation in which the flow is disturbed 
less by the injection air than it is in the tangential injection sys- 
tems for which results have been reported previously. Velocity 
profiles, as close to the slot as z/s = 6, show, as in Fig. 14, re- 
markably little influence of the low velocity of the injection air. 
This rather implies a strong turbulent transport initially, possibly 
due to the slight angle of the injection. Studies on systems of the 
type associated with this writer in Fig. 26 show, in contrast, some 
remainder of the slot velocity at distances as close as this. This 
increased transport may account for the slightly lower initial 
values of the effectiveness compared to those found in reference 
[4] for a similar velocity ratio. 

Downstream, in the power law regime, the performance is al- 
most identical. The correlation proposed in reference [4] 


7Flight Propulsion Division, General Electric Company, Cincin- 
nati, Ohio. Now at Lockheed Missiles and Space Division, Sunny- 
vale, Calif. 

8 Professor of Mechanical Engineering, University of California, 
Berkeley, Calif. Mem. ASME. 
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ms 
” = 25(m)°-‘ 
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predicts values of the effectiveness 10 per cent below those of 
0.28. At different values of m, greater 
differences occur, and this produces some of the scatter shown in 
Fig. 26 

The heat-transfer results shown in Fig. 30 also demonstrate the 
effect of the initial flow in this instance. 


equation (15) at m = 


In the system of reference 
[4] the coefficient in the initial region was low and was influenced 
by the slot flow, while in the present situation the results of Fig. 
30 reveal that the free stream flow is the predominant influence on 
the flow conditions near the wall which determine the local heat 
transfer 


S. Stephen Papell® 


My comments are concerned mainly with attempting to ex- 
plain the +40 per cent scatter of data taken from the many film- 
cooling investigators as presented in Fig. 26. In doing this, I also 
hope to point out the limitation of the usefulness of the data cor- 
reiation presented in this paper. 

An examination of Fig. 26 shows that most of the data follow 
the samc slope of the present correlation although the level varies 

+40) per cent. Consistent slopes suggest good data; therefore the 
difference in level can be attributed to the fact that the z/ms 
parameter does not have the necessary terms in it to generalize all 
the data. 

I have two specific points to make. One is concerned with the 
difference of the slot configurations as related to the actual 
secondary air injection angle and the second is concerned with 
the attempt to correlate high temperature and high velocity data 
with Wieghardt’s parameter, z/(ms). 

First, I would like to state that part of the spread of the data 
in Fig. 26 can be attributed directly to the differences of the slot 
configurations. Even though these slots were designed so that 
the guiding walls near the exit were nearly tangential to the test 
plate, I would expect that flow measurements would show that the 
secondary air discharges at various angles other than tangential. 
This angle also varies depending on the mass velocity of the free 
NASA TN D-299 was published in order to show the 
effect on gaseous film cooling of coolant injection through slots 


stream 


whose actual injection angles (not slot angle) were varied from 0 
to 90 deg relative to the test plate. It is shown that this effect 
can be quite significant. I suggest that this angle effect be eval- 
uated before attempting to correlate data from various configura- 
tions 


My second point is to explain why it is not surprising that the 


* Aeronautical Research Scientist, NASA, Cleveland, Ohio. 
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reference [6] data do not correlate with Wieghardt’s parameter. 
Fig. 26 shows that while some reference [6] data points fall close 
to the present correlation, others seem to fall off by 40 per cent. 
Prior to publication of reference [6], the authors attempted to 
correlate film cooling using Wieghardt’s parameter with limited 
success. It was found that low temperature, low velocity data 
similar to that obta’ned by Wieghardt correlated fairly well but 
the higher temperature and velocity data fell off considerably. 
These results are demonstrated quite effectively in Fig. 26 of the 
present paper. It is obvious that the temperature ratio correc- 
tion to the correlation presented in reference [6], when applied 
to the present correlation, was not sufficient to overcome the basic 
difference in both correlations. 

I would like to add a word of caution concerning application 
of the correlation presented in this paper. The correlation ob- 
tained using low temperature and low velocity data is strictly 
empirical and, as such, its use cannot be extrapolated to higher 
temperatures and velocities. 


Authors’ Closure 


The authors wish to thank Messrs. Chin, Seban, and Papell 
for their significant discussions. 

They are, in the main, concerned with the presentation of the 
film effectiveness as obtained by various investigators and pre- 
sented in Fig. 26 of this paper. The differences among the values 
obtained in the various investigations are significant and the 
authors feel that a determination of the parameters which cause 
these differences is one of the most urgent tasks in film-cooling 
research. Some of the possible reasons have been pointed out 
by the discussers; however, it is felt that other parameters may 
be involved as well, and an investigation into this situation is 
actually the aim of a study presently under way in the Heat 
Transfer Laboratory. 

The experimental research on film cooling carried out at this 
laboratory is intentionally confined to temperature differences 
which are sufficiently small so that the influence of property 
variations can be neglected. This is done because the number 
They 
1 Slot geometry; 2 free stream Reynolds number; 3 definition 
4 slot Reynolds number; 5 blowing rate 
parameter; and 6 pressure gradient along film-cooled surfaces. 
The remark of one discusser that this should be kept in mind in 


of remaining parameters is still considerable. include: 


of slot temperature; 
the use of correlations presented in our paper is certainly ap- 


The small temperature 
brings also the advantage that film cooling and 


propriate. restriction to differences 
film heating 
become similar processes which are described by the same relation 
with 


for film effectiveness and heat-transfer coefficient proper 


selection of the boundary conditions. 
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PETER GRIFFITH’ 
GRAHAM B. WALLIS” 


Introduction 


= two phases flow concurrently in a pipe, they 
can distribute themselves in a number of different configurations. 
The gas can be uniformly dispersed throughout the liquid in the 
form of small bubbles. 
filling the tube. 


There can be large gas bubbles almost 
There can be an annulus of liquid and core of 
vapor with or without drops of liquid in it. 
smooth or wavy. 


The interface can be 
When one describes how the phases are dis- 
tributed, one is specifying the flow regime. Such a description is 
necessary before any mathematical model can be constructed 
which will predict a quantity such as pressure drop. 

It is naive to expect that a single mathematical model would 
adequately encompass all possible two-phase flow regimes, even 
for a single geometric configuration. Therefore we shall begin 
by saying that for this work the results that have been obtained 
and the conclusions that have been drawn apply only to fully 
developed slug flow in a round vertical pipe. 

Slug flow is characterized by large bubbles, almost filling the 
tube, which are separated by slugs of liquid. The nose of the 
bubble is rounded and the tail generally flat. One may or may 
not find small bubbles in the slug following the large bubble. 
(Typical slug-flow bubbles are pictured in Fig. 4.) 

Bubbles very similar to these have been studied by Dumitrescu 
Both these references consider 
How rapidly will a closed tube full of liquid 
empty when the bottom is suddenly opened to the atmosphere? 


{1],2 and Davis and Taylor [2]. 
the same problem. 


The approach used by both authors is to assume that the asymp- 
totic rise velocity (for large times) can be calculated from po- 
tential-flow theory. The boundary condition at the pipe wall is 
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Mechanical 


Nomenclature 


Two-Phase Slug Flow 


that the velocity is axial. At the bubble boundary it is as- 


sumed that the pressure is constant. The problem is then to find 
the shape of the bubble that would satisfy the constant-pressure 
boundary condition. This was done approximately, and in both 
cases the comparison with experiment was satisfactory, though 
the deviations became large for small tubes. 

The work of Davis and Taylor, and Dumitrescu served as the 
starting point for this investigation. The boundary condition 
at the bubble wall for large bubbles, constant pressure, was still 
valid to an excellent approximation, and the finiteness of the slug- 
flow bubbles did not appear to make much difference in their rise 
velocity. 

In the next section an expression for the mean density will be 
developed which will be expressed in terms of the pipe area, the 
bubble rise velocity, and the flow rates of the two phases. In 
subsequent sections the observations made of bubble shape, 
length, and velocity will be described and then a comparison of 
computed and measured densities given. Finally, a method for 
predicting the pressure drop will be presented and the prediction 
compared with experiment. 


Average Density of Mixture in Slug Flow 


Assume as a control volume a section of vertical pipe which 
goes from the entrance of the pipe to the middle of one slug. Fix 
the control volume in space, Fig. 1, line ‘‘a.’’ Continuity will 
yield the result that, when both phases are incompressible, the 
velocity in the slug well ahead of the tip of the bubble is simply 
If the 
velocity of the bubble is V, with respect to the liquid ahead of it, 
then the velocity of the bubble with respect to the ground will be 


Q, + Qe 
A 


? 


the total volume flow rate divided by the pipe area.‘ 


+ V, 


The time it takes for a representative sample, that is one average 
bubble and one average slug, to pass a given section of the pipe 
will be 


*It can be shown by a more complete analysis that the present 
formulation also holds for a compressible gas. 





pipe cross section area 
wD,2/4 

pipe area equal to rD,(L, 
+ L,) in equation (10 

dimensionless constants 

used to calculate bubble 

rise velocities from equa- 

tion (8). To be evalu- 
ated from Figs. 8 and 9 

pipe diameter 

acceleration of gravity r/ 

length .: 

slug length 

bubble length 

dimensionless constant re- 
lating bubble volume to 


Journal of Heat Transfer 


length in 
equal to 0.913 for poten- 
tial flow 

dimensionless constant re- w 
lating bubble volume to 
length in 
equal to 0.526 for poten- 
bal Moen = average density 


Vip,D,/ uy, 


olds number 


liquid Reynolds number 
pressure 
liquid flow rate 


gas flow rate 


equation (6) V, = bubble rise velocity with 
respect to liquid ahead 
of bubble 

V,, = mean water velocity 


Up, Uy, Uz, U = bubble volume, liquid vol- 


ume, vapor volume, and 
total volume 


equation (6) 


= gas density 
liquid density 

= wall shear stress 

Q,)/Ay,] (Dpp,)/My, = wall shear stress for fully 
developed flow for liquid 
at mixture velocity 

period for one slug and one 
bubble to pass a section 
of the pipe 


bul yt le Reyn- 
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Fig. 1 Control v d in text 


(L, + L,)A, 


At = Tame 
Q,+Q,+ VA, 


At is then the period for the bubbles. 

Let us continue by considering the time average flow rate of the 
gas phase past a section. 
v, will pass; therefore the average flow rate for the gas will be 


During one period one bubble of volume 


Q, al ‘At (2) 


The average density in a volume containing two phases is 


VU, Uy = 


In terms of the phase densities, the average density of a typical 
pipe section containing one bubble and one slug will be 


— Y» 4 
Aj Pe (L, + L,)A, 


When equation (1) is substituted into (2) and the result sub- 
stituted into (4), one obtains: 


p +, | get tote ]+[ PRs ] (5) 
-" "™1Q,+Q+VA,J  LQ,+, + ViA, 


This is the desired expression. Therefore, if one has the value 
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for the bubble-rise velocity, it is possible to calculate what the 
mean density in the pipe is. 


Bubble Length and Slug Length 


Let us assume that an approximate empirical formula relating 
bubble length to volume exists in the following form 


vu, = A,(mL, — nD,) (6) 


Such a formula has been fitted to the calculated shape of Du- 
mitrescu, which is valid only for the potential flow case. How- 
ever, such a formula could as well be fitted to any bubble whether 
the conditions of potential flow are satisfied or not. The constants 
m and n would simply be somewhat different. 

If one fixes the slug length, the bubble length is fixed by con- 
tinuity considerations on the gas phase and the ratio of gas to 
liquid flow. Let us suppose that the slug length is specified and 
the relation between bubble length and volume is that of equation 
(6). Substituting (1) and (6) into (2) results in this expression 
for bubble length 


- 2c, + DQ, + Q, + VeA,) 
m(Q, + Q, + ViA,) — Q, 


- 


L, (7) 
This equation relates to bubble length, to the slug length, and 
various other known quantities. 

As long as the bubble volume versus length relationship is 
adequately represented by a formula of the type of equation (6), 
equation (7) is valid. For the particular case of potential flow 
around the bubble, the constants in equation (6) can be evaluated 
and are 


m 0.913 
for L/D < 20 
n 0.526 
These constants are dimensionless. Though the shape must be 
altered if the flow around the bubble is not irrotational, it appears 
as though the foregoing values for m and n work quite well 
whether the flow is irrotational or not; that is, the bubble shape 
is relatively insensitive to velocity profile of the liquid as it ap- 
proaches the bubble. 
The analysis for pressure drop will be presented in a later sec- 
tion, 


Experimental Apparatus 


A diagram of the apparatus is shown in Fig. 2. 
The central feature is the 18-ft vertical tube in which flow 


This tube is made of three 6-ft sections of 
plexiglas tubing which are finished flat at the ends and are joined 
together to form the continuous length by gluing them firmly into 
plexiglas blocks which have been drilled out to fit the outside 
diameter of the tube. 


studies are made. 


The uppermost 6-ft section carries six pressure taps at 1-ft 
intervals and these are connected to vertical water manometers 
Hose clamps are used in the connecting lines so that the manome- 
ters may either be isolated or the flow to them suitably throttled 
to damp out pressure fluctuations. The tubes leading from each 
pressure tap to the corresponding manometer slant downward. 
This prevents air bubbles from entering the manometer and 
making accurate readings impossible. 

Near its upper end the main tube passes through a block which 
is used to anchor it to the wooden board supports. A flexible hose 
connects the top end of the tube to the discharge tank in which air 
and water are separated. This tank is drained by a further length 
of hose which feeds weigh buckets as required. By inserting a 
small-diameter flexible hose into the top of the tube, it is also 
possible to produce downflow in the test section. 
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At its lower end, the tube carries a plastic block suitably drilled 
to provide inlet ports for the air and water supply. Air is fed 
through a '/;-in-diam hole inclined downward toward the tube 
inlet and water is supplied through a */s-in-diam horizontal hole. 
Needle valves in hot and cold-water supply lines control the flow 
rate and water temperature. 
needle valve in the line. 


Air supply is also controlled by a 
Before entering the apparatus, the air 
passes through a filter and metering orifice plate. Three sizes of 
tube were used in these experiments: 1, */,, and 1/2-in. ID. 
Photographs of the flow patterns were taken in the upper half 
of the top tube section. Behind the tube there is a white sheet 
of paper which has horizontal lines drawn on it at '/:-in. intervals. 
A 2 microsec flash® is employed and photographs are obtained on 
35mm Kodak Panatomic X film. 
analyzed on a microfilm reader. 


The negatives were then 
Illumination is from the front, 
to the side, and below the center line. In this way, bubbles and 
scale are illuminated as uniformly as possible using only one 
flash source. 


Experimental Methods and Results 


Measurements of bubble-rise velocities were made in both still 
and moving water. First, the water velocity was set by means of 
the needle valves. Next, a single bubble was introduced by rapid 
opening and closing of the air supply valve. Bubble length was 
between 2 and 10 diameters. Bubbles were timed with a stop 
watch over a standard length of 9 ft, the first mark being 3 ft from 
the inlet. An experimental limitation is the accuracy of the stop 

§ “*Microflash” 
Cambridge, Mass. 


type 1530-A manufactured by General Radio, 
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Seporotor 





Pressure 
Taps 














Plexigios Tube 
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Fig. 2 Main features of the apparatus 
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watch ('/i9 sec) so that rise times of less than 5 sec were not found 
to be sufficiently accurate. Water flow rates are measured to 
suitable accuracy by use of a weigh bucket. Both upward and 
downward flow of the water were investigated and cold and hot 
water were used to investigate the effects of Reynolds number. 

At a given water flow rate the bubble-rise velocity was found 
to be independent of the length once the bubble was large enough 
so that its shape approximated that of the potential-flow theory. 
Consistency of results in this respect was remarkable, involving, 
in general, only changes of the order of stop-watch accuracy be- 
tween the two extremes. Apparently, the hydrodynamics at the 
nose of the bubble is the sole determining factor. 

At first it was expected that the velocity of the air bubble rela- 
tive to the mean water velocity would be independent of the 
stream velocity. However, a few experiments soon showed that 
this was not the case. The bubble velocity is appreciably altered 
Results for the three 
pipes at various water temperatures are shown in Fig. 3. 


as the stream-velocity profile changes. 


As the downflow water velocity was increased, a point was 
reached at which the stable character of the bubble suddenly 
Instead of assuming the smooth steady shape of pre- 
vious experiments, the nose of the bubble began to distort, to be- 
come alternately eccentric on one side or another, and to lean 


changes. 


over to one side of the tube. As a general rule, the rise velocity 
would change quite randomly as the shape changed, being higher 
the greater the distortion of the nose. The bubble appeared quite 
“uncertain” which shape to assume so that readings of its 
velocity showed considerable variation from one experiment to the 
next. Finally, as downflow water velocity was further increased, 
the unsymmetrical shape became dominant and the motion be- 
came steady again. The transition point is marked with a cross 
in Fig. 3. 

With the present apparatus it is possible to cover a range of slug 
flows varying from the first development of this regime at the 
transition from bubbly flow up to conditions where the slugs are 
either several feet long (high-quality flow) or so severely distorted 
by shear stress and turbulent forces that new phenomena begin to 
appear. Because of air-supply limitations, it was impossible to 
obtain the transition to annular flow with this apparatus. 

The largest pipe provides the best illustration of normal slug 
flow since in its case the effects of viscosity and surface tension 
are least. 

Under “normal slug-flow conditions’’ the flow appears as shown 


Fig. 3. Bubble velocity Vi against average water velocity Vw in ft/sec 


10 deg C 
34 to 49 deg C 
10 deg C 
23 to 50 deg C 
10 deg C 


x denotes onset of bubble instability as described in the text 


1-in. pipe with cold water 
1-in. pipe with hot water 
3/4-in. pipe with cold water 
3/4-in. pipe with hot water 
1/2-in. pipe with cold water 
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in Fig. 4 A series of bubbles just like those observed by G. I 
laylor or Dumitrescu, flow up the pipe, separated by “plugs’’ of 
water which are relatively free of bubbles. The wake of the pre- 
vious bubble is smoothed out by turbulent mixing and by eddies 
so that its effect on the 


bubbles are formed in the wake by being torn off the back of the 


next bubble is negligible. Some small 


main bubble, but these soon reach an equilibrium concentration 
The smallest 
unable to keep pace with the 


with as many being formed as are reabsorbed 


vuubbles formed in this way are 


nt and are swept downstream, either to be absorbed by some 
bubble or to coalesce among themselves until they reach 
ient size to rise with the same velocity as the large bubbles 


should be stressed that this kind of ideal flow is only to be 


nd over a limited range of flow rates and regions. Theoreti- 


slug flow is possible at almost any flowing quality, the 





B 


bubble length simply adjusts accordingly. In fact, in investigat- 
ing the development of slug flow from the “‘bubbly’’ flow regime, 
it was found that it was quite possible to have bubbly flow at the 
tube entrance whereas a few feet higher up chance encounters 
would create a bubble sufficiently large to fill the tube and to start 
to grow into a typical slug-flow bubble by absorbing its neigh- 
bors. By varying flow rates, it was possible to extend this ‘en- 
trance region’ to the full 18 ft of pipe whereas it was suspected 
that in a longer pipe, slug flow would be the ultimate stable 
regime. Of course, the bubbles are also growing as they rise due 
to the drop in hydrostatic pressure, but undoubtedly the entrance 
Fig. 5 shows these effects 16 ft from 
This effect is probably a major cause of devia- 


region effects predominate. 
pipe entrance. 
tions among the data of various experiments on transition from 
When this “‘transition”’ 


bubble to slug flow. occurs, and how it 


Cc 


Fig.4 Q, = 0.073 Q; = O in CFM pipe diameter 1 in. 


Typical low-speed flow. [Bubbles are short and smooth and have short wakes. 


A and C show stages in 


the agglomeration process. The lower bubble is caught in the wake of the upper, distorts, and accelerates 


rapidly. 
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is defined, is a function of the particular apparatus used, the 
method of gas injection, length (or perhaps better time) from in- 
jection to point of observation, and perhaps some other variables 

It is interesting to note that there is an attraction between ris- 
ing bubbles which decreases rapidly with separation distance. As 
slug flow develops, there is a continual ‘“‘sucking up’’ of the lower 
of a pair of bubbles into the upper one. Once the bubbles get 
closer than a few diameters, this process proceeds rapidly, in times 
of the order of a second. The explanation for this phenomenon 
is that the wake of the first bubble gives rise to a water-velocity 
profile which causes the second bubble to rise faster. A more de- 
tailed discussion of this will be presented later. 

In the 1-in. pipe it was possible to observe bubbles of approxi- 
The 


only noticeable way in which these bubbles differ from the shorter 


mately the ideal form which were 6 ft and more in length. 


8 


Fig. 5 Q, = 0.208 Q; = 


agglomeration to form small G. |. Taylor bubbles. 
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ones is in the increase in surface waves at the air-water interface 
The skin of the bubble presents an increasingly rough appearance, 
presumably due to turbulence in the liquid film, and consequent 
capillary waves on the surface. 

At higher flow rates the bubble wakes become more agitated, a 
larger number of small bubbles are torn off at the tail and, conse- 
This results 
in several small bubbles being swept down as far as the following 
bubble 
drawn into the flow around the large bubbles. 


quently, the whole wake becomes richer in bubbles. 


These may remain intact for some distance as they are 
The bubble inter- 
face becomes distorted in the neighborhood of these small bubbles. 

The phenomena observed in this */,-in. pipe are, in general, ex- 
actly parallel to those observed in the l-in. pipe. Photographs 
were only taken in this case to obtain a certain amount of data 
about bubble and slug lengths. 


Cc 


0.288 in CFM pipe diameter 1 in. 
Photographs of entrance effects some 200 diameters from inlet. 


The small bubbles are in the process of 
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It is in the '/;-in. pipe that the effects of surface tension begin 
to become pronounced. In fact, the study of slug flow has to be 
confined to qualities and flow rates well above the bubble-flow re- 
gime because of the appearance of “‘bowler-hat’’ bubbles in pro- 
fusion at intermediate qualities. These hat-shaped bubbles are 
formed in a stream at the air inlet and flow upward in a row. 
Their mutual attraction now results in the formation of several 
Taylor bubbles which have the over-all dimensions 
of normal slug-flow bubbles, but which consist of a series of hat- 
shaped bubbles stacked closely one on top of the other. At low 
flow rates these bubbles do not agglomerate easily and no final 
smooth bubble is formed in the length of the apparatus. Even at 
high air flows, the very long G. I. Taylor bubbles still may have 
unabsorbed caps attached since the agglomeration rate at the nose 
is small. 


pseudo-( y. I. 


Pressure-drop data for all three tubes were read directly from 
It was checked 
that the pressure drop was linear and steady over the six pressure 
taps, and then the pressure difference between first and last was 
recorded. Results are shown in Table 1. The effect of pressure 
fluctuations on the manometer readings was kept to a minimum 
by adjusting the hose clamps. 

Lengths of bubbles and slugs were read directly off the 35-mm 
negatives using a microfilm viewer. For each experiment a full 
36-exposure roll of film was used, each exposure covering 3 ft of 
pipe. The most valuable results of these experiments were ob- 
tained with the '/;-in. pipe. This is due to the greater complete- 
ness of the data in view of the fact that one camera frame often 
covered a range of several bubble lengths. In the case of the 1-in. 
pipe, often only part of the pattern was visible. 


the water manometers on the last 6 ft of pipe. 


Table 1 
Superficial 
velocity 


(7) 


'/;in. pipe 


e 
CFM 
0.136 : 
0.165 
0.192 
0.252 
0.304 
0.296 
0.294 


fps 


D> Gr ee Co Go CO 
@Snrwouqcur~ 


— 
_— 


*/ in. 


0 
0 
0 
0 
0 
0 
0 
0 
0 
0 


pipe 

046 
OBO 
125 
201 
321 
053 
OS4 
134 
116 
192 
0.341 
0.265 
0.387 
0 


l-in. pipe 
0.073 
0.094 
0.124 
0.160 
0.078 
0.098 
0.127 
0.166 
0.209 
0.208 
0.322 
0.463 
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AP/AL 
Observed 
in H,O/in. 


0 
0 
0 
0 
0 
0 
0 


Results for the '/:-in. pipe are shown in histogram form in 
Fig. 6. The spread in bubble lengths is considerable. Slug 
lengths are more regular, both over one experiment and from one 
experiment to the next. This result is to be expected in view of 
the fact that the limiting process in determining bubble lengths 
is an agglomeration process determined by the velocity profiles 
in the bubble wake. After slugs reach a certain length the attrac- 
tion between bubbles becomes very small and a fairly regular 
slug length is obtained. For higher flow rates where shear 
stresses and turbulence are considerable, both bubble and slug 
lengths become steadily less regular. 

Slug and bubble lengths are related to each other via flow rates 
and bubble rise velocity as in equation (7). Slug length is a useful 
parameter to quote because of its relative invariance. Maximum 
and minimum mean slug lengths for various flow rates in a given 
pipe are shown against pipe diameter in Fig. 7. Further and more 
detailed data are needed to make possible an analysis in terms of 
wake dynamics. 

Note that actual bubble length may be less than the theoretical 
calculated from continuity considerations because of the air vol- 
ume associated with the small bubbles in the wake. 


Analysis of Experimental Results and Comparisons 
With Theory 


A constant rise velocity independent of length is to be ex- 
pected from the experimental results and theory of both G. I. 
Taylor and Dumitrescu for cases Where wall shear stresses are 
negligible. The pressure-boundary condition on the bubble sur- 
face is the same in all cases and eddies behind the bubble have 


Pressure drop data 


AP/AL 
Theoretical 
in H,O/in. 

0 

0 

0.536 

0 

0 


Observed 


695 
630 
615 
561 
53 

900 
917 


10 
13 
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negligible effect upon the smooth character of the flow around the 
bubble itself. One might think that shear stresses would slow 
down the water flow around the bubble which would be expected 
to rise slightly slower in consequence. In fact, the observed 
tendency is for longer bubbles to rise slightly faster than the 
shorter ones so presumably the problem is not a simple one. 
Laird and Chisholm [3] in an experimental investigation in a 
2-in-diam tube claim an increase of about 10 per cent in bubble- 
rise velocity as the length is increased from some 2 diameters to 
25 diameters. In our experiments, no changes of such magnitude 
were observed, perhaps because no bubbles of over 12 diameters 
in length were timed. Variations in rise velocity, we found, were 
no more than 2 or 3 per cent, while Laird and Chisholm’s 


data show considerable spread in this region. Because of the 


Fig. 7 Range of mean slug lengths as a function of pipe diameter for 
various flow rates of the two phases 


5 cr 


method of admitting the air into the tube used by Laird and 
Chisholm, one might expect the fluid to be still moving rather 
than stationary when the bubble arrived, which motion would 
also affect the rise velocity. This motion may well be more pro- 
nounced for the longer bubbles. Laird and Chisholm also found, 
experimentally, that the bubbles were constant-pressure surfaces 
and that most of the pressure drop between two points was con- 
tributed by the slug and was almost proportional to the slug 
length. 

Two qualitative results are immediate from a study of Fig. 3. 
The bubble relative velocity increases as the water velocity in- 
creases and increases more rapidly in the more viscous, colder 
liquid. The second result seems surprising. 

In an attempt to rationalize the results the constant C of 
Taylor and Dumitrescu was split up into two parts, C,; and C 
C, is the governing coefficient in static water when C; is by defini- 


tion unity. C, is a function of water velocity, thus: 


Vy, = C,C:(gD,)' : (8 


A plot of C, against bubble Reynolds number (Re, = p,;V,D, 
uy), Fig. 8, using both the results of these experiments and 
Dumitreseu’s gives an excellent smooth curve which rapidly 
tends to a constant value within less than 1 per cent of Dumi- 
trescu’s theoretical results for C,. It seems rational to plot 
against bubble Reynolds number as it would be a measure of the 
departure of the field from ideal potential flow. Dumitrescu 
originally plotted against a dimensionless parameter: involving 
surface tension, presumably arguing that surface tension will 
change the bubble shape at the nose in small-diameter pipes. We 
prefer Reynolds number since the water dynamics appear to be 
the governing factor. 

Obvi- 
ously, both V,, V,, and V, + V,, are important parameters for 
Wall shear 


stresses acting on the water which runs down around the bubble 


Rationalization of the variation of C; is more difficult. 
determining the velocity profiles and shear stresses. 


are less in the upflow case because the mean flow velocity must 
be subtracted from the velocities calculated relative to the bubble 
in order to calculate absolute flow velocities in the case of upflow 
Presumably the potential flow solution is wrong when the on- 
coming velocity profile is not uniform. In the case of upflow, the 
profile as seen by the bubble is already partly distorted in the 











6 8 


10 12 


Bubbie Reynolds’ Number Neg.x!0 —e 
> 


Fig. 8 Dimensionless 


tant C; 





x = results of Dumitrescu 
0 = 
Dumitrescu's theory gives C, 


results of Griffith and Wallis 
= 0.350 for potential flow. 


gainst bubble Reynolds number 


G. |. Taylor in co more approximate analysis obtains C, = 0.328. 
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direction necessary to pass the bubble; hence we might expect 
greater flow rates around the bubble and a higher rise velocity 
Analysis of such a problem would be complex, but perhaps could 
be attempted by a variation of Dumitrescu’s method. 

Since the oncoming velocity profile and the nature of the flow 
around the bubble are determined by Reynolds number, it seems 
logical to try a correlation plot on this basis. There are only two 
independent Reynolds numbers for long bubbles. These could 
be taken as the one for the stream and that for the bubble. 
The plot which gave best results is shown in Fig. 9. Points were 
found to fall in the “laminar line’’ to a good degree of accuracy 
for bubble Reynolds 3000. For the bubble 
Reynolds numbers between 3000 and 5000 results do not co-ordi- 


numbers below 


nate well and are scattered around in a general area of the graph, 
presumably a transition region where turbulent flow is starting to 
At higher bubble Reynolds numbers, results are 
again more consistent but with the present apparatus it was im- 
possible to explore the fully developed turbulent region properly 


be initiated. 


3000 


n 
. 
Re, 


1000 ~—-.2000 


It seems logical, though, that, as the velocity profile becomes 
flatter at large pipe Reynolds number, C; should approach 1. 
This appears to be the case. 

There is a suggestion of transition phenomena in the main water 
flow, i.e., dependent on Re,, and this obscures the results of the 
other transition determined by Re,. 

It is unfortunate that most of these experiments cover the re- 
gions of transition-flow phenomena, since this makes a correlation 
of the data more difficult. The results for totally laminar flow 
The results for Re, > 3000 are 
average curves which may be used for practical purposes with 
some approximation, certainly giving better result than the as- 
sumption that C2 is constant and unity. 

f practical interest when a string of bubbles follow 
one another, o.ner effects such as slug-length Reynolds number 
and wake-velocity profiles, may also become important. 

In general, the shape was very stable and the bubble proceeded 
up the pipe as if it were a solid object. 


ire consistent and reliable. 


In the case o 


No satisfactory explana- 
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Fig. 9 Coefficient C; against liquid Reynolds number for various values of bubble 
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tion or theory was formed for the bubble instability which was 
observed for downflow. It is also unknown as yet whether such 
instability could occur for upflow in very large pipes or if a re- 
versed water flow is essential. 

No direct measurements of density were attempted on this ap- 
paratus. However, it was found that measurements had been 
made elsewhere [4], by means of a radioactive technique and these 
have been used for a comparison. These results are unique in 
that a 4-m calming section was used before the measurements 
The comparison of the calculated density and the 


In calculating the rise 


were made 
measured density is shown in Fig. 10. 
velocity of the bubbles C,; was assumed to be one because the 
bubble Reynolds numbers were so high and well above the region 
in which the data reported here was taken 

If one considers a typical section of pipe which contains one 
slug and one bubble, and takes a control volume moving with the 
bubbles at bubble velocity, it is obvious from symmetry con- 
siderations that the momentum fluxes in and out are identical 
Such a control volume as illustrated in Fig. 1, control volume b 
Therefore the momentum equation applied between sections 1 


"» 


and 2 is 


P, — P.)A, — p.g(L, + L4)A, — TA 


wile 
When one solves for the pressure drop, the result 


A 


P, — Ps) = pg(l, + Ly) +7. (10) 


—— 
p, is evaluated from the preceding theory. The accurate evalua- 
tion of rT, is not, at this time, possible. However, the following is 
the recommended procedure: 

If the flow around the bubble is examined closely, it is observed 
that the flow may be up and it may be down with respect to the 
pipe wall. This is because the bubble is a constant-pressure sur- 
face for which the tip is a stagnation point. To an observer on 
the bubble the velocity of the liquid around the bubble is then 
approximately (2gz)'/? where z is the distance from the tip of the 
bubble. For a sufficiently long bubble, the throughput velocity 
may be sufficiently small so that the downflow velocity is greater 
and the wall shear stress acts up instead of down on the material 
in the pipe. The average shear stress over a representative length 
of bubble and slug can then go either way. 
question of the mean wall shear stress lies in knowing the details 
of the velocity distribution in the core of liquid in the pipe. As 
yet this is unknown so this approximate method is recommended. 


The answer to the 


Evaluate the wall shear stress as if the pipe were full of liquid in 
Then 


fully developed flow moving at the mixture velocity. 
multiply this shear stress by the ratio 


- = 
Q,+Q, 


The wall shear stress to be substituted in equation (10) is then 


> ae 


%o°* 
Q, +, 


(11) 


When the average wall shear stress is large and down, this helps, 
while when the average shear stress is up, it adds almost nothing 
as the velocities are so low. 

When the pressure drop data, reported in Table 1 and ref- 
erences [4 and 8], are treated in the manner indicated and com- 
pared with the experiments, the result is shown in Fig. 11. For 
these experiments the shear-stress term of equation (9) was only 
about 1 per cent for the 1 and */,-in. pipes, while it was as high as 
50 per cent of the total pressure drop for the '/:in. pipe. This 
was due primarily to the larger velocities. The reason for the 


316 / auGust 1961 


apparent success of such a simple correlating scheme lies in the 
fact that the friction contribution on the wall tends to cancel out 
as part of the flow is up and part is down. The only contribution 
then is due to the slugs and at high velocity, where friction is im- 
portant, the friction of pipe wall occupied by slugs is approxi- 
Q, 
(Q, - Q,) 
deviations for the lowest velocities in the 1 and */,-in. pipes are 
opposite in sign from those at the higher velocities. This is to be 
expected. 


mately It is interesting to note in Fig. 11 that the 
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Fig. 10 Density data of reference [4| compared to the calculated results. 
The pressures are in atmospheres gage. 
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Fig. 11 Calculated versus observed pressure drop using data of Table 1 
and references [4 and 8| and the methods outlined in this paper 
x = reference [4] 
© = Table 1 
[|] = reference [8] 
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Range of Application of These Results 
In so far as these results apply to only a particular flow regime, 
it is necessary, to apply them, that one know, in the absence of 
any visual observations, what the flow regime is. 
pose a flow-regime map is presented in Fig. 11. 
The co-ordinates for this map were originally suggested in 
reference [5]. 


For this pur- 


Justification for them can be seen in equation (7) if 
one examines the character of thedenominator. For certain values 
of the volume-flow rates and bubble-rise velocity this denominator 
goes to0. This means the bubble length becomes infinite; 
transition to annular flow occurs. 


i.€., § 
As the values for the constants 
m and n are only approximate, the exact transition criteria ob- 
tained directly from this formula would probably not be too good 
but the transition criteria it suggests might be quite serviceable. 
The criteria one obtains from this formula directly are in a par- 
ticular relation between Q,/Q, and V,A,/Q,. _ If one recalls V, 
is approximately a constant times (gD,)'/? an equivalent set of 
criteria could be the ones used in Fig. 12. This set is superior due 
to better behavior at the limits. 

The annular slug-flow transition has been placed to include all 
the known slug-flow points. The justification for this lies in the 
observation that entrance effects can persist for very great lengths 
but that once slug flow is achieved it is exceedingly stable in that 
no apparent tendency to change exists. Therefore if slug flow 
can exist at all it is the regime characteristic of the fully developed 
condition and should appear on this map. 

There is also a region of bubbly flow shown. It is not certain 
that it belongs on this map at all. However, it has been found 
[6], that when the void fraction is less than 0.18, there is almost 


no tendency for slugs to develop spontaneously. Therefore a 


single line for a 1-in. pipe has been drawn to delineate the bubbly 
flow regime. It has been assumed in placing this line that the 
rise velocity of the bubbles with respect to the liquid is 0.8 fps 
and that they are uniformly distributed across the channel. 
Some slug-flow points fall into the bubbly region. This is not 
surprising if one recalls that slug flows are quite stable and if they 
can exist at all they exhibit no tendency to change. Apparently 
the entrance conditions in these experiments were such that slug 
flow was forced. 

The basic cause for the instability of bubbly flow lies in the fact 
that the rise velocities of the different size bubbles are different. 
Therefore there is a tendency for them to overtake each other and 
agglomerate. No such tendency exists for the slug-flow bubbles 
as they all rise with the same velocity. 


Summary 


For convenience, the method of calculating slug flows is sum- 
marized here. The time average pressure gradient neglecting wall 
shear stress is 


) V,A ¢ 
Pg = w,| Sorts é ] + E OPefee . | (5) 
Q, +Q,+ VA, Q; +Q,+ V,A, 


V, = C,C.(aD,)'”* (8) 
in which C,; and C, are evaluated from Figs. 8 and 9. 
rhe slug length can be obtained from Fig. 7. The bubble length 


can then be obtained from 
Q.L, + n(D,)(Q, + Qy + VoAy) 


L, = 
, m(Q, + Q; + V»A,) — Q, 

















NErm = 


Fig. 12 Flow regime map for a vertical pipe in fully developed slug flow. 


4 #6 
3 
( Ap )/ 0p 


Each point shown is one at which slug flow 


existed. Other flow regimes can exist for these values of the co-ordinates but they do not appear to be the flow regimes characteris- 


tic of fully developed flow. 


Reference D 


0.722 in. 
2.34 in. 
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63 Air water 


67 Steam water 


1 ata 
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288 
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260 
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Air water 1 
Air water 1 
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The dividing line between the bubble and the slug region is given for a 
1-in. pipe using the criterion mentioned in the text. 
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As long as the shape can be approximated by the shape that 


would exist in a potential flow 
0.913 
for <2. L,D, 


0.526 


The period of the pressure fluctuations is ipproximately 


The magnitude of the pressure fluctuations is approximately 


A(AP 49? (12 


for taps which are more than one slug le ngth part The pressure 


gradient is, from equation (% 
AP 
AL 


Conclusions 


| Entrance effects can persist for great lengths, L/D 300, 
ind long times, in developing two phase flows 


2 Wall 


tribute only slightly to the pressure drop in slug flows. 


shear stresses at moderate and low velocities con- 


} Bubble-rise velocities in slug flow are quite sensitive to the 
The effect of 


shear stress manifests itself primarily through the velocity 


velocity profile in the water ahead of the bubbles 
wall 
profiles 

$ Pressure drop, density, slug length, bubble length and 
fluctuation pressure drops, and frequencies can be calculated for 


tu ty de veloped slug flow with good accuracy 
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DISCUSSION 
R. A. S. Brown’ and G. W. Govier’ 


The authors have presented an interesting analysis of the 
geometrical relationships for the case of two-phase slug flow. 
Equation (5) relating average density to the volumetric flow rates 
of the phases and the linear velocity of the bubble is quite general 
and should be as reliable as the value of the bubble velocity used. 
The authors propose that the bubble velocity be determined by a 
modification of the Taylor and Dumitrescu equation incorporat- 
While the constant C, appears 
reasonably well established on both theoretical and experimental 
Fig. 9 
presenting values of C, for various liquid Reynolds numbers and 


ing two constants, C; and C>». 
grounds, the same can hardly be said for the constant (2. 


bubble Reynolds numbers is apparently based upon actual data 
although these are not presented. The use of the same symbol 
Vae,) to denote the mixture Reynolds number (in the Nomen- 
clature) and the liquid Reynolds number (in Fig. 9) is un- 
fortunate 

Workers at the University of Alberta [9, 10, 11]* have obtained 
data on the flow pattern, holdup ratio, and pressure drop for the 
upward vertical flow of air-water mixtures. (The authors have 
referred to some of these data in connection with their Fig. 11.) 
While some 100 data points in the slug flow region are available 
from these studies, about half of them are beyond the liquid 
Reynolds number range of Fig. 9. The data include measure- 
ments of the “in situ’’ air-water volume ratios which are readily 
This permits the values 
and Figs. 8 and 9 to be 


convertible to average density values. 
calculated with equations (5) and (7) 
checked. 

A representative sample of these 
Table 2. 


high air velocities. 


comparisons is given in 
The agreement is generally poor and especially so at 
Presumably this is due to inadequacies in the 
method of predicting the bubble velocity. 

Equations (9) and (12), suggested by the authors as expressions 


for the pressure drop over a “control volume,’’ cannot be criti- 
cized except, as the authors point out, there is no satisfactory way 
this The method they propose for 


estimating T,, appears to involve considerable oversimplification. 


of evaluating T,, at time 
A comparison between calculated and experimental pressure 
gradients is shown in Table 2 for the same tests for which the 
average density comparison has been made. The discrepancies 
noted between calculated and experimental pressure gradients 
do not correspond to the discrepancies in the average density. 
This indicates that the ‘‘friction’’ term in equations (9) and (12) 
may well be in error 

The co-ordinates chosen by the authors for correlating the flow 
pattern are essentially the same as those proposed by Kozlov [4] 
although their resulting correlation or “flow regime map’’ is quite 
different. 
“froth’’ or 


It is rather surprising that the authors have omitted 
“churn’”’ flow as a stable flow pattern between slug 
and annular flows. This has been observed by most other workers 
certainly including {9 to 12]. The authors appear to believe that 
this is a transition or entrance flow. Froth flow, however, should 
be rather quickly stabilized due to the high rates of energy trans- 
fer in turbulent mixing. It should, therefore, have a relatively 
short entrance section and the stable flow should develop rapidly. 
The correlations of the conditions under which froth flow prevails 
would seem to confirm this 

In conclusion, it is believed that the method of calculation of 
average density proposed by the authors may prove valuable. 
The proposed correlation of bubble velocity, however, does not 


seem adequate in view of the poor agreement of most of the 
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Table 2 Comparison of calculated and experimental data 

Pressure gradient 

Mid- Mid- Average density Calcu- Experi- 

Tube point point Water Air Calcu- Experi- lateds, mental, 

diam, pressure, temp, rate, rate®, lated?, mental, ft ft 

in. psia deg F ft?/sec ft?/sec lb/ft? lb/ft? water/ft water/ft 
0.630 18 68 0.000149 0.00372 15.58 16.86 0.251 0.203 
0.630 18 68 0.000149 0.0146 4.99 11.77 0.083 0.150 
0.630 18 64 0.000290 0.00374 17.32 19.06 0.280 0.218 
0.630 18 ot 0.00063 0.00358 21.91 21.47 0.357 0.286 
0.630 18 75 0.00183 0.00627 21.59 22.59 0.371 0.342 
0.630 18 ‘ 0.00183 0.0152 11.13 5.53 0.222 0.284 
0.630 36 6 0.000149 0.00391 15.09 9.26 0.243 0.187 
0.630 36 7 0.000290 0.00387 5.99 7.88 0.275 0.203 
025 36 0.00040 0.0066 22 .97 22.94 0.369 0.293 
025 36 . 0.00040 0.0331 ».63 : 0.108 0.180 
025 36 : 0.00359 0.0598 22 3.57 0.138 0.318 
025 36 j 0.00359 0.0209 2.38 8 0.099 0.254 


* At mid-point pressure and temperature. 
> Calculated from equations (5) and (7) and Figs. 8 and 9 of Griffith and Wallis. 
* Calculated from equations (5), (7), (10), and (12) and Figs. 8 and 9 of Griffith and Wallis. 


average density values. The proposed method of estimating the Table 3 Bubble-rise velocity data 
pressure gradient appears to be unreliable. D>, Vo, ft/sec Vu, ft/sec Temp, deg C 
3/4” 0.481 ) 0 
References 0.506 0.043 10 
9 G.W. Govier, B. A. Radford, and J.S8.C. Dunn, “The Upward 0 546 0 121 10 
Vertical Flow of Air-Water Mixtures I. Effect of Air and Water 0.550 0.128 10 
Rates on Flow Pattern, Holdup, and Pressure Drop,’’ Canadian Jour- 0.54 o 0.214 10 
nal of Chemical Engineering, vol. 35, 1957, pp. 58-70. 0 609 0.273 10 
10 G. W. Govier and W. L. Short, ‘‘The Upward Vertical Flow of 0 637 0 346 10 
\ir-Water Mixtures II. Effect of Tubing Diameter on Flow Pat- C00 131 10 
tern, Holdup, and Pressure Drop,’ Canadian Journal of Chemical 666 487 10 
Engineering, vol. 36, 1958, pp. 195-202. Ge 593 10 
11 R.A.S. Brown, G. A. Sullivan, and G. W. Govier, “The Up- 449 -918 10 
ward Vertical Flow of Air-Water Mixtures III. Effect of Gas Phase 61 O23 10 
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We are glad to receive the discussion of Dean Govier and Mr 575 16 
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203 : . 576 505 34 
this work possible. The various points raised by the discussions 542 8 37 
will be considered in turn but before that is done it is worth while 533 
to restate the objectives of this work. We have shown that by ore 079 
. . i. . . . oe 551 206 
configuration it is possible to rationally predict quantities such as 537 atates 


complete measurements were made to make a comparison with 


choosing the correct kinematic description of a two-phase flow 


density and pressure drop, without a minimum of the correct 556 


experimental information aa 
= . . 58! on 
The central point raised by Brown and Govier concerns the 7) 370 
- tia 


correctness of C, as given by Fig. 9. C,. is correct but the data 606 
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of Govier, Radford, and Dunn are in part taken in an entrance 620 ” 

region. The flow is therefore not fully developed slug flow and rd 4 
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; : csp fies : 450 . 230 47 

experiments we found entrance effects were significant up to 12 ft 406 406 50 


this theory does not and should not be expected to apply. In our 


from the entrance so measurements were recorded on only the O04 10 
last 6 ft of the 18-ft test section. The densities can be as much as 655 z24 4 
107 385 10 
708 500 10 
writing of this paper a systematic study of these entrance effects 785 793 10 
has been made and the results are presented in a thesis.° 81 99 10 
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It is perhaps unfortunate that we attempted a comparison of 052 10 
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these data with this theory but we felt some comparison should be 
made with other existing data. The entrance effects are small for 526/ 143 10 
the larger density runs but where the slug flow bubbles approach 144 34 
the length of the tube (as the last three runs of Table 1) the com- 307 rd 
. . . . . « ‘ or 
parison should be poor as the entire tube is in an entrance region 135 39 
442 45 
* Raphael Moissis, “Entrance Effects in a Developing Slug Flow,”’ 49 
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The data taken on bubble-rise velocities from which C; was de- 
termined are presented in Table 3. 

The meaning of the symbol NR.,, as used in the Nomenclature 
and in the text in the list of symbols, is the same so it should have 


the same symbol. It is the Reynolds number of the liquid in the 


] 
siug 
The co-ordinates of the flow-regime map of Fig. 12 are not suf- 
The bubbly-slug 
transition is sensitive to liquid purity and the slug-annular transi- 


ficient to completely determine the flow regime 


tion apparently depends on other fluid properties as well. Never- 
theless, this pair of co-ordinates appears to be the best single pair 


that could be chosen for a map. Because of the inadequacies of 
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this map, the conditions at which the experimental data have been 
taken have also been tabulated. In the light of these simplifica- 
tions and keeping in mind the objective of showing where slug 
flow was rather than where the other flow regimes are, the omis- 
sion of froth flow between annular and slug does not seem too 
serious. It does belong there, however. 

In conclusion, we would like to say that two-phase flow is a 
very complicated field and if order is to be made of it each flow 
regime will have to be analyzed in turn. We have presented an 
analysis for slug flow, which is one of these regimes, and have 
shown the central role of gravity and the bubble-rise velocityfin 
determining density of a slug flow system. 
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Dynamic Response of Heat Exchangers 


W. J. YANG? 
J. A. CLARK? 


Having Internal Heat Sources—Part IV 


This er investigates the dynamic response of a heat exchanger having a sinusoidally 
g - , g 


V. S. ARPACI¢ 


time-dependent rate of internal heat generation. 
and the steady-periodic, or frequency response, are given. 


Results for both the transient-pertodic 
These results include the 


response of the wall and fluid temperatures and the wall-fluid temperature difference. 


A phenomena of resonance in the amplitude ratio and phase shift is disclosed. 
lytical results are obtained through the use of the Laplace transform technique. 


Ana- 
Ex- 


perimental results are presented which compare favorably with the theoretical analysis. 
Heat excnangers to which these results apply include the heterogeneous nuclear re- 


actor. 


Introduction 


is the last in a series of four papers prepared by 


the authors and their associates on the dynamics of heat ex- 
changers having internal heat sources. Throughout this work, 
which has encompassed a period of approximately six years, 
analysis has been focused on the heat exchanger in which a 
transient process is introduced by a time-dependent but spacially 
uniform rate of internal heat generation. In the previous three 
papers [1, 2, 3]® this time-dependent rate of heat generation has 
included the following three cases: (i) step-change, (ii) linear 
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Nomenclature 


change, and (iii) arbitrary time rate of change. In all cases the 
inlet temperature and fluid (coolant) flow rate were constant 
and analytical solutions were obtained for the fluid bulk tem- 
perature, the temperature of the duct wall, and the fluid-wall 
temperature difference, all as continuous functions of both time 
and space. In most cases experimental data were reported show- 
ing favorable comparison with the analytical results. 

The present paper investigates the case in which the heat- 
generation rate varies sinusoidally with time. Analytical and 
experimental results for the response of the fluid temperature, 
wall temperature, and fiuid-wall temperature difference for both 
the transient-periodic and steady-periodic states are given. This 
latter state provides the results which determine the frequency 
response of the heat exchanger. The frequency-response analysis 
constitutes a significant part of the results presented and a con- 
A more detailed description 
of this research than is possible to include here may be found in 
Heat exchangers to which these and the previous 
results may be applied include the electrical heater, a chemical 
reactor in which a chemical reaction occurs within the solid walls 
and a heterogeneous nuclear reactor. 


dition of “‘resonance’’ is discussed. 


reference [4]. 


Summary of the Present Problem 

The analytical results obtained here were found by formal 
mathematical integration of the governing differential equations 
using the Laplace transformation technique, as was done in 





cross-sectional area of 
fluid, ft? 

cross-sectional 
wall, ft? 

defined by equatior (10), 
dimensionless 

defined by equation (13 
dimensionless 


area of 


defined by equation 
ft? deg F hr/Btu 
defined by equation 


defined by equation 


defined by equation 


ft between wall and fluid, 
Btu /ft? hr deg F 
Bessel 


defined by equation 
dimensionless = 
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defined by equation (14), 
dimensionless 
a, + a; = (M + 1)/K,hr 
a,a; = M/K*, (hr)? 
specific heat of fluid, Btu 
lbu deg F 
, specific heat of wall, Btu 
Ibu deg F 
defined by equation (34) 
defined by equation (35) 
‘ functions defined in table 
hr of Appendix 
functions defined in table 
hr of Appendix 
coefficient of heat transfer 


kind of zero order 
hA/pc,V for fluid, 1/hr 
hA./(pc,V )w for wall, 1 /hr 
(k)th term of series 
(pc,V )u/pe,V, 
wall-fluid heat capacity 
ratio, dimensionless 
zaplace variable, 1/hr 
initial power input, Btu/ 
ft? hr 
T*/a. = Kr*/M, dimen- 
sionless time 
outer radius of tube, ft 
inner radius of tube, ft 
a;r/aca, = Kz/Mu, di- 
mensionless axial dis- 
tance 


ae ‘a3 = 


function of first (Continued on next page) 
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references [1, 2, and 3}. Such a method has the disadvantage of 
complexity but the advantage of exactness and that it provides 
a solution continuous in both time and space. It also is subject 
In reference [4] the frequency response of 
this system also was obtained by the technique of substituting 
iw for s, the Laplace variable, in the system (Laplace) transfer 
function. Such a method was shown [4] to be valid on this type 


The frequency response so obtained and that de- 


to parameterization. 


of system. 
termined from the analytical results for the steady-periodic states 
were found to be identical. 

Although this work is analytical in approach it is important to 
emphasize that often it is convenient and practical to program 
this kind of problem on digital or analog computing machines 
starting from an approximate numerical analysis of the system. 
In such a case the solution as presented here could be used as a 
check solution. Even in this present analytical solution it was 
necessary to employ an IBM 704 to tabulate two new functions, 
¥; and ws, found as a result of the formal integration. 


Literature Survey 


In the interest of brevity only new literature or other per- 
tinent papers that have come to the authors’ attention will be 
discussed here. References [1, 2, and 3] include a large number 
of papers and books having important bearing on this subject, all 
of which have been previously reviewed 

Stein [6] in an important paper presents theoretical results for 
the response of a nuclear-reactor coolant channel to several types 
of transients, including that of a sinusoidal time variation in heat 
generation. His results for this case are for the periodic-steady 
state or frequency response and are not evaluated Experimental 


data are not reported. Storrer [14, 20] has presented a general- 


ized analysis of the frequency response of nuclear reactor to 


power oscillations Specific results without an effect of axial 
variation are given for the reactor having a cylindrical fuel ele- 
ment 
The response of a heat exchanger having a constant rate of 
il heat generation but a sinusoidally time-varying inlet tem- 
ture is analyzed and results plotted and evaluated in ref- 
The dynamic characteristics of this system are shown 
identical with those of a two-fluid heat exchanger which has 
Profos [5] and Takahashi [11, 12 Stein [6 
an analysis of this system but without evaluation 


in aly zed by 


) pre sents 


Nomenclature 


Owing to the linearity of the governing differential equations the 
dynamic response of this type of heat exchanger subjected to a 
simultaneous timewise variation in both the rate of internal heat 
generation and the inlet fluid temperature may be obtained by 
superposition of the individual responses. 

Cohen and Johnson [7] in a study of the frequency response of 
a two-fluid heat exchanger disclosed theoretically the character- 
istic of resonance in the amplitude ratio of the temperature of 
one of the fluids. This is similar to a result found in this present 
study and is discussed later. In an investigation of the dy- 
namics of multipass heat exchangers, Masubuchi [8] also showed 
the existence of a peak or point of resonance in the fluid tempera- 
ture amplitude ratio at a certain frequency. A resonance charac- 
teristic under the influence of an oscillating flow transient in a 
steam-heated 2-pass heat exchanger is suggested by the results of 
Lees and Hougen [9]. These authors demonstrated the applica- 
bility of pulse testing methods to the investigation of the dy- 
Zoss, et al. [10] have examined the 
dynamics of a heat-exchange system experimentally and com- 


namics of heat exchangers. 


pared the results with those predicted from the response charac- 
teristics of the elements of its control system. 

Studies currently are under way by the authors continuing this 
general investigation of the dynamic response of these types of 
heat exchangers by considering the case of hydromechanic or 
flow transients. This case presents problems somewhat different 
from those encountered in the case of transients imposed by a 
time-dependent rate of heat generation. 


Analysis 

The physical system analyzed is shown in Fig. 1. This con- 
sists of a circular duct through which a coolant flows steadily, and 
In the steady 
state, all of this energy appears as a flow of heat at the imerface 


in the solid walls of which energy is generated. 


between coolant and solid causing the coolant to increase in en- 
as it flows through the duct. The 
outside surface of the duct is adiabatic. During the transient, 
however, both the duct-wall material and the coolant experience 


thalpy (and temperature 


local temperature excursions, the magnitudes of which and their 
difference being evaluated here as a function of space and time 
A circular duct has been selected for convenience in comparison 
of theory and experiment. Where a nonsymmetrical geometry is 
involved in the analysis, such as a triangular flow cross section, 
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fluid 
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oscillation at 
frequency Ww. see 
16), deg I 
temperature 


tion 
fluid 
tude for zero fre 


z) = ampli- 


quency r* 
oscillation, see equation 
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ten per ature 
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ture of fluid, deg 
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temperature 


fluid 
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velocity of fluid, ft/hr 
volume of fluid, ft? 
volume of wall, ft* 
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phase lag of wall, defined 

axial distance by 
dians 

phase lag of fluid, defined 

equa by 
dians 

defined by equation (24 
as 

less time 

defined by equation (23) 

O(z 
ture of wall, deg F 


+ 6(2x, 7), tempera- 

wall temperature 
tude for 
frequency, 
(15), deg F 

wall temperature 
tude for zero frequency 
oscillation, see equation 
(21), deg F 

initial 
deg F 


transient wall temperature 
deg F 

density of fluid, lby/ft? 

density of wall, Iby/ft* 

time, hr 

rT — z/u, hr 


equation 18), ra- 


equation 12), ra- 


transient heat 
rate, Btu /ft® hr 
amplitude of 


gencration 
Kr*, dimension- 
sinusoidal 
heat -generation 
Btu/ft*® hr 
function defined by 
tion (50) 
function defined by 
tion (51) 
function defined by 


rate, 


equa- 

ampli- 

oscillation at equa- 

see equation 

equa- 

ampli- tion (52) 

function defined by equa- 
tion (53) 

angular velocity, rad/hr 

aw = Mw/K, dimension- 
less angular velocity 


wall temperature, Q = 
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the results given may be reduced to an area-to-volume ratio and, 
to a degree of approximation, can be used for other geometry for 
which the restraints on the solution apply. The solution will 
be valid as presented for flow inside circular ducts and between 
parallel plates 

The following assumptions are imposed on the solution: 


(a) The fluid temperature and velocity are represented by a 
single value (lumped) at the flow cross section. 

(b) The duct wall temperature does not depend on radius 
Valid for thin-walled metal systems. 

(c) Axial heat conduction is negligible in both fluid and duct 
walls and heat flows only to the coolant. This is a reasonable as- 
sumption when the Peclet number exceeds 100 [13]. 
surface is adiabatic. 


The outer 


(d) The heat-transfer coefficient is constant with length and 
time 

(e) The fluid is incompressible and all fluid properties are con- 
stant. The flow channel has constant area. 

(f) Energy (heat) generation within the walls is constant with 
length but is time-dependent. 

(g) The temperature of the fluid entering the duct is constant 
and equal to 


With these assumptions the application of the First Law of 
Thermodynamics and the law of conservation of mass for an in- 
compressible fluid to the system shown in Fig. 1(b) produces the 
following two differential equations, one for the duct wall, the 
other for the fluid. 
reference 
Wall 


Details of this derivation are outlined in 
3], Appendix 1 
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¢ The nature of the approximation is discussed in reference [ 
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ot 


(6 — t) = a; + a; 


For a circular duct and in generalized te 
written: 


Px’ + ® sin wr (3c) 
where pzo” is the initial uniform heat-generation rate and ® sin wt 
is the time-variant heat-generation-rate function, having a zero 
value at zero time, which introduces the transient into the system. 
As shown in reference [3], Appendix 1, both functions 6(z, 7) 
and t(z, r) of equations (1) and (2) are split into two com- 
ponents, one being a steady-state part 4(z) and 6,(z) the other 
of the transient contribution 4(z, 7) and 6,(z, 7). For purposes 
of transient analysis, it is necessary only to carry out detailed 
It will be noted 
Hence the governing 


mathematical analysis of the latter functions. 
that 2,(z) Ux, 0) and 6,(r) A(x, 0). 
differential equations become 

Wall 


] 
Q(T) 


—(0, — te + = 
(pe, ok 


Ww here 


o(r) = Psinwr = A(q/A)(A/V), sin wr (6) 

Equations (4) and (5) are operated on by the Laplace-trans- 
form technique. The transformed equations in transient fluid tem- 
perature t, transient wall temperature 62, and transient fluid- 
wall-temperature difference Alp = 0, — t, are integrated with the 
appropriate initial and boundary conditions, the inverse trans- 
formation performed, and then recombined with the steady-state 
functions ¢,(z) and 6,(z) as outlined in detail in Appendix. The 
nature of the mathematical attack on this problem produces solu- 
tions for t(z, 7), O(z, rT), and At(z, rT) in two domains of physical 
time: Case 1, a physical time following the introduction of the 
transient which is greater than zero but equal to or less than z/u; 
It will 
be noted that the physical time z/u is that required for fluid 
The 


results for Cases 1 and 2 for a sinusoidal timewise-variant internal 


and Case 2, a physical time equal to or greater than z/u. 
particles flowing at a velocity u to traverse the distance z. 


The results 
for At(z, rT) may be formed from @(z, 7) — tz, 7) and are not 


heat generation are as follows for f(z, 7) and 6(2, Tr). 


given here but may be found in Appendix. 
_ TU 
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Equations (7), (8), (9), and (12) represent the general solutions 
for the dynamic response of the wall temperature @(z, r) and the 
fluid temperature &z, rT) above their initial steady-state values 
for a sinusoidal time variation in the rate of heat generation. 
These solutions include the transient-periodic and the steady- 
periodic conditions. Owing to its definition, the difference in 
temperature between the wall and fluid At(z, 7) may be formed 
from (7, 7) — Uz, T) using the results mentioned. The quantity 
A(q/A) is the amplitude of the zero frequency heat flux oscillation 
corresponding to ®, that of the volumetric heat-generation rate. 
In the second time domain the response is described by the func- 
tions ¥2**, Ys, Wz, and Ys. The functions ¥.** and y are given 
in reference [3]. Wz and ys are new functions with this paper and 
are discussed in Appendix. These functions were evaluated using 
an IBM 704 digital computer and are presented in detail in 
references [4 and 16] where their numerical reduction was 
obtained for values of s, g, and 2 from 0.10 to 10. Two represen- 
tative figures for ¥; and ws are included here as Figs. 2 and 3. 

The dynamic behavior of the wall and fluid temperatures as o.u2 
described by equations (7) to (14) are functions of the six dimen- Fig. 3 ys versus 2,5 = 0.5 
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siouless parameters M, Mw/K, Kr/u, wr/u, Kr/u, and or, 
among which the parameters Az 


u (“) 
Ar z 


d Vw/K 


4 and wr are not independent 


Kr Mw 
and or = ( - 
wh) 


This leaves four independent dimensionless parameters M, Mw/K, 
und Ar When 


the system reaches its steady-periodic state at large values of time 


since 


@Wr/u, 


4 to govern the response of this system. 
the dynamic behavior becomes independent of Ar/M and wr 
except as the simple periodic oscillation described by sin (wr 
— a)) leaving three independent dimensionless parameters con- 
trolling its response. Furthermore, for physical system in which 
the ratio heat capacity of the wall to that of the fluid is very small 


Vf 0 


erned Dy a 


, the frequency response of the fluid temperature is gov- 
ingle dimensionless parameter and that of the wall by 
only 


two independent parameters, as may be shown. A com- 


parison 


of these results for the transient-periodic (or, starting 


transient) condition with experimental measurement is given 


he low 


Steady-Periodic State and Frequency Response 

After a considerable time following the introduction of the 
sinusoidal transient in internal heat generation of frequency w, 
both the wall temperature and the fluid temperature reach a 
corresponding state of sinusoidal oscillation of frequency w but 
each having a different amplitude and phase-shift relative to 
dr), the heat-generation is called the 


steady-periodic state and it denotes a condition which may also 


rate This condition 
be described by the frequency response of the heat exchanger 
Prior to the establishment of this state the heat exchanger passes 
Both of these 
conditions or states are given as continuous functions of time by 


through what is called the transient-periodic state 


the results in equations (7), (8), (9), and (12), the steady-periodic 
state being a limiting condition approached at large values of 


timer. This state is described by the expressions 


Hr, 7) — Hx, 0 Hz) sin (wr — ay 


“(z,7T) — (2,0 T(z) sin(wr — a@,) 


where 


amplitude of wall temperature oscillation at frequency 
w, and a function only of z 

amplitude of fluid temperature oscillation at frequency 
w, and a function only of z 

phase-shift of wall temperature relative to o({7r), the 
heat-generation rate 

phase-shift of the fluid temperature relative to (7), 
the heat generation rate 


The stead y-periodic states are defined by equations (15) and 


(16) in termes of the amplitudes &z) and 7(z) and the phase 


shifts ag and a@, of the wall and fluid temperatures. These quan- 
tities have been determined in two ways, both producing identical 
results. One method [4] consisted of substituting iw for s in the 
system (Laplace) transfer function F(s) and determining the ab- 
solute value of the result F(iw) to obtain the amplitude. The 
phase-shift is found from the ratio of the real and imaginary parts 


of F(iw). 


and (12) at large (infinite) values of time at which e~ *7 and e~ *" 


The second method [4] was to evaluate equations (9 


become essentially zero. 
15) and (16 
tained for the phase-shifts and the ratio of the amplitudes 6(r) 
and 7(z) at frequency w to the same amplitudes 4(z) and T(z) 


The results are similar in form to equa- 


tions ( From these the following expressions are ob- 


which would result should the oscillation in heat generation of 
amplitude ® be imposed on the system at zero frequency 

e) Wall temperature amplitude (2) and phase shift ag 
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(f) Fluid temperature amplitude 7(z) and phase shift a, 
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(18), (19), and the functions (x), 
T(z), 6, and y are defined as follows, 
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In equations (17), (20 


T(z) 


While equations (17) to (20) are relatively complex there is no 
way of reducing them further and still retain their generality 
In the interest of saving space the results for aa;and At = 6 — t 
are not discussed here although they are extensively analyzed in 
reference [4] and are found in Appendix in analytical form. 
These functions may be obtained from equations (15) and (16), 
however, remembering they bear a vector relationship to @ and ¢, 
a, and ag 

The foregoing results for the amplitude ratios and phase shifts 
while algebraically complex are governed by only three inde- 
pendent dimensionless parameters M, Mw/K, and Kz/u. The 
actual steady-periodic response of 0(z, 7) and ¢(z, 7) also are func- 
tions of the dimensionless quantity wr through the simple periodic 
function sin (wr — a), but thisis trivial. Also, the magnitude of 
responses are governed by the dimensional quantity A(q/A)/h 
which is established independently by the nature of the imposed 
transient and the properties of the physical system. Another di- 
mensionless parameter wr/u may be derived from the three just 
mentioned. Hence it is possible to describe the amplitude ratio 
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6(x)/Ocx), T(x)/Tox), and the phase-shifts a and a; in the 
steady-periodic state by the independent dimensionless quantities, 
M, Kz/u, and wz/u only, as 

Kx wr 

u’u 


H T 
( = 4 ae, a.) =f (4, 


Oo( x) ; T(x) 7 
The amplitude ratio and phase-shifts given in equations (17) 
to (20) have been computed for values of M = 0.5, 1.0, and 10, 
Kz/u = 0.1, 1.0, and 10, and wz/u in the range 0.1 to 100. These 
are shown in Figs. 4, 5, 6, and 7. 


(25) 


Of significance in these results 
is the phenomena of resonance in amplitude and phase-shift 
of the response of the wall and fluid. This appears contrary to 
that characteristic reported by Paynter [15] where it was sug- 
gested that the frequency response of a system such as this would 
have a nonincreasing amplitude and nondecreasing phase-lag 
with increasing frequency. Other than this, the frequency-re- 
sponse characteristics shown in Figs. 4 to 7 have the properties 
of an amplitude ratio of 1 at zero frequency and zero at infinite 
frequency. The phase-shifts are zero at zero frequency and at 
large frequencies approaching 90 deg for the wall and 
oscillating about 180 deg for the fluid. In the case of both 
the wall and fluid the response lags the oscillation in heat 
generation, as would be expected. An interesting result is 
obtained in the case of the phase-shift of the fluid-wall 
temperature difference. While this case is not analyzed 
here, for the reasons stated in the foregoing, the result for 
its phase relationship is included in Fig. 8. Of interest 
here is the phase-lead that can exist for certain values of 
M and Kr/u. -At large values of the frequency the phase- 
shift approaches a lag of 90 deg. 

The influence of the parameters M and Kz/u on the amplitude 
ratio T(x)/T(x) and phase-shift a@, for the fluid at the first point 
of resonance is shown in Figs. 9 and 10. The amplitude ratio 
decreases rapidly with an increase in M, the wall-fluid heat- 
capacity ratio, for all values of Kx/u while the phase-shift ap- 
proaches a fairly constant value for M greater than about 1 
following a very rapid decrease in the range of M from0to1. The 
continuous decrease in the amplitude ratio with increase in M re- 
sults from the relative increase in the heat capacity of the wall 
which introduces an inertness into the system and reduces the 
temperature oscillation of the wall itself and hence also that of the 
fluid. 


I 


(20 


Experimental Apparatus and Measurement 

The experimental apparatus used to check the theory is shown 
schematically in Fig. 11. It consisted of an insulated, electrically 
heated standard §/, OD-BWG 16, 304 stainless-steel tube (ID = 
0.495 in.) 36 inches in length preceded by an equal length of 
jacketed tubing maintained at the inlet water temperature. This 
served the double purpose of establishing a fully developed hydro- 
mechanic condition as well as eliminating an influence on the inlet 
flow of coolant resulting from an axial conduction along the tube. 
The fluid pumped through the test section was Ann Arbor Munici- 
pal water, treated locally for softening, and sent to the drain after 
The inside surface of the 
frequently for contamination 
A steady-state flow was established and 


use in the experimental apparatus. 
heated inspected 
but none was detected. 


section was 
measured using a calibrated sharp-edged orifice. 

Sinusoidal variation in the rate of internal heat generation was 
obtained by a mechanically programmed and controlled oscilla- 
tion of the auto transformer core feeding a-c voltage into a 50 kw 
Hansen-Van Winkle and Munning Germanium rectifier (25v, d-c, 
2000 amp) which is part of the permanent facilities of the Labora- 
tory. The internal heat-generation rate was determined from 
instantaneous measurement and recording of test section (d-c) 
voltage and current. 
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Fig. 4 Effect of the parameters M, Kx/v, and wx/u on the amplitude- 
ratio response of the wall temperature 


Test-section fluid and wall temperatures were measured using 
The outlet 
temperature was determined by a thermocouple 


calibrated iron-constantan (30 gage) thermocouples. 
fluid (water 
downstream from a mixing baffle made of very thin aluminum 
having negligible heat capacity. The wall thermocouple wires 
were welded directly and separately to the outer wall of the test 
section by a capacitor-discharge technique. Attempts were made 
to attach each of the wires of such a thermocouple in a plane of 
However, it was found that the 


influence of any small misalignment could be very accurately de- 


constant (test-section) voltage 


termined by calibration and, hence, the effect of d-c pickup on 
the thermal emf of the thermocouple was subject to correction. 

All transient measurements of thermal emf and other voltage 
for test-section current and voltage were obtained simultaneously 
This 


unit is a direct recording oscillographic recorder having 36 chan- 


using a Minneapolis-Honeywell model 1012 Visicorder 


nels and a range of chart speeds from 0.1 to 160 in. per second. 
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Fig. 5 Effect of the parameters M, Kx/u, and wx/v on the amplitude-ratio 
response of fluid temperature 


Heiland M40-120 mirrored galvanometers were employed in the 
unit. Each thermocouple and/or voltage circuit was calibrated 
to obtain the relationship between indicated voltage from the 
galvanometer deflection and open circuit voltage. A typical 
transient record is shown in Fig. 12. Some a-c pickup is evident 
but this was greatly reduced by inductively winding the detec- 
A slight flat portion 
exists at the maximum amplitudes of E and I, the test-section 
voltage and current which resulted from a small amount of back- 
lash in a flexible coupling in the auto-transformer mechanical- 
This caused a negligible departure from a 
sinusoidal timewise variation in internal-hcat-generation rate. 


tion circuits external from the instrument. 


drive mechanism. 
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Fig. 6 Effect of the parameters M, Kx/u, and wx/u on the phase-shift response of the wall 
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Steady-state voltage measurements were made using a model 
8662 Leeds and Northrup precision potentiometer for the purpose 
of determining the general operation of the apparatus. Heat- 
transfer data were taken in the steady-state for Reynolds num- 
bers ranging from 10,000 to 35,000. Heat balance checks indi- 
cated agreement within 2 to 4 per cent between the water en- 
thalpy rise, the mean electric-power dissipation from E and I 
measurements, and the integrated local heat flux from current 
and local electrical resistivity measurements. Determination of 
the local values of heat-transfer coefficient disclosed an expected 
thermal-entry length effect with fairly constant coefficients for 
L/d; greater than about 24. This is midway between results of 
Aladyev [17] and Hartnett [18]. The length-mean heat-transfer 
data correlated within +5 per cent of St Pr,’ *= 0.021 Re,*-®, 
which is about 9 per cent below that of McAdams [19]. This 
steady-state correlation was used to compute the heat-transfer 
coefficients for comparison of the theory with the experimental 
data. 
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Fig. 7 Effect of the parameters M, Kx/u, and wx/u on the phase-shift 
response of fluid temperature 
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Comparison of Theory With Experimental Data 

Typical transient-periodic state response of fluid and wall tem- 
peratures are shown in Figs. 13 and 14. Fig. 13 shows the experi- 
mental data of the fluid bulk temperature response to agree very 
well with the theoretical curve in this state. The experimental re- 
sults of wall-temperature response shown in Fig. 14 fall fairly well 
on the theoretical curve, except that the phase-shift is larger, a 
result probably due to a heat capacity lag in the wall thermo- 
couples. The physical time intervals in the first time domain for 
the both responses are very short but the recordings show they 
agree well with the theoretical calculations. Also shown in these 
figures are the envelopes for the maximum amplitude of the fluid 
and wall response in both time domains. 

The comparison of the measured and theoretical response in 
the steady-periodic state are shown in Figs. 15, 16, and 17 for 
both the wall and the fluid. These results are presented as 
amplitude ratio 0(z)/@(x) and T(x)/To(x) versus frequency w 
and are called the frequency-response characteristics of the sys- 
tem for the specified conditions. 

The response recordings of the wall thermocouples at stations 
No. 6 and 9 (@ and @,), which are free of the d-c pickup, are al- 
most purely sinusoidal (Fig. 12) although the other wall thermo- 
couples having a d-c pickup are less sinusoidal in their response. 
This is due to the fact that the magnitude of the d-c pickup by 
each wall thermocouple is different with different voltage ap- 
plied to the test section. For this reason, the frequency response 
of the wall temperature was investigated at stations No. 6 and 9 
only. Fig. 17 shows the frequency-response characteristics of the 
wall temperature at Kz/u equal to 0.302, Station 9. This result 
indicates that the experimental results of the wail temperature 
amplitude-ratio falls below the theoretical results particularly at 
high frequency. The phase-shift response on the contrary is 
higher than but almost parallel to the theoretical one and agrees 
fairly well at the high frequency. 

This discrepancy is probably due to the heat capacity lag of the 
wall thermocouples. The wall thermocouple of station No. 9 is 
close to the bus bar on one side and the pressure tap on the other. 
The uncertainty estimations for confidence limits on the mean of 
95 per cent are evaluated for the amplitude-ratio and phase-shift 
of the wall and fluid temperature by the method of reference 
21}. The uncertainty intervals increase with increase in fre- 


quency, since at high frequency the galvanometer deflections 
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Fig. 8 Effect of the parameters M, Kx/u, and wx/u on the phase-shift response of the fluid-wall 


temperature difference 
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corresponding to the temperature amplitude about the 


very 


mean 


temperature become small 
For the wall temperatures at Az/u 


per minute, the 


0.302 and w 
intervals of the 


50 cycles 
uncertainty amplitude-ratio re- 


sponse is +24.4 per cent, and for the phase-shift response it is 
+ 34.3 per cent of their corresponding mean values for 95 per cent 
confidence in the mean. 

The frequency response of the fluid bulk temperature, 
in Figs. 15 and 16, 


mixing baffle 


shown 
after the 
The 
experimental results of both amplitude-ratio and phase-shift re- 
sponses agree well with The uncer- 
tainty intervals are also shown for 95 per cent of confidence in the 
mean. The heat-transfer coefficient used in the theoretical com- 
putation is the integrated mean value where fluid properties are 
based on the film temperature 


is measured at station 11, located 


and corresponds to that at test section exit. 


their theoretical curves 
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Fig. 9 Effects of the parameters M, Kw/u, and wx/u onthe first resonance 
amplitude-ratio of fluid temperature 

Note: Bracketed quantity on curve is value of wx/u at first resonance fre- 
quency w* 
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Resonance phenomena both in the amplitude-ratio and phase- 
shift response of the water temperature occur at the frequencies of 
95 cycles per minute for the former and 80 cycles per minute for 
the latter. Also shown are the multiple points of resonance in 
both amplitude and phase shift at higher frequencies. Within 
the range of variables shown the phase shift oscillates about 180 
degrees at higher frequencies. 

Owing to the increasing percentage in uncertainty interval at 
high frequency and the difficulties in making a physical measure- 
ment these data have not been extended to sufficiently high fre- 
quencies in this research to demonstrate the resonance indicated 
by the theoretical computations. This is occasioned by the 
physical limitations of the present experimental apparatus. The 
thermal emf of the temperature amplitude at the first point of 
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Fig. 10 Effects of the parameters M, wx/u, and Kx/u on the first resonance 
phase-shift of fluid temperature 


Note: Bracketed quantity on curve is value of wx/u at first resonance fre- 
quency w* 
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OSCILLOGRAPHIC RECORD OF FREQUENCY 
RESPONSE 
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Fig. 12 Oscillographic record of frequency response 
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Fig. 13 Transient periodic-state response of water temperature at Kx/v = 0.321, 
M = 0.561, Ke = 2470,P,/Pu:" = 
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Fig. 14 Transient periodic-state resp 
Ky = 2470, Po/Por” = 0.218, Mw/K = 0.653 


resonance is the order of 1 to 3 microvolts for operating conditions 
shown in Fig. 15, which is lower than the output noise level of the 
ordinary d-c amplifier. However, it is believed to be possible to 
observe the resonance phenomena experimentally by using a 
somewhat longer test section and a different fluid-wall system 
having a smaller heat-capacity ratio M. At the moment these 
alterations are in progress so that an observed resonance condi- 
tion can be reported. 
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APPENDIX 
The Integration of Equations (4) and (5) 


Equations (4) and (5) may be operated on by the 
Laplace operator with respect to time 7 to produce the 
following transformed equations, 


= 0.561, 


—(6, —h) + ab — 


= = a2| pe, = 6.(2, 0)) (26) 
Pp w 


and 


(0. —1t = [pl — t(2 0 ] + a 
2) a3 J (Zz, 
2 2 4 J 


The boundary and initial conditions to be imposed 
according to the results of reference [3], Appendix 1, are: 


» PHASE SHIFT OF WALL TEMPERATURE . 0&6 


i(z,0) = 0 
6.(2, 0) 0 


Hence equations (26) and (27) become 


(28) 
(29) 


ay 


—(& — h) + a — — = ah, (30) 


p? + w? 


: dt. 
(6, — kk) = aspl, + ag — 


2 ‘ 
dr (31) 


Solving equations (30) and (31) for 2,(z, p) gives 
dl, 


+ Tile = Sa 
dz 


The solution of this linear first-order differential equation, with 


the boundary condition 7,(0, p) = 0, is 


ha 
fi 


1 
“= - 
( + asp i+ =) 


ay Pw l 


a, p? + w? 1 + asp 


(1 — e~/7) (33) 


where 


(34) 


(35) 


Substituting equation (33 
solving for 4, gives 


into equations (30) and (31) and 
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In like manner, the fluid-w ill-temperature difference 
AL, 6 — kh 


is found to be 


where } Q, + a; and hy 20, 


the functions Fy, Fy, Fis, and Fig 


are Laplace-transformed functions in the variable p which have 


In equations 36) and (37 
corresponding original functions Gy, Gy, Gy, and Gi. in the 
variable r obtained by performing an inverse transformation on 
the function / 


inverse-transformed functions G 


The Laplace-transformed function F and the 
appropri ite to equ ations 36 


and (37) are listed in the following tabk 
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bs 
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Pi e* (2 )/( 7 r) 
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The product of transformed functions, such as Fy, F's, may be 
treated by the method of convolution, a technique of the inverse 
transformation for product of functions. Hence the transformed 
equations in the physical domain of z and 7, which are the solu- 
tions to the differential equations (4) and (5), and for boundary 
and (29) 


and initial conditions of equations (28 are found to be 
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The function ¥.**(s, g*) has been computed and presented 
by J. W. Rizika and this function along with yu(r, *) is given in 
reference [2]. y(s, g*, 2) and ys(s, g*, 2) are new functions 
introduced in this paper whose numerical reduction was ob- 
tained using an IBM 704 digital computer. 


DISCUSSION 
Joel 0. Hougen’ 


This paper describes a large amount of ingenious experimental 
work and a considerable amount of mathematical theory and 
labor, and the authors are to be commended on these aspects. 

I am, however, somewhat distressed concerning the following 
points: 

No account has been taken of the fact that the fluid within the 
tube undergoes mixing. Experimental evidence is conclusive that 
a rather large amount of mixing occurs, and that this partly de- 
termines transient behavior. 

The authors would have benefited by consulting with people 
familiar with dynamic analysis work in devising experimental 
techniques and presenting data. Considerations of the ‘‘transient 
periodic-state response’ as a separate phenomenon appears to 
me to be overspecialized since an adequate transfer function can 
be used to predict responses to any type of input provided system 
parameters remain unchanged. 

The apparent simplicity of the over-all performance functions 
also suggest that the mathematical models could likewise be 
simplified and that empirical determination of significant parame- 
ters might be the most practical approach. 

I cannot but agree with Stuart W. Churchill when he remarks 
in Chemical Engineering Progress, November, 1960, page 26: 
“The solution of boundary-value problems, regardless of whether 
they bear any useful or apparent relationship to the world, is 
currently in vogue in most engineering meetings and publica- 
tions; certain types of routine, if difficult, experimental investiga- 
tions, such as the measurement of eddy diffusivities, are also 
O.K. On the other hand, papers presenting the results of ex- 
ploratory experimentation, or new ideas, or new interpretations 
of old work, are out of fashion, and seem to inspire great irritation 
among the majority of reviewers.” 


D. C. Union and P. E. A. Cowley’ 


The authors are to be congratulated upon their continuing 


excellent investigations into the dynamics of heat exchangers. 
In the interest of furthering this work, it is suggested that the 
method of real-time data reduction outlined in the following be 
used to obtain frequency response measurements in the region 
of résonance. 

The method consists of a cross-correlation (without time shift) 
of the process response with the process excitation using a simple 
analog computer.’ Measurements of frequency response may be 
made in spite of extremely adverse signal to noise ratios 

The equipment required consists of a 10-amplifier analog com- 
puter (such as a Donner Model 3400) and two sine-cosine po- 
tentiometers. The analog computer circuit is given in Fig. 18 
The sine-cosine pots serve as function generators and multipliers. 
The input filters shown in the figure are for the purpose of re- 
moving drifts from the process response signals. 


7Systems Engineering Consultant for the Monsanto Chemical 
Company, St. Louis, Mo. 

* Engineers, Shell Development Company, Emeryville, Calif 

*P. E. A. Cowley, ‘The Application of an Analog Computer to the 
Measurement of Process Dynamics,"’ Trans. ASME, vol. 79, 1957, 
pp. 823 832. 

” N. Wiener, “Exploration, Interpolation, and Smoothing of Sta- 
tionary Time Series,"’ John Wiley & Sons, Inc., New York, N. Y., 
1950, p. 11. 
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Fig. 18 


The theoretical resonance phenomenon given by equations (19 
and (20) and illustrated in Figs. 15 and 16 has been reported in the 
literature.'''? Partial experimental verification has been given 
by DeBolt.'* Further verification by extension of the range of 
frequency response measurement would be desirable. 


Authors’ Closure 


We wish to express our appreciation for the thoughtful 
relevant comments and contributions of Messers Hougen, Unio 
and Cowley 

In the light of Mr 
objectives of each of 
Namely, 
space (zr 


Hougen’s discussion we should restate th 
the papers in this series of four papers 
to obtain an “exact’’ 


analytical solution, continuous in 


and time (7), to a theoretical model closely resembling 
a physical system and to conduct suitable experimental measure 
ments for verification of and to check its inhere 
assumptions progr 


it would be 


this solution 


Our experimental has suffere: 


from lack of emphasis In fact, 
theoretical derived 


am never 
fair to say that our 
model was from: an appreciation for a1 
experience with physical systems and not the other way 
We have as little regard for “ as Mr 
implies he has 

Mr. Hougen’s comment in regard to mixing is not clear but 


we assume he 


around 


designing the world”’ Houge! 


turbulent mixing. It is true we did 
ignore this effect as we did not wish to further complicate our 
results and because we Whik 
for this type of transient process this would be difficult to prove 
the axial turbulent mixing may be supposed to be proportional] 


means axial, 


assumed its influence to be small 


tw. C. Cohen and E. F. Johnson, 
Double-Pipe Heat Exchangers,”’ 
vol. 48, 1956, pp. 1031-1034. 

12H. Thal-Larsen, ‘“‘Dynamics of Heat 
Models,”’ Journal of Basic Engineering, 
82, 1960, pp. 489-504. 

19R. R, DeBolt, “Dynamic 
Heat Exchanger,’’ MS thesis, 
Calif., 1954. 


Characteristics of 
Industrial and Engineering Chemist 


“Dynamic 


Exchangers and Their 
Trans. ASME, Series D, vol 


Characteristics of a Steam-Water 
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Sine - Cos‘ne Film Pots, from 
Computer Instruments Corp. 


Mewe/ 206-G 


Analog computer circuit for data reduction 


to the root mean square value of the axial turbulent velocity 
fluctuation, u’,. With this view the ratio of axial turbulent 
transport to convective transport may be considered as propor- 
Although this is an imperfect view of the process 
since simultaneous enthalpy fluctuations ought to be considered 
in such an evaluation of mixing (for which no data could be 
the in the literature 
does suggest the reasonableness of the model adopted. Laufer’s 
the turbulent flow of air at a Reynolds number of 
indicate an u to be about 0.05. 
35,000 with much of 
the data taken at Reynolds numbers in the range of 25,000, 0 


th of 


tional to u’,/u. 


found magnitude of this ratio reported 


data!‘ for 
500,000 


Our maximum Reynolds number was po 


average value of 2 


that of Laufer, with the (probable) corresponding 
iction in u’,/u. In the final analysis this question of mixing 
ilso should be examined with regard to the comparison of our 
experimental results with the response predicted by the theory. 
\s is evident from Figs. 13 through 17 (and those given in this 
this comparison is favorable thus lending justification to 
il model. Simultaneous turbulent exchange (mix- 
und molecular diffusion in the radial direction are included 
the use of the heat-transfer coefficient taken from correlations 
turbulent flow. Axial molecular diffusion could be ignored 
the Peclet exceeded 100.13 Our assumptions in 
1 to mixing not unusual in the area of convection 
that treating steady-state The 
data available on this question for transient, turbulent flows are 
eager and we would welcome specific information which could 
e used to fully evaluate this effect. 

Phe 
response results of our experimental system, Figs. 15, 
different that generally 
6, 7, and 8 are simply generalized frequency response 
presentations which allow a broader interpretation of the system 
dynamics. The “transient periodic-state’’ is not presented as a 
separate phenomenon but as that part of the transient in which 

14 a, 
Pipe 


Closure 


the theoretic: 


number 
are 


ilysis, especially systems. 


method we have adopted for presenting the frequency 


16, and 17, 


is not significantly from employed. 


Figs. 4, 5, 


Laufer, “The Structure of Turbulence in Fully Developed 
Flow,”’ NACA Tech. Report 1174, 1954. 
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Fig. 19 Experimental determination of flvid temperature amplitude 
ratio and comparison with theory 


This 


representation is very common in these types of analyses, e.g., 


the initial state of the system still influences the response 


Carslaw and Jaeger.“ Furthermore, there are situations such 


as start-up operations and the behavior of rocket components, 


for example, which can only be described by “‘starting-transient 


type of formulations In such transients as these the response 


is directly related to the initial state of the system 


An « mpirical determination of the governing parameters seems 


fruitless to us if the mathematical model bears a reasonable 


resemblance to the physical svstem Since in the case presented 


here igreement between theory and experiment is demonstrated 


and a procedure given for the estimation, a priori, of the system 


variables ( p, « i, u, A, and so forth) there seems little purpose in 


ibandoning the results of the parameterization presented in the 


paragraph following equation (14) and in equation (25 


Ihe quotation from Professor Churchill leaves little room for 


irgument and we heartily endorse it. In view of our results, 


however, we fail to see its relevance in the present discussion 


Certainly the use of applied mathematics for the solution of 


engineering problems pre-dates the present era. An arbitrary 
arslaw and J. C. Jaeger, “Conduction of Heat in Solids,” 


H. &. ¢ 
| ersity Press, London, England, 1959, pp. 64, 399 


Oxford 
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Fig. 20 Experimental determination of phase-shift response and com- 
parison with theory 


code for censorship based on an individual or group concept of 


“usefulness’’ hardly seems desirable, workable, or in the best 
interests of technological progress 

The contribution presented by Messers Union and Cowley 
is most welcome and we wish to acknowledge their efforts with 
appreciation. Since the writing of the original paper we have 
extended the experimental measurements using a different heat 
exchanger in order to investigate further into the condition of 
resonance. In other respects the system employed for this was 
similar to that shown in Fig. 11. This work, which was conducted 
by Mr. Victor D. Blankenship as a graduate student project in 
the Department of Mechanical Engineering, involved the con- 
struction of a heat exchanger designed to operate near the first 
point of resonance in Fig. 5 for the case of M = 0.5 and Kz/u = 
10. The final design resulted in 
BWG-20 aluminum tubing cooled by an 
internal flow of water (M = 0.373 and Kx/u = 15.3) and heated 
Outlet fluid 


were measured downstream from a mixing baffle using a copper- 


a single tube heat exchanger 
consisting of 50 ft of ° 
by direct passage of d-c current temperatures 
constantan 30-gage thermocouple connected to a model 1012 


Minneapolis-Honeywell ‘‘Visicorder’’ oscillographic recorder 
The results for the frequency response in terms of fluid tempera- 
ture amplitude ratio and phase shift are shown in Figs. 19 and 20 
These constitute experimental verification of the condition of 


resonance and at least two resonance peaks may be observed 
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Introduction KaV (®t 
T Ls. h'—-h 
HE GENERALLY accepted concept of cooling tower , 
performance was developed by Merkel [1, 2]! in 1925. A number Kal : | 2 ~©6ddh a 
h’ —h ? 


of assumptions and approximations were used to simplify the de- G & 


velopment of the final equation. Accuracy is sacrificed as a 1 : , ‘ ; 
: his is accomplished, in part, by ignoring any resistance to mass 

result, but modifications may be made in the application to “ease ‘hie 
B ° oe transfer from bulk water to interface; by ignoring the tempera- 
minimize the extent of the resulting errors. ; . ; ‘ 
- ture differential between the bulk water and interface; and by 
rhe development of the final equation has been covered in : : . pete S : 
é ae : ; ignoring the effect of evaporation. The analysis considers an in- 

many texts and references The procedure, therefore, is well a 
: crement of a cooling tower having one sq ft of plan area, and a 

known, but it is probably not so well understood. One reason for ; ve pay 
cooling volume V containing a sq ft of exposed water surface per 

this is that the authors have taken short cuts and omitted steps thhie , we , . 
: 4 ; cubic foot of volume. The flow rates are L lb of water and G lb of 
to arrive at the final equation. A detailed explanation of the a : 
; dry air per hour. Two errors are introduced when the evapora- 

procedure is given in Appendix A ; : ex ne 
tion loss is ignored. The water rate varies from L at the water 

inlet to (L — Lg) at the outlet. The heat balance, (equation 


Merkel Equation 2 16a) and (166) in Appendix A) is not 
The analysis combines the sensible and latent heat transfer 

into an over-all process based on enthalpy potential as the driving 

force. The process is shown schematically in Fig. 1 where each 

particle of the bulk water in the tower is assumed to be sur- 

rounded by an interface to which heat is transferred from the 

water. This heat is then transferred from the interface to th 

main air mass by (a) a transfer of sensible heat, and (b) by 

the latent heat equivalent of the mass transfer resulting from the 

evaporation of a portion of the bulk water. The two processes 


are combined, ingeniously, into a single equation: 
Ldt KadVi(h’ —h Gdh 
which gives, by integration 


! Numbers in brackets designate References at end of paper 

Contributed by the Heat Transfer Division and presented at the 
Winter Annual Meeting, New York, N. Y., November 27—December 
2, 1960, of THe American Society or MecHANiIcAL ENGINEERS J 
Manuscript received at ASME Headquarters, July 26, 1960. Paper Fig. | Heat and mass-transfer relationships between water, interfacial 
No. 60—WA-S85 film, and air. Numbers refer to equations in Appendix A. 





Nomenclature 


irea of water interface, sq ft/cu : enthalpy of moist air, at bulk ‘ over-all unit conductance, mass 
ft water temperature transfer between saturated 
specific heat of dry air at con- r enthalpy of moist air, at inter- air at mass water temperature 
stant pressure, Btu/lb deg F face temperature and main air stream, lb/hr (sq 
specific heat of water vapor at absolute humidity humidity ft) (ib/Ib) 


constant pressure, Btu/lb deg ratio) of main air mass, lb ‘y unit conductance, mass trans- 


I vapor/Ib dry ait fer, interface to main air 
air flow rate, lb dry air/hr absolute humidity of main air stream, lb/hr (sq ft) (Ib/Ib) 
enthalpy of moist air, Btu/Ib mass entering tower * over-all unit conductance, sensi- 

dry air 2 absolute humidity of main air ble heat transfer between 
enthalpy of moist air, entering mass leaving tower main water body and main 

tower : absolute humidity at interface air stream, Btu/(hr)(sq ft) 
enthalpy of moist air, leaving } absolute humidity, saturated at (deg F) 


tower water temperature Continued on next page 
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Gdh = Ldt, 


Gdh = Ldt + GdH(tz — 32) (5) 


The assumptions simplify both the development of the final 
equation and its application in the solution of cooling tower 
problems. Accuracy is reduced, but the importance of this is a 
matter of individual needs 


Application of Basic Equation 


Equation (2), or (3), conforms to the transfer-unit concept in 


Enthalpy, Btu per Ib dry air 





which a transfer-unit represents the size or extent of the equip- 
ment that allows the transfer to come to equilibrium. The in- 
tegrated value corresponding to a given set of conditions is called 
the Number of Transfer Units (NTU) which is a measure of the 
degree-of-difficulty of the problem 

The equation is not self-sufficient so does not lend itself to Temperature, deg F 
direct mathematical solution. The usual procedure is to integrate Counterflow cooling diagram 
it in connection with the heat balance expressed by equation (4 
The basic equation reflects mass and energy balances at any point Water inlet 
within a tower, but without regard to the relative motion of the 
two streams. It is solved by some means of mechanical integra- 














tion that considers the relative motion involved in counterflow or 
croasflow cooling, as the case may be 

The counterflow cooling diagram is represented graphically in 
Fig. 2. Water entering the top of the tower at ¢, is surrounded 
by an interfacial film that is assumed to be saturated with 
water vapor at the bulk water temperature. This corresponds to 
point A on the saturation curve. As the water is cooled to t, the Air inlet 
film enthalpy follows the saturation curve to point B. Air enter- 
ing the base of the tower at wet-bulb temperature 7 ws, has an 
enthalpy corresponding to C’ on the saturation curve The 
driving force at the base of the tower is represented by the vertical 
distance BC Heat removed from the water is added to the air 
so its enthalpy increases along the straight line CD, having a slope 
equaling the L/G ratio and terminating at a point vertically be- 








low point A. The counterflow integration is explained in detail 
in Appendix B 





Air and water conditions are constant across any horizontal : 
section of a counterflow tower. Both conditions vary horizon- "ig-3 Water temperature and air enthalpy variation through a crossfiow 
tally and vertically in a crossflow tower as shown in Fig. 3. Hot cooling tower 
water enters across the OX axis and is cooled as it falls downward 
The solid lines show constant water temperatures Air entering Ldide = Gihin = Kededdh’ — | (6) 
from the left across the OY axis is heated as it moves to the right, ; 
ind the dotted lines represent constant enthalpies Cross-sectional shape is taken into account by considering 
Because of the horizontal and vertical variation, the cross sec- dzr/dy = w/z so that dL/dG = L/G. The ratio of the over-all 
tion must be divided into unit-volumes having a width dz and a flow rates thus apply to the incremental volumes and the integra- 
height dy so that dV in equation (1) is replaced with drdy and tion considers an equal number of horizontal and vertical incre- 


it becomes 


ments 


Nomenclature 





over-all unit conductance, sensi- rate of sensible heat transfer, T dry-bulb temperature of air 
ble heat transfer between in- interface to air stream, Btu/hr stream, deg F 


terface and main air stream, rate of heat transfer, bulk water = datum temperature for water 
Btu hr)(sq ft (deg F) to interface, Btu hr 


vapor enthalpy, deg F 
init conductance, heat transfer, latent heat of evaporation, as- 
bulk water to interface, Btu sumed constant in system 
hr\sq ft) (deg F) unit heat capacity (humid heat 
of moist air, Btu/(deg F 

(lb dry air) 


dry-bulb temperature of air at 
interface, deg F 
wet-bulb temperature, air 
mass water rate, lb/hr stream, deg F 
uss evaporation loss, lb/hr bulk water temperature, deg F active tower volume, cu ft/sq ft 
bulk water temperature at inlet plan area 
sir stream, lb/hr (hot-water), deg F » = width of crossflow filled volume, 
rate of latent heat transfer, in- bulk water temperature at outlet ft 


terface to air stream, Btu/hbr (cold-water), deg F height of filled volume, ft 


mass-transfer rate, interface to 
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Temperature, deg F 
Enthalpy, Btu per Ib dry air 


Temperature, deg F 
Fig. 4 Crossflow cooling diagram 
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Enthalpy, Btu per Ib dry air 


| 


Fig. 5 Plot of crossflow calculations from Table 1(c) 





Temperature, deg F 


The mechanical integration, explained in detail in the Appendix 
C, starts with the unit-volume at the top of the air inlet, and suc- 
cessively considers each unit-volume down and across the section. 
A crossflow cooling diagram, based on 5 increments down and 


across, is shown in Fig. 4. Fig. 5 shows the same data plotted to 
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a larger scale, with each unit-volume considered as a counterflow 
tower. The co-ordinates in the lower corner of Fig. 4 correspond 
to those commonly used in the counterflow diagram, Fig. 2, but 
the reverse image, in the upper corner, has the water and air inlets 
positioned to correspond to the cross section in Fig. 3.. The inlet 
water temperature corresponds to OX which intersects the 
saturation curve at A. The enthalpy of the entering air cor- 
responds to OY which intersects the saturation curve at B. 

Logical reasoning will show that water falling through any 
vertical section will always be moving toward colder air. For a 
tower of infinite height, the water will be approaching air at the 
entering wet-bulb temperature as a limit. The water tempera- 
ture, therefore, approaches B as a limit at infinite height, and fol- 
lows one of the curves of the family radiating from B. The family 
of curves has OY as one limit at the air inlet and the saturation 
curve AB as the other limit for a vertical section at 
width. 

Air moving through any horizontal section is always moving 
toward hotter water. For a tower of infinite width, air will be 
approaching water at the hot-water temperature as a limit. The 
air moving through any horizontal section, therefore, approaches 
A as a limit, following one of the curves of the family radiating 
from A. This family of curves varies from OX as one limit at the 
water inlet to AB for a tower of infinite height. 

The counterflow tower diagram considers the area between the 
saturation curve and the air-operating line CD in Fig. 2. The 
crossflow diagram considers the saturation curve and the area of 
overlap of the two families of curves radiating from A and B. 


infinite 


Tower Coefficients 


The theoretical calculations reduce a set of performance con- 
ditions to a numerical value that serves as a measure of the degree- 
of-difficulty. The NTU corresponding to a set of hypothetical 
conditions is called the required coefficient and is an evaluation 
of the problem. The same calculations applied to a set of test 
conditions is called the available coefficient of the tower involved. 

Required Coefficient. Cooling towers are specified in terms of 
hot-water, cold-water, and wet-bulb temperature, and the water 
rate that will be cooled at these temperatures. The same tem- 
perature conditions are considered as variables in the basic equa- 
tions, but the remaining variable is L/G ratio instead of water 
rate. The L/G ratio is convertible into water rate when the air 
rate is known, 

\ given set of temperature conditions may be achieved by a 
wide range of L/G ratios. This is shown diagrammatically for 
the counterflow tower in Fig. 6. The imaginary situation cor- 
responding to an infinite air rate results in L/G = 0 which is 
represented by the horizontal operating line CD». This results 
in the maximum driving force and the minimum regutred co- 
efficient. As the air rate decreases progressively, the L/G ratio 
increases and the slope of the operating line increases. This 
decreases the driving force and the required coefficient increases. 
The maximum L/G ratio for a given set of conditions is repre- 
sented by the operating line that terminates on, or becomes tan- 
gent to, the saturation curve as shown by CD, in Fig. 6. 

Crossflow cooling is more complex and the relationships may be 
visualized by examining the large-scale plot of the example in 
Fig. 5. Each incremental volume is plotted as a counterflow 
tower with the operating lines having a slope corresponding to 
L/G 1 as used in the example. 
senting a decrease in L/G ratio, will decrease the height of each 
incremental volume. The over-all effect is more accurately re- 
flected by the families of curves in Fig. 4. Considering the dia- 
gram at the bottom, the reduction in the height of the incremental 
volumes has the effect of reducing the length of OX so the length 
of OY must be increased to obtain the desired cold-water tem- 


An increase in air rate, repre- 
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eI 


Temperature, deg F 
Fig. 6 Covwnterfiow cooling diagrams for constant conditions, variable 
/G ratios 


perature. The area of overlap decreases in height and increases 
in width until it becomes the straight line OB at an infinite air 
rate, corresponding to L/G 0. This is identical to the counter 
How tower and the two required coefficients are the same 

An increase in L/G ratio, corresponding to a decrease in air 
rate, causes the area of overlap to increase in height and decrease 
in width 
ipex at A 


mediate point so the minimum air rate and maximum L/G ratio 


It becomes a tall, narrow wedge extending into the 
The curves never become tangent to AB at an inter- 


occur when the average wet-bulb temperature of the outgoing air 
equals the hot-water temperature. This corresponds to CA for the 
counterflow tower in Fig. 6. The minimum air rates will be the 
same for the two types of tower if the counterflow operating line 
terminates on the saturation curve. The minimum air rate will 
be less for the crossflow tower if the operating line of the counter- 


flow tower becomes tangent to the saturation curve at an inter- 


mediate point 

\ series of calculations may be used to establish a curve relat- 
ng the required coe ficient to L/G ratio at various temperature 
Both types of tower have the 
the 
The two coefficients increase at different 


the the 


onditions for « ich type of tower 


e minimum value and both will increase to infinity at 


ninimum air rates 


the intermediate values are not same unless 


so 
curves intersect, as sometimes happe ns 
The i 


re used in the 


termediate values are different because different methods 
calculation It is mish ding to infer, however, 
that a difference in required coefficient indicates that one type of 
t i greater de gree-of-difficulty or needs greater capacity 


ower laces 


to meet the conditions. If the conditions represent test points for 
the 


ind the two values represent identical capacities 


wers, same calculations represent the available co- 


ments, 
Available Coefficients. 
sis of a hypothetical situation 


The req sired coefficient is the theoretical 
The L/G 


isually expressed as a series of curves for various tem- 


inaly variations with 


ratio are 


perature conditions It is possible to design a tower that will 


operate it on any one of these curves It is also 


possible within practical limits to find an air rate and water load- 


ny point 


ing at which any cooling tower will operate at any set of tempera- 
ture conditions 
The point on a required coefficient curve at which a tower will 


operate is called its available coefficient for the conditions involved. 


The available coefficient is not a constant but varies with operat- 


342 / auGust 1961 


/G 
Fig. 7 Tower characteristic, KaV/L versus L/G. Plotted points at 
nominal air rate. Square points at 100 deg hot-water temperature. 
Triangular points vary from 80 to 160 deg hot-water temperature. 





Fig. 8 Tower characteristic, Ka/L versus GPM per sq ft. Correlation 
lines and plotted points identical to those in Fig. 7. 


ing conditions. The operating characteristic of a cooling tower 
is developed from an empirical correlation that shows how the 
available coefficient varies with operating conditions 

One type of tower characteristic is shown in Fig. 7 in which 
KaV/L is plotted against L/G for parameters of constant air 
rate. The correlation usually approximates a family of straight, 
parallel lines when logarithmic co-ordinates are used, but there is 
no fundamental reason why this should occur. The required co- 
efficient for a given set of conditions is superimposed as the curve 
in Fig. 7. The points of intersection indicate the L/G ratios at 
the 
air rates 


which tower will operate at the given conditions for the 
various 

\{ more sensitive type of correlation, as shown in Fig. 8, has 
the coefficients plotted against water rate (or water loading).? 
The correlation curves are farther apart when this type of corre- 
lation is used, and the requ red coefficient must be plotted for each 
air rate 

The correlation shown in Fig 7 tends to confine the parameters 
to a rather narrow band. The characteristic is frequently repre- 
sented as a single curve that ignores the effect of variations in air 


velocity. The average curve corresponds approximately to 


KaV ( L\* 
L G 


? The coefficient used is Ka/L which is KaV/L divided by height. 


The change does not alter the correlation 
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(7) 





The exponent n varies within a range of about —0.35 to —1.1, 
and the average value is between —0.55 and —0.65. 
that variations in air velocity will 


A correlation considers 


approximate 
* G m 


The value of n is the same as in the foregoing, but m falls within 
a range of 0.60 and 1.1 and is usually somewhat less than unity. 
The available coefficient should be independent of temperature 
levels because these are evaluated in the calculations. Experience 
shows, however, that fluctuations occur that are related to tem- 
perature, the hot-water temperature having the greatest influence 
The coefficients decrease as the hot-water temperature increases 
The problem is frequently avoided by basing the correlation on 
tests conducted at a constant hot-water temperature. Errors are 
then introduced when the correlation is used to predict per- 
formance at other temperatures The extent of the error is re- 
duced by applying an empirical hot-water correction factor [7 
The correlation curves shown in Figs. 7 and 8 represent tests 
The effect of 
temperature is shown by the plotted points which represent a 


conducted at 100 deg F hot-water temperature. 


series of tests conducted at the nominal air rate (1800 lb per 
hour per sq it 
160 


plotted as squares and the triangles represent other temperatures 


but at hot-water temperatures varying from 80 to 


deg F Tests at 100 deg F hot-water temperature ar 


Tests at the other air rates show a similar scatter but are omitted 
from the plot to avoid confusion 

These fluctuations may be traced to the effect of assumptions 
made in developing the basic equation Modifications ma 


be made in the calculations to minimize the effects 


Modifications 


The use of equation +) ignores the effect of evaporation sO Tre 


sults in an enthalpy rise that is too low This is overcome by 
using equation (5 Evaporation is usually ignored but it causes 
the water rate to vary from L at the water inlet to L — L, at the 
outlet 

L—L, 


the top of the tower when the water rate is 1 and this is reduced 


é 
The ratio of water-to-air varies from L/G at the top to 
G at the bottom. The crossflow calculations start at 
The counterflow calculations start at the 
- L 
be gradually increased until it becomes L at the top 


as evaporation occurs 
and this must 

A trial-and 
error calculation is needed to determine the value of Le 


bottom where the actual water rate is (L 


Heat Balance Corrections. The effect of these two corrections is 
shown in Table 1 for counterflow calculations 


NTU to the 
modification Example II shows the effect of calculating the 


Example I relates 


range when calculated in usual manner without 


enthalpy rise with equation (5), but considers a constant L/G 
ratio. Example III uses equation (5) and also varies the water 
rate so that (L — L,g)/G 1.1633 at the bottom and this grad- 
ually increases to the design condition of L/G 1.20 at the water 
inlet 

The use of equation (5) in Example II results in a 4.4 per cent 
NTU at a 
accurate because it also varies the water rate, and this increases 
the NTU by These 


changes tend to counteract the effect of temperature level on the 


increase in 40-degree range. Example III is more 


only 1.34 per cent at the 40-degree range. 
coefficients. 

True Versus Apparent Potential. The theoretical analysis is de 
veloped around coefficients that refer to the interface as shown 
in Fig. 1. The total heat is transferred as sensible heat from the 
bulk water to the interface 


Ldt = K,adV(t — T’ 
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Merkel combined the equations covering mass and energy trans- 
fer from the film to the bulk air into the single equations based on 
enthalpy potential 


Lat K'adV(h" — h) (27) 


The integrated form of equation (27) provides a means of 


evaluating the NTU on the basis of the true driving force. Sim- 
plification results from ignoring the temperature gradient be- 
tween the bulk water and interface, and considering an apparent 


the bulk These 


two potential differences are compared graphically in Fig. 9. 


potential based on water temperature. 

If water at temperature ¢ is assumed to be surrounded by a 
saturated film at the same temperature, it corresponds to point B 
The film will actually be at the lower tem- 
The 
The ap- 
while the true difference is 


and enthalpy h’. 
perature 7’ represented by B’ and having an enthalpy h’. 
main air stream at enthalpy A corresponds to point C. 
parent potential difference is (h’ — h) 
h — h 


Equating equations (11) and (27), we get 


h° = h kK, 
T’ -t kK’ 


Enthalpy, Btu per Ib dry air 


Temperature, deg F 
True versus apparent potential difference 


The slope of B’'C, Fig. 9, is (h” — h)/(T’ — t) which, by 
If the coefficients 
The true driving force is 


equa 
tion (9), equals the ratio of the two coefficients. 
ire constant, the slope will be constant. 
ilways lower than the apparent, but the extent of the reduction 
depends on the position of C with respect to the saturation curve. 

It is almost an insurmountable task to determine the slope from 
i measurement of the temperature gradient. The objective, from 
the standpoint of cooling tower design, is not to find the slope but 
the 
This objective is attained by finding the slope that 


to minimize the effects of temperature variations on co- 

efficient. 

minimizes the fluctuations. 
Offset Ratio for Crossflow Cooling. 


connection with crossflow towers and the counterflow study is in 


This has been investigated in 
progress. The crossflow integration had been programmed for an 
electronic digital computer. A supplemental modifying program 
was prepared which uses equation (5) to calculate enthalpy rise, 
and varies the L/G ratio as a result of evaporation loss. A second 
modifying program was prepared which uses an offset ratio to 
calculate the true driving force. 

The fluctuations being considered are relatively small so are 
easily masked by experimental error. The first step in the in- 
vestigation was to obtain extremely accurate test data for analysis. 

Tests were run on a 12-ft high crossflow cell containing a 
standard type of industrial filling. A second series of tests were 
run on a 3-ft high cell containing a close-packed type of filling. 
Special care was taken to obtain maximum accuracy and cross- 
A few points that did not fall on 


smooth curves were rejected and not used in the calculations. 
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15°F Wet-Bulb Temperature 
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0. 
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1046 1, 1633 


2105 1641 
. 1649 
. 1658 
. 1666 
.1710 
-1755 
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. 1850 
. 1899 
. 1949 


. 2000 


Table 1(a) 


Effect of modifications on 
counterfiow coefficients. 


Using eque- 


tion (16a) for heat balance, and varying 


L/G ratio. 





Enthal py 
difference 
(h'=h) 





416.6 


38.60 fh 


t 


Table 


1(b) 


Example of 


counterfiow calculation of 
NTU for 80 deg F cold- 
water temperature, 70 deg 
F entering 
perature, and L/G 1.20 
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Table 1(c) 


wet-bulb tem- 


Example of crossflow calcula- 


tions for 120 deg F hot-water temperature, 
75 deg F entering wet-bulb temperature 


and L/G = 1.0 


99.69 Average Water Temperature 
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The various modifications were applied to the calculation on 
a trial-and-error basis. The general procedure was to apply 
modifications to a group of points and use the results as a guide 
when calculating the next set. This eliminated the need of 
applying all combinations to all points. 
in Tables 2 and 3. 

The offset ratio is handled in the program by assuming a tem- 
perature offset, calculating the resulting potential difference, and 
then checking the accuracy of the assumption. This logic makes 
it easier to consider the reciprocal of equation (9) so the offset 
ratios shown in Table 2 and 3 refer to 


The results are shown 


T’-t K’ 


- (10 
h" —h K, 


The fluctuations were reduced to a minimum for both test 
towers by basing the heat balance on equation (5), varying the 
L/G ratio to account for evaporation, and by using an offset 
slope of —0.09 as defined by equation (10). It will be noted that, 


in each case, a greater offset is needed for the lower L/G ratios, 
Table 2 





Effect of modifications on crossflow coefficients, large cell. 
evaporation which includes equation (16a) and variable L/G ratio. 


and a smaller offset for the higher ratios. The three modifications 
will not completely overeome the trends although the final 
fluctuations are insignificant within the normal range of operating 
conditions. 

The first calculations were based on the properties of air at the 
standard barometric pressure of 29.92 in. Hg which is common 
practice. The tests were conducted at a slightly lower atmospheric 
pressure so the psychrometric subroutines were altered to re- 
flect conditions at the existing pressure. The last two columns in 
Table 3 show that nothing was gained by this change. 


Conclusions 


The difficulties encountered in predicting cooling tower per- 
formance are directly related to the precision that is required. 
There is no general agreement on what constitutes an acceptable 
degree of accuracy. The users are reluctant to allow a tolerance 
of '/, deg in approach when acceptance tests are involved. Tower 
capacity is more accurately expressed in terms of water rate for a 
given set of conditions. This capacity is approximately propor- 


Considering offset ratio, barometric pressure, and 





09 Offset 


Offset With Evap. Loss 





N.T.U. @ 


N.T.U. Aver. L/G 














Table 3 
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Effect of modifications on crossflow coefficients, small cell. 
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tional to variations in approach when other conditions are con- 
stant, so '/, deg corresponds to a difference of 10 per cent in 
upacity for a 5-deg approach. This provides an indication of 


what constitutes a reasonable maximum limit of acceptable 
tolerance 
The existence of the need for a means of predicting performance 


taken 


giving satisfactory 


may be as an indication that the usual procedures are not 


results The problem mav be due to inex- 
perience or to inadequate test procedures that do not provide re- 
test results, 


liable or to errors introduced by the method of cal- 


culation All of these items are involved and an improvement in 
one will provide a means of improving the others 

The needs of the user and manufacturer are not the same, and 
the difficulties encountered will vary with the ty pe of problem in- 
volved, These include comparing test results to guarantee, using 
test results to predict performance at other conditions, comparing 
capacities when bids are analyzed, and developing the rating table 
for a new cooling tower 

This paper deals with the errors in the mathematical analysis 
ind describes the means of minimizing them. Each improvement 
makes the analysis more difficult. No attempt has been made to 


this or to consider the effect. of each source of error on 


evaluate 


over-all accuracy 


We are faced with the unfortunate fact that it is difficult to at- 


fain ar 


xccuracy that is within our maximum limits of acceptabil- 
ity although this does not represent a high degree of precision 


Care is needed to obtain test data having an accuracy of '/, degree 


or 10 per cent in capacity The method of analysis may have in- 


herent errors that exceed these limits The general failure to 


obtain satisfactory results may be due, to a large extent, to the 


lure to exert sufficient effort to solve a problem that is in- 


itly difficult It mav be that a justifiable effort will not vield 
inswer of accept ible accuracy 

bject of this paper is to describe methods that will give a 
the effort needed \ 
in acceptable degree of accuracy is 
The limits 
itability and the effort to be expended will be up to the in- 


seek 


unswer, without regard to 
that does not provide 
may be 


worthless, regardless of how easy it 


and each will obviously) the easiest means of at- 


g the desired end 


APPENDIX A 
Development of Basic Equations 


Heat is removed from the i transfer of sensible heat 
the latent heat 
equivalent of the mass transfer resulting from the evaporation of 


of the Merkel combined these into 


water by 


due to a difference in te mperature leve ls, and by 


4 portior circulating water 
single process based on enthalpy potential differences as the 
driving fore 


The analysis [3] considers an increment of a cooling tower 


having one sq it of plan irea, and a cooling volume V, containing 
a sq ft of exposed water surface per cubic foot of volume. Flowing 
through the tower are L |b of water and G |b of dry air per hour. 

Transfer Rate Equations. The air at any point has a dry bulb tem- 
perature T, an 


H, and a 


temperature 


ibsolute humidity (lb water vapor per lb dry air 


corresponding enthalpy h. The water, having a bulk 
Fig. |, is surrounded by an interfacial film having a 
temperature 7 The gradients are such that 
7 7 

The specihe heat of 
mbol 


rate of heat transfer from the bulk water to the 


temperature 
water is assumed to be unity and a con- 


stant, so the 8 will be omitted from the equations for 
sirmplicit The 


interface - 


day = Ldt = K,adV(t — T’) (i 
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A portion of this heat is transferred as sensible heat from the 


interface of the main air stream. This rate is: 


K,adV(T’ — T) (12) 


dqs 


The interfacial air film is assumed to be saturated with water 
vapor at temperature 7”, having a corresponding absolute hu- 
midity H” 


transfer from the water to the interface, but 


The procedure is to ignore any resistance to mass 
to consider the 
mass transfer of vapor from the film to the air, as 


dm K'adV(H" — H) (13) 


Considering the latent heat of evaporation as a constant, r, the 
mass rate in equation (13) is converted to heat rate by multiply- 
ing by r, 

rK‘adV(H" — H) 


rdm dq, (14) 


Mass and Energy Balances. (nider steady state, the rate of mass 
leaving the water by evaporation equals the rate of humidity in- 


crease of the air, so 


dm GdH 


(15) 


The heat lost by the water equals the heat gained by the air. 
The usual practice is to ignore the slight reduction in L due to 
evaporation, in which case 


Gdh Ldt 


(l6a)* 
The enthalpy of moist air is defined as 


h pal 3 To) + Aly 


Both H and T are variables, so the 


dh C; dT + He, dT + 


+ He,,)dT +4 


Pa 


Humid heat is defined as 


dh sdT 7 —_ T, 


, |\dH (17) 
in which the first term on the right represents sensible and the 
second latent heat 


Equating dh in equation (16a) and (17) 


Ldt Gsd7 T GdH \ 18 


sc. A int £ + 
r q s. 


GsdT is used to convert equation 12) to 





The sensible heat relationship dqs 


dqs K,ad\ 7 GsdT (19) 


\ more rigorous analysis considers evaporation loss, so L |b enters 


but (L Li 


lb of water leaves the tower, and the heat balance is 


Glhe — hi ts 32 (L Le) (ts 32) 


(a) 


+ Lele 32 (b) 


Le = GUA; Hi, 


Glha ii) = Lith t + GH; Hi) (ts — 32) 


Expressed as a differential equation, 


Gdh = Ldt + GdH(t. — 32) (16b) 
rhe last term in equation (166) represents the heat required to raise 
the liquid water evaporated from the base (32 deg F) to the cold- 
water temperature. An enthalpy rise calculated by equation (16a) is 


low by an amount corresponding to this heat of the liquid. 
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The mass-transfer relationship dm GdH is used to convert 


equation (13) to 


dm K'adV(H" — H) GdH (20 


Lewis [4] found that, for a mixture of air and water vapor 
Kg 
—- =~} (21 
K's 
The ratio differs for other gases and vapors, but it fortuitously 
approaches unity for moist air. The relationship expressed in 
equation (21), incidentally, explains why the wet-bulb approxi- 
mates the temperature of adiabatic saturation for an air-water 
mixture. 
Substituting Ag = A’s in equation (19) 
dqs K ‘sad V( -= T) GsdT 


Substituting equation (22 
GdH in equation (18 


for GsdT and equation (20) for 


Ldt = K'sadV(T’ — T (T — T))|K’adV(H” — H 
collecting 

Ldt = K'adVj\8(T' —7 ‘(1 — To)\(H" — H)} (23) 
From the enthalpy equation, we get for the air stream 


+ H{r + 
H 


h 8T — Cygly + H(r — cp,T 
Similarly, the enthalpy of the interface is 
h” sT’ — Cpal'yo + H"(r — cp, T 


and (25) for 7 and 7’, substituting the re- 


sults in equation (2: 


Solving equations (24 
3 


and collecting 


Lat K adV h” — 7 H’ ied H 26 
The second term on the right is relatively small so, following the 
example of Merkel, it is customarily dropped. Doing this and 
equating to equation (16a 


Ld K'adV(h" — Gdh 


This final equation re lates the air stream to the interfacial film, 
the conditions of which are indeterminate for all practical pur- 
This difficulty a final approximation in 
which 7 The coefficients Kg and A 
are then replaced by over-all coefficients A 


poses. is overcome by 
is assumed to equal A 
and K, respectively 


Assuming the Lewis relationship still applies 


K 

Ks 
There is no fundamental reason why this should be so, and 
Koch [5] reports the ratio is more nearly equal to 0.9 but com- 
mon practice assumes it to apply. Using equation (28) instead of 


equation (21), the development from equation (22) on yields 


Lat KadV h'’ —h Gdh 


'ntegrating 
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30h) 
G 


30a) and (30b) 


ire two forms of the basic equation. 


Equations are convertible into one another and 


APPENDIX B 
Counterflow Integration (4, 6| 


All vertical sections through a counterflow tower are the same, 
so the counterflow integration considers such a section having 1 
This 
converts L and G to lb per hr per sq ft and V to volume per sq ft of 


plan area 


sq ft of plan area in which the water is cooled from 4, to te. 


The cooling diagram may be represented graphically 
as shown in Fig. 2. The diagram is built around the saturation 
curve relating temperature to the enthalpy of moist air. 

Water entering the top of the tower at a temperature 4, is sur- 
rounded by an interfacial film which equation (30a) assumes to 
be saturated at This film cor- 
responds to point A at the hot-water condition having an enthalpy 


the bulk water temperature. 


h,’. As the water is cooled, the film follows the saturation curve 
to point B, corresponding to the cold-water temperature f: and 
having an enthalpy he’. 

Air entering at wet-bulb temperature 7'y, has an enthalpy h, 
The potential dif- 
ference at the base of the tower is ho’ — h,, represented by the 
vertical distance BC. 


corresponding to C’ on the saturation curve 


Heat removed from the water is added to 
L/G dt. Thus, the air 
enthalpy follows a straight line from C, at a slope corresponding to 
the / 


be low 1 


the air, and from equation (16a), dh 


G ratio, and terminates at a point D which is vertically 

The driving force at any point in the tower is represented by 
the vertical distance between AB and CD 
tegration 1s accomplished by 


The mechanical in- 
a method of quadrature in which 
the area ABCD is divided into a series of incremental areas corre- 
sponding to successive increments of temperature change. 

Counterflow calculations start at the bottom of the tower since 
that is the only point where both air and water conditions are 
stipulated. Considering an example in which the cold-water tem- 
perature is 80 deg F, air enters at 70 deg F wet-bulb, and the 
L/G ratio is 1.2, the successive steps are shown in Table 1(b). 

The cold-water temperature is entered at the top of column 1, 
ind successive temperatures are entered below. The example 
irbitrarily uses 1 deg F increments to 85 and 5 deg F increments, 
thereafter. The enthalpy of saturated air for each temperature in 
olumn | is obtained from the psychrometric tables and entered 
in column 2 
Entering air at 70 deg F wet-bulb has an enthalpy of 34.09 
Btu/lb which is entered at the top of column 3. The relationship 
th L/G dt is used to calculate successive enthalpies in column 3. 
The potential difference for each increment is column 2 minus 
column 3 which is entered in column 4. The driving force ap- 
pears in the denominator of equation (30a) so the reciprocal of 
column 4 is entered in column 5. The entering and leaving values 
from column 5 are ave raged for each temperature increment and 
column 6 


entered in Multiplying this average by the cor- 


‘If the last term in equation (26) had not been dropped, the basic 
equation would be 


KaV _ et dt Cp»7(H' — H | 
fdas f, h’ —h Lik’ —h) | 


ust term is exceedingly small, being the quotient of a relatively 
all numerator and a much larger denominator. 
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responding temperature change gives the NTU for the increment 
which is entered in column 7. The summation of column 7, 
is the integrated NTU for the cooling 
range shown in column 9. 


shown in column 8, 
The variations of NTU in column 7 serve as a measure of the 
This rela- 
tionship may be used to determine temperature distribution with 
respect, to tower height. The procedure used to calculate Table 1 
considers arbitrary increments of temperature change and calcu- 
lates volume per sq ft of plan area, so V is numerically equal to 
height 

of NTI 
calculate the corresponding temperature changes 


relative size of the increments of temperature change. 


An alternate procedure is to select arbitrary increments 
for column 7 (representing increments of height) and 

That is the 
basis of the crossflow calculation where the double integration 
must consider horizontal and vertical increments of space 


APPENDIX C 
Crossflow Integration |7] 


Fig. 3 is a cross section of a crossflow tower having w width and 
z height. Hot water enters across the OX axis and is cooled as it 
falls downward. The solid lines show constant water tempera- 
ture conditions across the section. Air entering from the left 
across the OY axis is heated as it moves to the right. The dotted 
lines show constant air enthalpies across the section. 

Because of the horizontal and vertical variations, the cross sec- 
tion must be divided into unit-volumes having a width dz and a 
height dy so that dV in equation (29) is replaced with dzdy and 
the equation becomes 


Ldtdxz Gdhdy Kadzrdy h’ — h) (31 


The double integration may consider a series of horizontal sec- 


'-—h  - 


a series of vertical sections between 0 and width w 


‘4 Kadz f dh 
32b 
“—— — * te =the, 


Phe L/G ratio refers to over-all flow rates so does not apply 


+: 


ms between 0 and the height z giving 


[" Kady 
70 L r=—const 


32a) 


Alternately 


. 


to the ratio at a point within a tower unless the w = z. The ratio of 
the number of vertical-to-horizontal steps will equal the ratio 
of height-to-width if dr = dy. The calculations are simplified 
by considering incremental volumes that are geometrically similar 
in shape to the tower cross section. 
iL/dG 


mental volume, and the steps down and across are equal in num- 


z and 
L/G, so the over-all L/@ ratio applies to each incre- 


Then, dzr/dy = w 


ber regardless of shape 

The mean driving force in counterflow cooling is calculated by 
averaging the reciprocals of the entering and leaving potential dif- 
ferences. That is mathematically correct except for the small 
error introduced by assuming a straight-line relationship exists 
between the two conditions. A comparable means of calculating 
the mean driving force for crossflow cooling is not so easily 
achieved because each unit-volume is as complex as the tower as 
a whole 

The simplest procedure is to assume that the entering potential 
difference existe throughout the unit-volume, but this driving 
An alternate is to 
average the reciprocals of the entering and leaving conditions. 
This corresponds to parallel flow so the average will be too low. 


force is always greater than the true average. 


The true mean value is between these two methods. Averaging 
the potential differences instead of their reciprocals gives a value 


smaller than the former, but greater than the latter and more 
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closely approximates the true value. That is the recommended 
method which is used in the following example. 

Table 1c shows the results of the crossflow calculations when 
water enters from the top at a uniform temperature of 120 deg F 
and air enters from the left at a uniform wet-bulb temperature of 
75 deg F. The over-all L/G ratio is 1.0 and each incremental 
volume represents 0.1 Transfer-Units. 

The crossflow calculations must start at the top of the air inlet 
since this is the only unit-volume for which both entering air and 
water conditions are known. The calculations for this first unit- 
volume are: 

1 Inlet conditions 

Water at 120 deg F 

Air at 75 deg F wet-bulb 


119.59 hy’ 
38 .60 hy 


~ 80.99 (hi’ — hy) in 
Assume 67.90 (h’ — 
6.79 deg F for 0.1 NTU. Since L/G = 


2 Mean driving force will be less. 


corresponding to dt 
dt = dh 
3 Outlet conditions 
120.0 deg — 6.79 deg 
38.60 + 6.79 = 


113.21 deg F 100.26 hy’ 
45.39 he 
54 87 h.’ _ he out 

80.99 + 54.87 


9 


4 Checking, 0.1 = 6.79 dt 
This calculation gives the temperature of the water enter- 
ing the next lower unit-volume and the enthalpy of the air 
entering the unit-volume to the right. The calculations proceed 
Averaging 2 steps down 
and across corresponds to 0.2 NTU, averaging 3 down and across 
corresponds to 0.3 NTU, and so on. 


down and across as shown in Table l(c). 


These relationships are shown in the crossflow diagram in Fig. 4, 
and Fig. 5 shows the same data from Table 1(«) plotted to a larger 
scale. The crossflow diagram is also built around the saturation 
curve AB and consists of two families of curves representing 
The co-ordinates in the lower corner 
of Fig. 4 correspond to those used in the counterflow diagram, 
Fig. 2, but the reverse image, in the upper corner, has the water 


equations (32a) and (32b) 


and air inlets positioned to correspond to the cross section in Fig. 
3. Equation (32a) is the partial integral through successive 
The 
inlet water temperature corresponds to OX which intersects the 
saturation curve at A. 


vertical sections that relates water temperature to height. 


The enthalpy of the entering air cor- 
responds to OY which intersects the saturation curve at B. 

The water is cooled as it falls through any vertical section, its 
temperature following one of the family of curves representing 
equation (32a) that radiate from B. 
Table 1(c) will show the falling water is always moving toward 
cooler air that approaches the entering wet-bulb temperature 
as a limit. The curves tend to coincide with OY as one limit at 
the air inlet and with the saturation curve AB as the other limit 
for a tower of infinite height. 


Inspection of the data in 


The air enthalpy increases as it moves across any horizontal 
section, the enthalpy following one of the family of curves repre- 
senting equation (32b) that radiate from A. As shown in Table 
l(c), the air is always moving toward warmer water that tends to 
approach the entering water temperature as a limit. These 
curves tend to coincide with OX as one limit at the water inlet, 
and with the saturation curve AB as the other limit for a tower 
of infinite width. 

The water in all parts of a tower tends to approach the entering 
wet-bulb temperature as a limit at point B. The wet-bulb tem- 
perature of the air in all parts of the tower tends to approach the 
hot-water temperature at point A. The single operating line CD 
of the counterflow diagram in Fig. 2 is replaced in the crossflow 
diagram by a zone represented by the area intersected by the two 
families of curves. 
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DISCUSSION 
J. Lichtenstein® 


This paper reviews the theory and resulting equations cur- 
rently employed in the calculation and analysis of cooling towers 
It points out that the theory neglects certain physical factors, 
particularly the quantity of water evaporated during the cooling 
process and the resistance to heat flow from the water to the sur- 
rounding saturated air film. 

Taking these two factors into account results in equations and 
methods which become cumbersome and which mask the simpk 
relationships previously established. 

It is, of course, legitimate for a theory which attempts to de- 
scribe a physical phenomena to suppress those factors whose effect 
on the over-all results is small enough as to be within the degree of 
accuracy Absolute ex- 
actitude is sacrificed for the sake of the clarity with which the 
effects of the essential factors on the phenomena are described 

May I ask the authors, therefore, whether the corrections in- 
troduced in their paper would really show up in the results ob- 
tained in testing a cooling tower? 
not seem to indicate that. 


of the available testing procedures. 


Their sample calculations do 
If I remember correctly, the best 
accuracy obtainable between heat balances on the air and water 
side in the testing of cooling towers is between 5 and 6 per cent 

Since the main effort of the authors is to obtain a better cor- 
relation between theoretical prediction and actual performance of 
cooling towers, I wonder whether other factors not considered 
in this paper may not play a more important role. The cooling 
tower theory, as the authors point out, is based on the perfor- 
mance of a unit tower with air and water quantities well defined 
Its application to an actual tower assumes that all unit towers are 
working alike and in parallel. This of course, is not the case. 
It depends on the design how closely the real tower approaches 
the idealized tower of equal units. In the actual tower each unit 
tower works with a different inlet and exit water temperature and 
with a different (L/G) ratio. 

If over-all average water inlet and exit temperature obtained 
in a test are used, then the theory describes the performance of 
some average unit tower whose location and L/G ratio are un- 
known. 

I wonder whether the introduction of a factor to correct for this 
situation might not be more effective in aligning theory 
practice. 


and 
In other words, a factor which would measure the degree 
of approach to the idealized tower on which the theory is based 

The difficulty of obtaining consistent results in the testing of 
cooling towers is, of course, well known. One of the main factors 
that governs test results, the atmospheric wet-bulb temperature, 
entering the tower pulsates during the test, is affected by chang- 
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ing wind conditions, and even is affected by the character of the 
environment in which the tower is installed. A reasonable tol- 
erance in the guarantees for a type of equipment as cooling 
towers represent, is therefore, unavoidable. 


R. W. Norris® 


The authors are to be congratulated on an excellent technical 
review of Merkel’s original work. Also, they have pointed out 
where deviations exist from the basic equation which affect cool- 
ing tower performance. It is generally agreed that considera- 
tion must be given to account for the liquid evaporation loss, as 
per equation (16b). This becomes more important at the higher 
L/G ratios whereby the lb vapor/Ib dry air is greatly increased. 
Also, as noted in the article, increasingly hotter inlet water tem- 
peratures result in a lowering of the KaV/L values for a given fill 
design, once again becoming more pronounced at the higher L/G 
ratios. These two factors are perhaps the most important de- 
viations from Merkel’s equation, especially for a counterflow type 
tower 

It is hoped that the authors in the future will extend their work 
into developing and publishing theoretical and actual performance 
graphs for crossflow cooling towers. Information available on 
counterflow towers enables the user to more easily evaluate sound- 
ness of bids, predict performance at other than design conditions, 
and compare test results with guarantees. Lichtenstein devel- 
oped a series of KaV/L versus L/G curves in 1943 for counter- 
flow type towers. More recent work has imprcved upon these 
curves, whereby they are sufficiently accurate for setting forth 
the theoretical requirements to be met by a particular tower de- 
sign. It is then necessary for the manufacturer to establish ex- 
perimentally KaV/L versus L/G values for a particular fill spac- 
ing, number of grid decks, cooling duty, and so on. Due to the 
sparse information available, it is somewhat difficult for a user to 
readily approximate tower dimensions and fan horsepower 
requirements for crossflow towers for a given cooling duty 

Over the past three years we have noted, as an industrial user, a 
decided and much needed improvement in the number of towers 
meeting their performance guarantee. At one time, practically 
every tower we tested failed to meet the guarantee. It is not 
uncommon now for us to obtain towers producing cold water in- 
let temperatures slightly exceeding design although we occasion- 
ally still find some towers deficient. It appears to us that the 
methods now available to manufacturers for predicting tower per- 
formance are sufficiently accurate from the critical users’ stand- 
point, and at the same time do not cause a tower manufacturer to 
bid an oversize tower that penalizes his competitive position. We 
feel that the next step should be correlation of crossflow data in a 
form that can readily be used by the industrial tower purchaser. 


Authors’ Closure 


We are especially pleased by the fact that the two discussions are 
presented by personal friends with whom we have been acquainted 
for many years. The questions raised are quite important be- 
cause they reflect views that are widely held within the industry. 

Figs. 7 and 8 of the text show two methods of plotting test 
points to establish a tower characteristic. These plotted points 
represent a series of extremely accurate tests run in the labora- 
tory. The test conditions were varied to cover the range needed 
to construct a rating table. The problem is to correlate these 
test results, and the basic point of contention is concerned with 
the method of doing this. It seems to be the custom for everyone 
but us to draw a single curve through the band of scattered points. 


The fluctuations we show have been reported by others, and no 
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one denies that they occur. The fluctuations are measurable and 
predictable, and we have considered them in our correlation for 
15 years. The process is not cumbersome or time-consuming, but 
the inconvenience should not govern the choice of a procedure 
The question must be resolved by running tests to determine the 
accuracy of each method and choosing the one that gives ac- 
ce ptable results 

We are asked in the discussions if the modifications suggested 
will really show up In a test, they represent a degree of precision 
that exceeds the accuracy of a test, and if other factors may not 
be of greater importance. All of these questions are also related 
to accuracy, and the questions must be answered by conducting 
tests. Anyone who does this will be immediately confronted with 
the difficulties involved. It is not easy to establish a correlation 
because all of the errors are reflected as an erratic scattering of 
the plotted points. The sources of error must be traced, and the 
vccuracy of the methods used to trace the errors must be evalu- 
ated. We have done this, and our paper describes the methods 
we have developed to overcome the difficulties 

We are concerned with the procedure that must be used to 
inswer all of these questions. It provides the means of deter- 
mining the accuracy of a test. This enables us to evaluate the 
various factors involved, and that is necessary before we can de- 
cide which factors are more important 

We recognize the fact that the required degree of accuracy will 
It is not our intention to establish 


vary with individual needs 


these limits or to advocate a high degree of precision. Our prime 
objective is to point out the need of defining the desired limits of 
sccuracy, and then conducting tests to determine what accuracy 
is attained 

Mr. Norris expresses the desire for more published coefficients 


that may be used to predict performance, and others have made 
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the same request. The problems involved in this connection 
were partially answered when Dr. Lichtenstein asked for factors 
to relate the performance of the small test cell with the per- 
formance of the full-size tower in the field. 

It is generally assumed that a given type of filling has a fixed 
characteristic that applies to all towers containing that filling. 
The characteristic of a cooling tower is determined by the entire 
assembly, and it varies with changes in the tower containing the 
filling 

We are aware ot the demand for coefficients, but feel there is a 
greater need for more accurate means of developing them for 
the tower in question. The use of published coefficients provides 
It should 
be pointed out, in this connection, that it is quite difficult for a 


a sense of false security that may lead to gross errors. 


user to check the accuracy of these coefficients by field tests. 

The request for coefficients has been encouraged by statements 
we frequently hear to the effect that information is available that 
This 
is another example of a generalized statement that ignores the 
We have found 
it extremely difficult to get anyone to make a commitment on what 


will enable anyone to predict cooling tower performance. 
need of specifying the desired limits of accuracy. 
This re- 


luectance may be due, in part, to the fact that it is extremely dif- 
ficult to determine what accuracy is being obtained. 


is to be considered an acceptable degree of accuracy. 


\ review of the discussion will show that the questions are all 
concerned with selecting an acceptable means of analyzing cooling 
tower performance. An acceptable method must have an ac- 
ceptable degree of accuracy. The questions must be resolved, 
not by discussion, but by testing to determine the accuracy of the 
Each individual will then be able to choose a 
We feel that 


the divergent views exist because this has not been done. 


various methods 


method having an acceptable degree of accuracy. 
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botling heat transfer from a horizontal surface is discussed. It is shown that near the 
minimum film-boiling heat flux, the bubble spacing and growth rate is determined by 
Taylor Instability neglecting the effect of fluid depth and viscosity. Utilizing a simpli- 
fied geometrical model, an analytical expression for the heat-transfer coefficient near 
the minimum in film pool boiling from a horizontal surface was derived. Combining 
this equation with the available correlation for the minimum heat flux yields an analyti- 
cal equation for the temperature difference at the minimum, which defines the location 
of the minimum point. The above equations agree with the available experimental 
measurements made on n-pentane and carbon tetrachloride within +10 per cent. 


| Introduction this process utilizing the conventional approach of Bromley [2] 
It is demonstrated in the following section that the bubble spac- 
ing and the rate of growth of the bubble are determined, inde- 
pendent of heat-transfer effects, by hydrodynamic considerations. 


= oBJECT of this work was to analyze film-boiling 
heat transfer from a horizontal surface. The difficulty which 
arose when attempting to analyze this problem was the fact that 


the vapor flow geometry was not clear. In particular, the bubble | Taylor-Helmholtz Hydrodynamic Instability 


spacing and orientation with respect to one another had not been o . : ; 
lefined A Introduction. The behavior of an interface separating two 
defines 


: fluids ‘rent density when subjected to disturbances, such as 
In analyzing film boiling from a horizontal tube one knows that 1ids of different density when subjected to d — ich a 


, the lic -Vi interface in film boiling, has received considerable 

the vapor flows up around the tube, departing as bubbles from the he li uid vapor interface in film boiling, ha received con idera rie 
: a ittention in the past decade. At the present time it is possible 

top of the tube. The vapor flow pattern on a horizontal plate was . : : : : 

to determine the effect of acceleration, surface tension, viscosity, 

relative velocity, and finite fluid depth on the interface dynamics 


Taylor [3] first clearly formulated the problem, considering 


only the effect of acceleration and fluid depth. He showed that 


not so obvious. Visual observations by the author of the bubble 
pattern which exists on a horizontal surface gave the impression 
that the bubbles are located in some type of regular lattice, per- 


haps hexagonal or square. The photograph shown by Borishan- > ; : 
| : : the interface is unstable; that is, a disturbance will grow with 


time, if the acceleration is directed from the lighter to the heavier 
fluid. An example of this is vapor beneath liquid in a gravita- 
tional field. 


Taylor’s analysis of the problem assumes potential flow. The 


sky [1]! also exhibits an approximately regular bubble pattern 
Presumably the vapor generated in the vicinity of a given grow- 
ing bubble flows in toward the bubble location, combines, and 
departs. This process repeats itself continuously, leading to a 
steady stream of individual bubbles departing from the liquid- 


, for f the interface disturbance int uced into the first-order 
vapor interlace If one knew the bubble spacing; 1.€., the effec- m of the interface disturbance in roduced into the orde 


perturbation analysis is given by the following equation. 


tive length of the vapor flow path, it would be possible to analyze 
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area, ft? thermal conductivity, Btu/hr ft vapor viscosity lb/hr ft 
diameter, ft deg F = density, lby /ft* 

radius of curvature, ft wave number, | /ft = surface tension, lb/ft 
temperature, deg I wave frequency, 1/sec 


velocity, ft/sec pressure, lb/ft? Subscripts 
vapor film thickness, ft heat-transfer rate, Btu/hr 
I ff 7 li ft b = bubble 
—meég th coeficient, 1 /sec radius, ; : 
in grow 1 coeThicien fo u y ones 


wave speed, ft/sec time, sec c . 
: , ; l liquid 
acceleration of gravity, ft/sec? ) flow rate, lby /sec 


: : ; m mass 
conversion factor 32.2, lby ft/lb length co-ordinate, ft 


ane? constant, equation (18 min minimum 
heat-transfer coefficient, Btu/hr ft? average bubble height, ft o = initial or reference value 
deg F change or difference oS 
average enthalpy difference be- = distance perpendicular to liquid- c 
tween vapor and liquid, Btu vapor interface, ft Superscript 


Iby wavelength, ft * = maximum or maximizing 
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the wavelength by the following relation, 


2r 


A 


The result of the above analysis was an expression for n as a 
function of the fluid properties, the acceleration, and the wave- 
length. From equation (1) it is seen that if n is real, the dis- 
turbance is periodic in time, and therefore stable. However, if n 
is imaginary, the disturbance grows exponentially with time. 
laylor’s results, applied to the case of a liquid resting above a 
vapor in a gravitational field, state that the interface is unstable 
for disturbances of all wavelengths. 

The first-order approximations used in the analysis presumably 
limit the applicability of the results to the extent that the ampli- 
tude of the wave must be much less than the wavelength. How- 
Lewis [4] experimentally showed that Taylor's theory 
satisfactorily predicted the growth of the instability as long as 
the amplitude was less than 0.4 A 


ever, 


The two-dimensional analysis 
was also found to adequately describe the three-dimensional 
physical situation. 

The analytical approach used by Taylor has been utilized to 
solve the problem including the effects of relative velocity parallel 
to the interface and surface tension. The analysis and results are 
Section 
14.53 of Milne-Thompson presents the general result, from which 


summarized by Lamb [5] and Milne-Thompson [6] 
the expression for n for any particular case can be derived. In 
particular, it was found that surface tension tends to stabilize the 
interface, making disturbances of short wavelength stable, and 
decreasing the growth rate for long wavelength disturbances. 

It has become conventional to refer to those instabilities of the 
above type which occur in the absence of relative velocity effects 
as Taylor Instability. When relative velocity is important, the 
phenomenon is called a Helmholtz Instability. 

Bellman and Pennington [7] analytically included the effect of 
viscosity on Taylor Instability for the case of infinite fluid depth. 
They found that viscosity does not remove an instability which 
would otherwise exist; it merely slows the interface growth rate. 

The experiments of Allred and Blount [8] serve to confirm the 
validity of the above analysis. The two-dimensional theory ade- 
quately describes three-dimensional] effects and may be used pro- 
vided the amplitude is less than 0.4 r. 


B Application of Taylor-Helmholtz instability to Film Boiling From a 
Horizontal Surface 


1 Stability Equations. 
fl yw 


he general soiution of the irrotational 
kinematic equation yields the following relation between 
wave speed, gravity, surface tension, fluid velocity parallel to the 
interface, and fluid depth, for the case of a liquid over a vapor 


2coth ma + n pP; J ,= ¢ 2 coth ma, 


g,am? — gp; — p,) (3) 
The wave speed c is defined by the following relation. 


rm 
(4 
il 
rhe simplifying assumptions which are valid for film boiling 
from a horizontal surface in the absence of forced convection are, 
V, 0 
(5) 
coth ma, = | 


Combining equations (3) and (5) yields the result 


mp(V, — c)? coth ma + mp,c? g,am* — gp; — p,) (6) 


The parameter of interest in predicting the growth of the two- 
phase boundary is the coefficient of t in equation (1); that is —in. 
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This growth coefficient is abbreviated with the letter b in the 
following sections. 

A number of simplifying assumptions can be introduced into 
equation (6) which make it possible to obtain explicit expressions 
for c and therefore b. The equations for the growth coefficient b, 
which result from specific assumptions, are presented below. 

(a) Assume the effect of vapor velocity and depth are negligi- 
ble, i.e., 


(7) 


coth ma = 1 


Combining equations (7), (6), and (4) results in the following 


expression for b. 
g.am* y" 
Pi + Py 


[ae — p.m 

= = 
Pi T Pe 

(b) Assume the effect of vapor velocity is negligible, and that 

the vapor thickness is very small, i.e., 


Vv, =0 


l 
coth ma = 
ma 


Combining equations (9), (6), and (4) yields 


| — p,m g,am* ] . 
pP; + p,/ma Pi + p,/ma 


(c) Assume the effect of vapor thickness is negligible, i.e., 


(10) 


coth ma = 1 (11) 


11), (6), and (4) to obtain 


g,am* ‘/ 
- sem" a) 
Pi T+ Py 


d) Assume the vapor film is very thin, i.e., 


Combine equations 


: | V 2m? Q g(p; — p,)m 


pP: + p,)* Pi + P, 


coth ma = — 
ma 


Combining equations (13), (6), and (4) yields 


pip, V 2m? g(p; — p,m g,am* _ “4 
—— — ee — -_- - a ( ) 

Pp; + p,/ma)*ma p;, + p,/ma Pp; + p,/ma 
2 Application to Film Boiling. 
for b, it is observed that once the fluid properties are fixed, the 


b = 


Examining the above expressions 


value of b only depends on the wave number, Le., 
of the disturbance. 


the wavelength 
Due to the form of the equations, b is real, 
imaginary, or zero depending on the particular value of the wave 
number. If a disturbance occurs whose wavelength corresponds 
to a real value of b, the interface is unstable, growing at a rate 
given by equation (1). The larger the value of b, the greater the 
growth rate of the boundary. Therefore the particular wave- 
length which is most likely to become visible is that possible 
wavelength which yields the maximum value of 5. 

In general, in any mechanical system small disturbances of ail 
wavelengths are present. Therefore the wavelength which is 
most likely to become visible is that wavelength which maximizes 
b in the applicable equation. The growth rate of the boundary 
is then given by equation (1), with the maximum value of b in- 
serted for —in. The boundary continues to grow until it ruptures 
when a bubble departs from the node. The bubble period is there- 
fore established by equation (1) and the maximum value of }, 
and the bubble spacing is given by the dominant wavelength, i.e., 
that wavelength which maximizes b. 
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Applying one of the above results for b to a particular case 
serves to illustrate the use and physical interpretation of the 
stability analysis. Fig. 1 is a plot of b versus m for n-pen ane 
when the effects of finite depth and velocity are neglected, equa- 
tion (8). This shows that disturbances of wave number less than 
196, or wavelength greater than 5.1 * 107% ft, are unstable for 
the system considered. The dominant wavelength, that which 
maximizes b, is equal to 8.85 K 10-*ft. Since the curve in Fig 
1 is relatively flat near the maximum, one would expect to 
observe a spread of wavelengths lying on each side of the 
maximizing value. Other things being equal, the average wave- 
length observed should be approximately equal to the maximizing 
value 

While equation (8) serves to qualitatively illustrate the applica- 
tion of the stability analysis results to film boiling, it has not yet 
been established which expression for b provides the correct quan- 
titative results; that is, what simplifications are valid. Utilizing 
the results of Bellman and Pennington [7] one can show that 
viscosity has a completely negligible effect on the interface growth 
for n-pentane in particular, and all fluids of practical interest to 
film boiling, in general. 

The effect of vapor film thickness and velocity were not obvi- 
ously negligible. Calculations based on the experimental results 
indicated that the film thickness is of the order of 10 ~‘ ft, and the 
vapor velocity is of the order of 1 ft/sec. 

To determine the importance of vapor film thickness and vapor 
velocity on the interface behavior in film boiling, b was plotted 
and (14). 


film thickness was assumed constant at the average value com- 


versus m using equations (12 The value of the vapor 


puted from the experimental results. The vapor velocity varies 
considerably within the film as shown by equation (44) in the Ap- 
pendix. To evaluate the importance of vapor velocity a charac- 
teristic value of the velocity evaluated at a radius from the bubble 
equal to \/3, was used, which resulted in the following equation 
for the vapor velocity 


___ kyyATr _ kyr : 
0.0717 = (0.45 — (15 
p,,;Aha* p,, Ahan 


The choice of the radius at which the velocity was evaluated is 
somewhat arbitrary, therefore the results should not be strictly 
interpreted quantitatively. However, the resulting effect of 
vapor velocity on the instability was accurate enough to indicate 
qualitative effects and to suggest what assumptions are rea- 
sonable. 

It is interesting to note that the vapor velocity is directly pro- 
portional to the temperature difference. Referring to equation 
(14) it is seen that as the vapor velocity increases, b increases 
Therefore the growth rate of the boundary tends to increase as 
the temperature difference is increased 
12) and (14) yields the following expressions. 
Neglecting the effect of vapor film thickness: 


Combining equation 
(15) with equations 


Fig. 1 Plot of b as a function of m for n-pentane neglecting the effect of 
velocity and fluid depth 
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0.203p,p, ( k,yAT \? 
; (Pp: + p,)* \p,,Aha* 
4. g' Pi nat P,jm 
Pi + Py 


g,am* 


Pi + Py 
Including the effect of vapor film thickness: 


[ 0.203p,p, (S37 y 1 


Pp; + p,/ma)* \p,,;Aha?/ ma 


g(P: — p,m g,om* 7” 
= — —=2— (17) 
P, + p,/ma Pi + p,/ma 


rhe values of the vapor film properties used were those col- 
lected by Bromley [9]. The results of plotting b versus m for 
various temperature differences characteristic of film boiling are 
as follows. When neglecting vapor film thickness by using 
equation (16), velocity has a negligible effect on the value of b 
for temperature differences less than 500 deg F. However, cal- 
culating b from equation (17), which includes the effect of film 
thickness, yields values of 6 which show a significant effect of 
vapor velocity, and therefore film thickness, at values of tem- 
perature difference nearer the value at the minimum. The re- 
sults of the latter calculation, for n-pentane, are presented in Fig. 


Referring to Fig. 2, it is seen that, while vapor velocity affects 
the bubble spacing and growth rate at moderate values of the 
temperature difference in film boiling, as the minimum tempera- 
ture is approached the effect of vapor velocity becomes negligible 
The effect of film thickness, when velocity is neglected, is also 
shown in Fig. 2. Under these conditions, it is reasonable to 
neglect the effect of vapor film thickness on the bubble spacing 
and growth rate. In particular, the value of m, at maximum b, 
which establishes the bubble spacing is not noticeably changed 
Therefore in the neighborhood of the minimum heat flux it is 
reasonable to assume that equation (8) specifies the bubble spac- 
ing and growth rate. Zuber [10] first proposed these assump- 
tions in his analysis of the minimum heat flux, which is presented 
with minor modification in reference [11]. 

3 Discussion. The bubble spacing in film boiling from a horizon- 
tal surface is fixed by the value of the wavelength which maxi- 
mizes b in the appropriate equation. Near the minimum heat 
flux it is reasonable to neglect the effect of vapor velocity and 
vapor film thickness, therefore equation (8) describes the behavior 
of the two-phase interface. 
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Fig. 2. Plot of b as a function of m from equation (17) for n-pentane 
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Once the two-phase boundary begins to grow, the growth con- 
tinues until a bubble departs from the node. Bubble departure 
has been observed by the author, and is shown in the photographs 
of Santangelo [12], to occur when the amplitude is approximately 

After the bubble departs, the inter- 
face snaps back toward the solid surface, providing the disturb- 


equ il to the bubble diameter 


ince necessary to start the growth of the neighboring antinode 
For neighboring locations on the interface to alternately grow 
and collapse, the bubble pattern must be visualized as a square 


lattice At any time two bubbles are growing in any A? area 


111 Analysis of Film Boiling From a Horizontal Surface 


A Introduction and Assumptions. 
tion and the experimental results, it is apparent that the bubble 


As a result of the preceding sec- 


spacing in film boiling from a horizontal surface is fixed by hydro- 
dynamic considerations. A list of the assumptions utilized in the 


snalysis and a short discussion of their validity follows: 


a) Near the 
iffected by the vapor velocity and the vapor film thickness 


minimum heat flux, the bubble spacing is un- 


Re- 
it is seen that there is a negligible change in the 


ferring to Fig. 2 
value of m which maximizes b at values of the temperature dif- 
ference near the minimum. This same assumption is utilized 


in the analysis of the minimum heat flux and leads to a correct 


bh) The vapor flows radially into the bubble. In the vicinity of 
the bubble this is probably an excellent approximation and this is 
where the vapor velocity and therefore the viscous shear stress is 
greatest 

c) The momentum forces are negligible in comparison W ith the 
Calculation of the 


viscous forces tevnolds number shows this 


to be an excellent assumption 


a The 


ilso verifies this statement 


flow is laminar. The Reynolds number calculation 

e) The change in height of the vapor-liquid boundary between 
the bubbles is negligible compared to the average height of the 
bubble 


orders of magnitude greater than the film thickness, this must be 


above interface Since the bubble dimensions are two 
valid 

The viscous drag of the liquid-v apor interface on the vapor 
flow lies between zero and the value corre sponding to a stationary 
boundary These are the two extremes possible without forced 
convection 

q lhe kinetic energy of the vapor 1s negligible in comparison 
with the enthalpy change. This assumption can be shown to be 
sccurate to much better than | per cent. 

h) The average value of the vapor properties are equal to those 
at the average temperature of the hot surface and the saturated 
hquid his is not quite correct, Dut will not introduce a great 
enough error to invalidate the results. Also, evaluating the ex- 
perimental constant on this basis eliminates most of the error. 

t) Heat is transferred through the vapor film by conduction 
Radiation is negligible at temperature differences less than 1000 
deg F. The flow is laminar 
The vapor flowing to any one bubble is generated in an area 
equal to A?/2 


dimensions require this condition 


The results of stability analysis applied to three 


k) The two-dimensional stability analysis may be applied to 
the three-dimensional problem 
tf and 8 
The only change which might have been required is the value of 


The experimental investigations 
of Taylor Instability have verified this assumption 
the constant and this change was less than the experimental 
accuracy 

B Anolysis. The actual shape of the liquid-vapor interface, and 
For 
the 


the physical model used in the analysis are shown in Fig. 3. 


one-dimensional viscous flow in cylindrical co-ordinates, 


momentum equation reduces to the following: 
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dp Bu,\ (18) 
dr g,a? 

The constant @ is eq: >| to 12 if the vapor-liquid boundary has 
the same effect as a stationary wall, and 3 if there is no shear 
stress at the boundary (9). 

The vapor velocity varies with radius according to the following 
equation, derived in the Appendix. 


k,,AT 2/2 — er? 


p,,Aha?* 2mr 


with 


Bu,k,,AT 2/2 — wr* 
dp = dr 
g.a'p,,Ah 2mr 


Combining equations (19 (18) yields 


(20) 
The pressure difference required to sustain the flow is obtained 
by integrating equation (20) from r;, where p = pi, to re, where 
Pp ps 
radius which is obtained from the equation resulting from the ex- 


Referring to Fig. 3, it is seen that r; equals the bubble 
perimental measurements, presented in Table 1 


D, oie 9.0 
Paes 19] 
- Va Pi — Pp 


as a result of assumption 7 is obtained from the 


21) 


The radius re, 
following expression 


The appropriate wavelength is obtained from equation (8) as 
a result of assumption a. The wavelength which grows the fast- 
est, and therefore dominates, is that which maximizes b, where for 


this case ) is given by 





¢ 


Actual Shape of Liquid -Vapor Interface 











Fig. 3 Physical model of film boiling from a horizontal surface 
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‘ \! Pp; — p,)n doam? ]' 
Pi + Pp Pi + >. 


Differentiating equation (23) with respect to m and solving for 


the value which maximizes b, vields the following result. 


" gp, — p,) 2 
3a Oo \* 


Equation (20) is now integrated and combined with equations 


21), (22), and (24) to yield the require d pressure difference 


86 b,h AT me 
mw g,a*p,,Ah gp, — p,) 


This pressure difference is supplied by the difference in gravity 
head. 


sure is independent of radius and equal to p 


Referring to Fig. 3, at a height 6 above the film, the pres- 
The following rela- 
tions exist between po, p 


’ and Pp 


dp, 


gd 


Where the second term on the right in the latter equation takes 
into account the pressure difference due to the curvature of the 
bubble and the surface tension. Solving the above two equations 


for the pressure difference gives 


d(p, — p 


The radius of curvature F is equal to the bubble radius given 
by equation (21 It is reasonable to assume that 6 the average 
height of the bubble above the vapor film is proportional to the 
bubble diameter where the proportionality constant must be less 
Borishansky [1 


with the following results 


than one has measured the proportionality 


constant, 


| qo 


i qv; Pp; — Pp,) 


0.68D, 


Table 1 Results of bubble diameter measurements 


n-Pentane 

q 1, D,, q 1, 
Btu in Btu 
hr ft? +10% hr ft? 
6800 29 10500 
6800 29 10500 
6800 11500 
6800 11500 
6800 11500 
10500 6600 
10500 6600 
10500 11500 
10500 


Ds . 0.28 in 


Carbon tetro chloride 
Ds, q/A, 
in Btu 
+10% hr ft? 
S000 
SOO0 
SOOO 


0 26 In. 
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Combining equations (28), (29), and (21) gives for the available 


pressure difference 


| _ 9.9 0 
( — (30) 
gate Vivo: — ia 


Equating equation (20) to equation (30), and solving for the 


vapor film thickness between the bubbles yields, 


1.0968 yu ,k,,AT | g,0 


(31) 
Ahp. (Pi — Pe) Vol: — Pv) 


rhe average vapor film thickness for the entire surface which 
gives the same heat-transfer rate as the above is equal to equa- 
t 


tion (31 


multiplied by the ratio of the total surface area to the 
irea between the bubbles, yielding the result below. 
1.09Bu,k,,AT _| go 


Ahp,,9(P: — Pe) Yop — pP 


Incorporating the two extreme values of § in the result and 
solving for the vapor film thickness yields 


2 6 


uk, AT q,0 aon 
or \ (33) 
1.9 LAhp, ap: — P) Yom — PL) I 


Evaluating the constant from the experimental results at the 


minimum (11) gives the final correlation equation. 


bk ,AT q o 
Ahp. Pi — Pv) V x, — Pp») 


92 
ovo 


(34) 


\ heat-transfer coefficient may be defined by applying the 
following equation. 


Key 


tu 


AAT hAAT 


a 


Combining equation (35) with (34) and solving for h yields 


k, 2Ahp,g(pi: — p,) |’! 
0.425 | “Pers — Ps (36) 
oF 


— 
ae Vv, — P,) 


C Discussion. It is interesting to compare the above result 


with that of Bromley [9] for horizontal tubes which is given 


- 0.62 k.,*Ahp,sg( pi — p,) |'/* 
: u,ATD 


major difference is the 


below 
(37) 


meer ar 
substitution of \ _ <" 
JP: — Pe 


These are the geometrical scale factors 


The 


for the tube diameter D. 
for horizontal plates and tubes, respectively. From dimensional 
analysis this change might have been predicted. In both equa- 
tions the experimental value of the constant was the average of 
The 


similarity between equations (36) and (37) provides added con- 


the values obtained utilizing the extreme values of 8. 


fidence in the validity of equation (36) since Bromley’s equation 
has been thoroughly verified. 

Presumably equation (36) is only valid in the neighborhood of 
the minimum since the assumed bubble spacing only applies 
there. It is suspected that the range of practical application is 
larger than implied due to the small influence of the characteristic 
length on the heat-transfer coefficient. Equation (36) probably 
applies to temperature differences as high as 1000 deg for some 
fluids 


predicted by equation (36) represents the lower limit for those 


This remains to be verified. The heat-transfer coefficient 


cases in which velocity affects the interface stability 
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1¥ Analysis of the Temperature Difference at the Minimum 
Heat Flux 


The results of the preceding section, combined with the analysis 
of Zuber [10] make it possible to predict the temperature dif- 
ference at the minimum for fluid-surface combinations with finite 
values of contact angle [11] 

Ihe equation for the minimum temperature difference may be 
written as follows from the heat conduction equation 


¢ A /mia 
AT wis : 38) 


h mia 


The heat flux at the minimum is given by equation (A-83) in 
reference [11). 


q/A)mia = 0.09p,,Ah [ oe — | | 9.0 ] 39) 
‘ Pr + P, Pi — Py 


The above equation deviates from the available data {11} for 
n-pentane and CCl, by only +1 per cent. 

Combining equations (39), (38), and (36) yields the following 
expression for the minimum temperature difference in film pool 


boiling from a horizontal surface 


\7 0.127 Ph kK — Pp. ] ; | 9.9 ] 
i key Loot, WP: — Py) 
'/s 
GAPi — Pe) 


The agreement between the experimental results obtained by 
the author [11] and the temperature difference predicted by equa- 
tion (40 


is given below. The pressure is one atmosphere. 


AT ais 
predicted 
equation 40) 
deg F) 
LO” 98 
LO”, 153 


AT min measured 
Fluid deg F) 
n-pe ntane 105 + 
carbon tetrachloride 145 + 
+10 per 


The cent agreement between equation (40) and the 


experimental values also defines the limits of equation (36 


VY Summary of Results and Conclusions 


a) Itix 


quantitatively reasonable to neglect the effect of vapor 
velocity and film thickness on the liquid-vapor boundary behavior 
in film boiling near the minimum temperature difference 

6b) An analytical expression, equation (36), is derived which 
predicts the heat-transfer coefficient for film pool boiling from a 
horizontal surface within +10 per cent 

c) Combining the analytical expression for the minimum heat 
flux with the above expression for the heat-transfer coefficient, 
yields an expression for the temperature difference at the mini- 
mum-minimum which agrees with the experimental results within 
+ 10 per cent 


APPENDIX 
Vapor Velocity Parallel to Surface in Film Boiling 


1 Assumptions 

a) Vapor film thickness a is constant between bubbles. 

b) The vapor flows radially inward. 

c) The vapor generated in an area equal to \*/2 flows to one 
bubble 

d) The geometry is given by Fig. 3 


356 


AUGUST 1961 


2 Analysis 
Continuity: 
= pV A 
= p.,V,.2nra 
First law: 
q = wdh 
Heat transfer: 
key 


f (arr? — wr*)AT 
a 


q = (43) 


From assumption c, A?/2 = mr,*. Eliminating gq and w from 
equations (41), (42), and (43), and solving for the vapor velocity 
V, yields the following relation. 
A? ‘ 
b,AT 2° 
+ 5 ybha 


2nrr 
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Yih-yun Hsu? 

The author is congratulated for his contribution to the knowl- 
edge of boiling heat transfer and his excellent presentation. It is 
very interesting to see that film boiling from a horizontal plate 


* Aeronautical Research Scientist, NASA, Lewis Research Center, 


Cleveland, Ohio 
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can be expressed in the same form as Bromley’s equation for a 
vertical surface. However, due to this very similarity, the limita- 
tion of Bromley’s equation has to be imposed on the present case 
too. It was observed by Professor Westwater and the writer® 
that Bromley’s equation, which was based on the assumption of a 
laminar flow, did not apply to a tall vertical surface due to the onset 
of turbulence. Thus, unless the wavelength here is small so that 
the Re of the vapor film is less than 100 or so, the existence of 


turbulence should be considered also. The quantity 4/ — dl 

9 Pt — Py) 
However, in some special 
situation such as when g is much less than geartn, it could very 
well be a quantity large enough to warrant careful consideration. 


Novak Zuber‘ 


The writer takes this opportunity to congratulate Dr. Berenson 
for his contribution toward the understanding of boiling heat 
transfer. 


is usually small for ordinary conditions. 


There are two kinds of experiments that are conducted in in- 
vestigation of the two-phase flow and of the boiling process. 
In the first group are experiments that are conducted with full- 
scale apparatus. These experiments are costly and time-con- 
suming but they yield results that can be applied directly to a 
lesign of a nuclear reactor or of a power plant for space applica- 
tion. However, these experiments, because of the complexity 
of the phenomenon, because of incomplete instrumentation, 
and other experimental difficulties, very seldom provide de- 
tailed information which is needed for integrating the results 
ind the understanding of the boiling process. The experiments 
of the second group can be performed on a laboratory bench. 
These experiments are relatively cheap and require a short time 
to provide the desired information. Although the results cannot 
be applied directly to a system design, these experiments yield 
basic information and data which are needed for the under- 
standing and for a general, quantitative formulation of the 
problem. Therefore, although for immediate design problems, 
experiments of the first group are more important, over a long 
period the second group will prove not only more valuable but 
essential. There are probably too many experiments of the first 
kind and, unfortunately, too few of the second. 

The work of Dr. Berenson reported in this paper and in ref- 
erences [11 and 13]® belongs to the second group. The experi- 
mental data are valuable because they clearly indicate the basic 
characteristic of film boiling as well as of the maximum, i.e., 
critical heat flux in nucleate boiling from a horizontal surface. 

In references [14, 15, and 16] it was proposed that transi- 
tional boiling and, therefore, the critical heat flux and the mini- 
mum heat flux in film boiling are characterized by the effect 
of hydrodynamic instabilities. It was postulated that the critical 
heat flux is limited by the combined effect of Taylor and Helm- 
holtz instabilities, whereas the minimum heat flux in film boiling 
is limited by the effect of Taylor instability only. It was pos- 
tulated also that, because of Taylor instability, the interface 
tends to break into “unit cells’’ of area \? where 
See 15) 
g(Px — Py) 


oo 
on a] —* <\<2e 
Vote. - ay) 


To formulate the problem the assumption was made that from 


*Y. Y. Hsu and J. W. Westwater, ‘Approximate Theory for Film 
Boiling on Vertical Surfaces,’’ Chemical Engineering Progress (Sym- 
posium Series), AIChE, Heat Transfer Conference, Storrs, Conn., 
August, 1959, vol. 56, pp. 15-24. 

* General Engineering Laboratory, General 
Schenectady, N. Y. 

5 Numbers in brackets from [13 te 17] designate References at end 
of discussion. 


Electric Company, 
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each cell two bubbles originate per period where the bubble di- 
ameter was given by 


2n D 
$1448 — 6 SS < 


4 = = 
Vow. — Py) 
From these postulates and assumption it was possible to derive 


the following expression for the maximum (i.e., critical) heat 
flux in nucleate pool boiling from a horizontal surface. 


(46) 


y 4 (a// 
0.120 ig : — (@/A max 


24 «/oe (3)'/* = o0g(P;, — Py) 1 
V/ 2 pran| ® a(n - en) 
Py 


T 3 its ad 
= j= = 0.157 (47) 

24 ~/2r 
and the following expression for the minimum heat flux in film 
boiling from a horizontal surface 


/ 
V 2r 
24 3 


— — q A /min 
i pyAh | 2 \PL =r) | ‘ 
(pr + py)? 
i 
«tv, 
“nm 3 


0.110 


3)/* = 0.142 (48) 


The inequalities in equations (46), (47), and (48) result from the 
spectrum of unstable disturbances given in equation (45). 
Although it was shown in references [14, 15, and 16] that the 
results predicted by equations (46), (47), and (48) were in good 
agreement with available experimental data, a detailed experi- 
mental verification of the basic mechanism was not available. 
Consequently, at the time (in 1958) the validity of the postulates, 
of the assumptions as well as of the basic mechanism (hydro- 
dynamic instability) was questioned by a number of investi- 
Their doubt was motivated especially by the fact that 
if the basic mechanism which brings about the changes in the 


gators 


boiling process is a hydrodynamic instability, then the inevitable 
conclusions to be drawn from the analysis [cf., equations (47) 
and (48)| were: 1 
cleate boiling from a horizontal surface was independent of the 
temperature; and 2 that both the critical heat flux and the mini- 
mum heat flux in film boiling from a horizontal surface are inde- 
pendent of the transport properties of the fluid. 


That the maximum (critical) heat flux in nu- 


The experiments of Dr. Berenson reported in this paper and in 
references {11 and 13] have confirmed the basic premise that the 
changes in the boiling process are indeed caused by hydrodynamic 
instabilities. These experiments have shown that the critical 
heat flux from a horizontal surface is indeed independent of the 
This fact was also demonstrated in the experi- 
ments recently reported by Stock in reference [17]. 


temperature. 


The conclusion which can be drawn from these results and which 
can be applied to the important problem of determining the 
critical heat flux in forced convection is that any analysis of this 
problem should focus the attention on the stability problem. 
We note here that there are several modes in which the instabili- 
ties can cause the system to reach the critical flux. 

Professor Tribus and the writer are happy to see that the model 
proposed in references [14, 15, and 16] was useful in extending 
the analysis to the entire film-boiling region. They are also happy 
46) and (48) are 
in agreement with the experimental data tabulated in this paper. 


to see that the results predicted by equations 


In closing, the writer would like again to congratulate Dr. Beren- 
son for obtaining the experimental data and for extending the 
analysis to the entire film-boiling region. 
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References only applies for laminar flow Due to the small wavelengths 
P. J. Ber ransitional Boiling Heat Flux,’’ AIChE — j.e., flow path length, laminar flow probably exists in most prac- 


en | . ‘ afer onference ffalo if 
i ! ' Conference, Buffal tical cases. However, this should always be verified if there is 


ASME any doubt 
The author wishes to take this opportunity to thank Dr. Zuber 
urther Remarks on the Stability for his work on the stability of boiling heat transfer, which origi- 
AEC Report AECU 3631, U. 8. ABC 
ition Service, Oak Ridge, 1958 
Hydrodynamic Aspects of Boiling Heat Transfer 2 : : 
$439, U.S. AEC Technical Information Service, ence in interpretation ol the application of the foregoing instabilit, 


ng Heat Transfer 


nally suggested the importance and application of Taylor- 
Helmholtz instability to boiling heat transfer. The one differ- 


f to boiling heat transfer lies in the selection of the wavelength. 

7 -deaoweny b “ = a The author feels that while there is a range of visible wavelengths, 

‘in — ; the average value will always be close to the most unstable wave- 

: length given by equation (24 The growth rate of the first 

Author S Closure critical wavelength given on the left-hand side of equation 15 

Phe author wishes to k both Drs. Yih-vun Hsu and Novak is zero; therefore, it should never appear. The author once 
er ior their ¢ ment Hsu pomnts out the analysis iain thanks Dr Zuber for his comments and contributions 
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An Integral Treatment of Two-Phase 
.c.v.kon | Boundary Layer in Film Condensation 


Aero-Space Division, ; 

Boeing Airplane Company, By using the integral method, the task of solving the complicated two-phase boundary 
Seattle, Wash. layer differential equations in laminar-film condensation has been reduced to the simple 
work of solving an algebraic equation. It was shown analytically that the parameter 
[(pu) ,/(pu).|'/* can be removed from the film-condensation problem and hence only 
wo parameters, Cp AT /h,, and Pr, are involved. The calculated results in heat transfer 
and condensate flow rates agree very well with the results from the exact solution of the 
boundary-layer equations. With |(pu),/(pu),|'/2 remaining as a parameter, it is be- 
lieved that the present method can be used to solve the analogous two-phase boundary- 

layer problem in laminar film boiling. 

J g 


Introduction 1 To present some simplified equations through the integral 
L method for the solution of the two-phase film-condensation 
AMINAR film condensation on a vertical plate was 


problem. 
first analyzed by Nusselt [1]! in 1916 by neglecting the accelera- 2 To explain analytically that the parameter (pu)z/(pu)» can 
tion terms and the nonlinear temperature distribution in the pe removed from the film-condensation heat-transfer calculation. 


liquid film. Rohsenow [2] considered the nonlinear temperature 
distribution but continued to neglect the acceleration terms from 


Analysis 


similar problem through the framework of boundary-layer Fig. 1 is a sketch of the physical model and co-ordinate system. 


the equation of motion. Sparrow and Gregg [3] treated the 


theory. However, they neglected the drag force at the liquid \ vertical plate at a constant surface temperature 7’, is suspended 
vapor interface Recently, Koh, Sparrow, and Hartnett [4 in a large volume of pure vapor at the saturation temperature 7’,. 
analyzed the film condensation problem by solving the complet We shall assume that at steady state there exists continuous 
liquid and vapor boundary-layer equations simultaneously. They  /#minar liquid and vapor layers, simultaneously. The integrated 
found that for a liquid with large Prandtl number, or liquid with ©™omentum equation for the liquid layer is as follows: 

small Prandtl number but also small c,A7/h,,, the interface drag 

exerted on the liquid by the vapor is negligibly small. However, 

for a low Prandtl number liquid and large c,A7'/h,,, the caleu- 

lated heat transfer based on the assumption of negligibly small 

shear stress at the interface is too high by as much as 25 per cent 

Surprisingly, they also found that the parameter (pu), /(pu), does 

not have a significant effect on film condensation heat transfer 

The purposes of this note are twofold: 


' Numbers in brackets designate References at end of paper 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society oF MecHanicaL ENGINEERS., and presented at the Winter y iauid 
Annual Meeting, New York, N. Y., November 27—December 2, 1960, 1 Fim 
Manuscript received at ASME Headquarters, August 26, 1960 


Paper No 60—WA-253. Fig. 1 Physical model and co-ordinate system 


Nomenclature 





coefficient for the liquid layer ve- Pr Prandtl number, 4,C,/k, B constant of proportionality equa 
locity profile q local heat-transfer rate per unit tions (4) and (13) 
9 PL — Pr ; area 6 = thickness of condensate layer 
Ee p1 ] T temperature A= 
specific heat at constant pressure velocity component in z-direc- layer 
9 PL_-P ‘ tion absolute viscosity 
E O1 velocity component in y-direction kinematic viscosity 


X, = density 
acceleration due to gravity 
defined in equations (6) and (7), 


thickness of vapor boundary 


local heat-transfer coefficient, : 
q/T, - T. respectively 

latent heat of condensation , co-ordinate measuring distance  S#®seri™s 

coefficient for the temperature along plate from leading edge , liquid 
profile co-ordinate measuring distance at y or z equal to 0 

thermal conductivity of liquid normal to plate s = saturated 

local condensate flow rate y—6 vapor 

local Nusselt number, Nu, constant of proportionality, equa- » = wall 


hz/ky, tions (3) and (12) § = at the liquid-vapor interface 
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(= 
y 
. 4] 
Ou = Be » 
- v1 ( ) + g & =F (1) 
oy 0 PL 
issume the velocity profile to have the following form 
9 Pr — pP, ( y ) 
Vr Pr us \ 6 
l 1 —p, 3 y \3 
(1-04 9 Pu — Pr ) ( ) (2) 
2 v, PL us 6 


foregoing equation satisfies the following conditions: at 


0, and v (24) - —»"! —Pe. at y = 
oy? pr’ 


me that u; and 6 take the following forms: 


Notice the 


“= Ug 


faye, *x’* 


(4) 


If ju 


ind differentiation are carried out, we get 


ation (2) is substituted into equation (1) and the integra- 


tior 


X;? 
ar 
The 


written as follows: 


integral momentum equation for the vapor layer can be 
+S . 
d a , do 
Ir so a 


(5) 
— ut -—p 
. vs Oy /s 


dé dé 
Using the boundary condition | pr, pu, ) ( pw, — pu, ) 
ai ‘ 5 


equation (2 


(62 [i uiv) 


. 


and the liquid laver velocity profile it is easy to find 


> 


> _ 
4 TP eet ‘(a + | 


Hence the integral equation 8) becomes 


] 3 B,? 
| Bre rPrY x ‘(a + 1-— ) 
p 4 ba, 
(> 
v. ) s Q 
Oz / i 


We shall assume that the velocity profile, interface velocity, 
ind vapor layer thickness take the following forms: 


(10) 
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substituted into 


l 3 
(« +1-— | Bi ) 
6 a, 


a, B,? 


Using the definitions of cz, and c,, and the boundary condition 
(us); = (us),, it is found that 


(<)*(2 y (45) 

¢, v, Py | 
ay a 

Hence equation (14) can be solved for 8, to get 


3 Cools ( 1 By, 

_= s+ i- 

p ce | (pu), ‘ 6 ay, 
“B/a 


—-14 1 + - 


js | (PH)r 4 7. 8, \? 
\ Fiuce | (pu), («0 6 a } 


° 


to (13) are 


If the relations of equations (11 
equation (10), one gets 


stad RAGA 


1=0 (14) 


(PH) 1 
(pu) 


In condensation problems, the last term under the square root of 
equation (17) is much less than one. Thus, by binomial expan- 
sion, 8, can be correctly expressed by the following equation: 

8 1 1 1 


= — (18) 
30,8, 


1 2 
(a eye By, 
6 ay, 


By substituting the velocity profiles for both liquid and vapor into 


| (pH), 
(PH), 


: Ou 
the boundary condition (u ) = 
oy 


ou J 
— at interface, one 
L oy), 


gets another expression for 8, 


By 


(2. — 3 


Equating equations (18) and (19), 


B,* am 
+ 3a,B,? = 
ar ~ 


16 — 3a,8,? 


-5 =) 


one gets 


8, = —— 
(pH) 


(pp) 


24+ 4 B,* 


L 
cancels each other [see equations 


(pe 
Hence the parameter y 


(pu), 
18) and (19)} 
This explains the numerical results of reference [4] that this 
parameter does not have a significant effect on condensation heat 


and does not appear in the condensation problem. 


The combination of equations (5) and (19) gives 


J 7. 
By + 3a,8,? — - B;' 


> 
a - 
EE —— (20) 
16 a 3a,8;? 


transfer 


, : 24+ 4 
9 (x, + V Xi+X:) 


Where X; and X; are functions of a, and 8, as defined in equa- 
tions (6) and (7). 

As shown in reference [3], the liquid layer thickness 6 (and 
hence §,) is related to the physical quantity c,AT/h,, and can 
be considered as a parameter and, consequently, equation (20) 
allows us to determine a, (and hence ug) for any given 8, (and 
hence c,AT/h,,). Once a, is found, the heat transfer can be 
found by solving the energy equation. The integrated energy 
equation can be written as follows: 
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tape ee Ky oT oT 
u(T — T,)dy ( = (21 
dz Jo Pic, L\ Oy Js oy Jo 


Assume that the temperature profile has the following form: 


(= 2)0)e6-9)(2) 


Notice that the foregoing temperature profile satisfies the boundary 


2 
and @ 


'-T 
0 =<, = 
T,-—17 


w ‘ 


1 and 
Oy 
We can now substitute equations (2) and (22) into equation (21) 
to get the following equation for the computation of A 


conditions 6 = 0 at y = 0; Oat y = 6. 


1 1 l 17 3a 17 B,? 
2 Pr a,B;? 140 140 1680 a; 
2 ~ 11 B,? 1 l 
+ a (es +. 
35 105 840 a, Pr a, B,? 


oT 

The energy balance at the interface, k( ) pyh 
Oy /s 

AT 


ly¥g 


3 2 l : 
peo 1 Hit) cm 
8 K 6 a, 


The heat transfer from the liquid film to the wall can be cal- 
culated by the following equation 


4p,v,? ‘ 
Nu | , PLYy ] 
gp, — p,)x B 


ar 


a 
udy provides the following expression for 


Fig. 2(@) Local heat-transfer results (low Prandtl number) 


Ty 


— Present Caiculation 


~ Exact Solution (Reference @ 


Fig. 2(b) lLecal heat-transfer results (high Prandti number) 
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tC) 
The condensate flow rate, M i} p, udy, can be calculated 
0 


from 
M 


4 
PLY ie Le 


= a, B, (« +j]— 1 B.* ) (26 

, 6 a, 

Hence, for any prescribed 8,, one can determine a, from equa- 
tion (20). For any given Prandtl number, one can then calculate 
K, c, AT/h,,, heat transfer, and condensate flow rate from equa- 
tions (23), (24), (25), and (26), respectively. This will enable us 
to construct graphs of heat transfer and condensate flow rates as 
a function of c,AT ‘hy, with the Prandtl number of the liquid as 
a parameter. 


Results 


The results of heat-transfer and condensate flow rates at various 
c,AT/h;, with Prandtl number as a parameter are shown in Figs. 
2(a), 2(b), and 3(a), 3(b), respectively. The corresponding values 
from the exact solution of the boundary-layer equations as re- 
ported in reference [4] are also shown in the figures for compari- 
son. It is seen from these figures that the results of the simplified 
calculation agree with the exact solution very well. The maxi- 
mum deviation between the present results and that of reference 

4) is about 5 per cent. Since the governing equations for film 
boiling heat-transfer calculation are identical to those reported in 
this note except that (pu),/(pu), is replaced by (py),/(pu), for 
the boiling case, it is believed that the present method can be 
used for the film boiling heat-transfer calculation. Since (pu) 
(pu), is much less than one, it is expected that this parameter 
would play an important role in the film-boiling heat transfer. 
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Fig. 3(a) Local condensate flow results (low Prandtl number) 
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Fig. 3(b) Local condensate flow results (high Prandtl number) 
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Introduction 


N RECENT years the problem of oscillations in boiler 
tubes, natural-circulation loops, and two-phase flow chemical 
systems has become of great interest to engineers. Experiments 
have been performed and results are available in the literature, 
but there is still a shortage of adequate theoretical understanding 
of the phenomena. 

Often, the onset of oscillations represents the limit of operating 
conditions for a given system. Several rules of thumb are availa- 
ble for precautions which should be taken in the design of such 
systems and for the kinds of modification to a given setup which 
will tend to cure the instability. What is now needed is a logical 
theoretical basis for the prediction of system performance in ad- 
vance and for systematic optimization of the various parameters 

The problem is not a simple one. Even steady-state theoretical 
predictions of two-phase flows are still inadequate for many de- 
sign purposes 

What we attempt to do in this paper is to present mathematical 
models for a few of the common types of oscillation found in two- 
phase flow systems. The analysis was originally derived in the 
course of consulting work to explain the behavior of a particular 
experimental apparatus and has no claim to complete generality 
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Nomenclature 


Oscillations in Two-Phase Flow Systems 


This paper contains a mathematical analysis of three modes of oscillation of a simple 
two-phase flow, natural-circulation system, together with qualitative results of expert- 
ments with a small-scale loop model 


although it is felt that similar procedures could be applied to dif- 
ferent systems. 

The basic approach is to consider the loop as a dynamic system 
of nonlinear time delays, storage elements, and resistances. 
Standard methods of control-theory analysis can then be applied 
to predict the onset of instabilities. 

Previously, the greatest difficulty has been the analysis of the 
dynamic response of the heated section. The usual approach has 
been to write the partial differential flow equations in Eulerian 
form, specify the boundary conditions, and use a method of small 
perturbations to linearize the problem. 
tions or “lumping”’ procedures are often employed and can give 


Engineering approxima- 


good results in some cases. 

If the same problem is formulated in Lagrangian terms, it is 
found that the usual trouble experienced with mixed partial dif- 
ferential equations in space and time co-ordinates can be over- 
come by expressing the position of a fluid particle in terms of a 
“residence time’’ in the parts of the system and integrals over 
time. This approach was first used in 1728 by John Bernoulli 
[1], who was led to a study of difference-differential equations 
[2]. The integral formulation has the virtue of including the 
boundary conditions in the equation and showing the “‘cause-and- 
effect’’ nature of the problem. 

A small perturbation technique 
is used to obtain tractable operational expressions and a Nyquist 


The equations are nonlinear. 


locus [3, 4] technique is used to investigate stability whenever 
simple criteria cannot be derived. 

Apart from the mathematics, attempts are made to explain the 
mechanism for oscillations in physical terms. These qualitative 
descriptions are borne out by experience with a simple glass loop 
which was constructed at Microtech Research. The design and 
operation of the loop is described in a later section. 


4 Numbers in brackets designate References at end of paper 





= flow area 

pipe-flow area of heater 
= pipe-flow area of riser value of ¢ 
heater-tube length 
heater axial spatial co-ordinate 
enthalpy of vaporization 


time 


total length of riser 

height at some point in riser 
loop inertia - t—t 
heater perimeter ing fluid 
volume rate of liquid flow to riser velocity 
from heater volume 
volume rate of gas flow to riser 

from heater 


perturbation exponent 
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residence time in riser for fluid 
just leaving 


at A H 


time to remove subcooling from 
entering liquid 

time a given fluid particle starts 
evaporating 


, transit time of evaporat- 


bubble rise 
water velocity in slug 


bubble absolute velocity 


liquid velocity at entry to heater 
at time ¢ 
liquid specific volume 
vaporization specific volume 
mass-flow rate 
quality 
length to end of subcooled re- 
gion 
h-y 
P,ov,,/Ashs,, parameter charac- 
teristic of heated section 
symbol for perturbations or in- 
crement 
heater heat flux 
= density 


velocity relative to 
= density of liquid 
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It is hoped that this work will provide food for thought and 
progress in the study of two-phase flow oscillations. 

No attempt has been made to explain oscillatory behavior 
which is a result of flow-regime transitions. The mechanism in 
this latter case is probably the interchange of energy between the 
two flowing phases 

It should be stressed that any analysis of this kind must be 
This im- 
plies the introduction of control-theory concepts, such as transfer 
Steady-state results 


based on the dynamic response of system components. 


functions, which are frequency dependent 
only predict stability criteria for zero frequency disturbances and 
may be quite misleading if applied to general stability analysis 


Pentane Natural-Circulation Loop 

The model which was used for the qualitative study of oscilla- 
tions is shown in Fig. 1. The construction materials were glass 
and Tygon tubing throughout. Pentane was chosen as a work- 
ing fluid because of its low boiling point at atmospheric pressure, 
97 deg F. Glass stopcocks were used to control the flow rate 
and provide flow restrictions at several points in the loop 

Heat is supplied to the boiling section by forced convection 


The 


arrangement of heater, riser, condenser, pressurizer, and control 


ising hot water; the vapor is condensed with cold water. 


valve is typical of similar research devices elsewhere. 

The model does not represent fully the behavior of a typical 
Heat flux is not 
constant in the model, being a function of pentane velocity. In 


high-pressure boiler loop for several reasons. 


ddition, there is the possibility of flashing occurring in the riser 
us the liquid head drops. Nevertheless, it was remarkable how 
well the loop demonstrated the types of oscillations analyzed for a 


constant heat flux and constant-pressure system 


Oscillations Due to Changes in Riser Buoyancy 


Description. The first mode of oscillation which we shall con- 
sider is that in which cyclic variations of vapor content in a long 


The riser 


cts essentially as a buoyancy capacitance with time delay while 


riser cause periodic fluctuations in the loop flow rate 


the rest of the loop contributes frictional and inertia terms 

This kind of oscillation is likely to predominate when a long, 
arge-diameter riser is used with a short, small-diameter heated 
section. In this case the response of the heater to a disturbance in 
flow rate is rapid compared with the period of loop oscillations 
Steady-state results may be used to describe the conditions in the 
single-phase part of the loop and in the heated section while the 
dynamic transients in the riser have to be considered in detail 
There is no buoyancy term associated with the condenser or vapor 
separator. It is assumed that pressure drops in the elements of 
the loop are so low compared with the absolute pressure that 
compressibility effects and changes in fluid properties can be ig- 
nored 

4 sketch of the heater and riser is shown in Fig. 2. 

Analysis. Let boiling start at a distance y up the heated sec- 
tion. The flow rates of vapor and liquid leaving the heated 
section are then given by the equations 


Pov, | 


H — y) 
0 h y 


Q H — yA, 


fe 


Aya 
Q,=|W- ah (H — y) |», 
fo 


For constant subcooling at entry to the heated section and con- 
stant heat flux, any given fluid particle will take some constant 


time (, to start evaporation (i.e., to lose subcooling): 


Vol (3) 
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Fig. 2 Heater and riser 


The time spent by the gas in the riser is given implicitly by the 


L= f , V .(t)dt (4) 


where 7 is the residence time in the riser for vapor which is" just 


equation 


leaving at! = Land V, is the gas velocity in the riser. In general, 
V , will be some function of Q, and Q,. 

A long vertical tube in which a mixture of phases is flowing at 
low velocity provides ideal conditions for the development ‘of 
“slug flow.’’ For this example it is assumed that the equations 
derived by Griffith and Wallis [5] for slug flow apply to the riser, 
in which case 

Vv, + @s i We (5) 


where V, is the bubble velocity for slug flow. 
The total vapor volume in the riser is given by the equation 


t 
G = f p Welbat (6) 
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From (1), (2), and (5) we can calculate V ,: 


A,pa(H — y)/vs, + v, (We — A,a(H — y)/v;,) 


Yet A 


r 


Using (3) and substituting for W in terms of V» this becomes 


A 
+ Vo : 


V,+ aH A, > 


(1 — at,) 


We are now in a position to calculate loop dynamics: 


Pressure drop 
around whole loop = 0 


= acceleration term + friction term 
— buoyancy term 


The quantity M represents the unit of change of loop pressure 
drop per unit rate of change of inlet velocity to the test section 
and is calculated as described in the Appendix. 

The term f(Vo) is the total steady-state pressure drop in the 
loop, apart from the riser, as a function of throughput velocity 
with the other parameters remaining constant. It is essentially a 
friction term, but also incorporates the effect of buoyancy varia- 
tions in the heated section. 


From (3), (6), and (1), 


(H — Vot,)A,dt (10 


In steady state (dV,/dt) = 0, and V, and V, are constant. Thus 


we have, from (4) and (8), 


A, 
L =T [ V+ ant 7" + V 
and hence the value of T 
Consider a small perturbation AV, in the inlet 
the heated section. 


velocity 
Equation (9) becomes 

dAV, of 
/ 


+ —- AV, — Ag “4 —"¥ 12 
dt ot 


\ 


For a given loop (0f/0V>) may be obtained from friction-factor 
data or experimental results at the particular operating point 
The perturbed form of (10) is 


AG = ar |“ (H - VAs | . | er 
Vig Jt-T "So 


and the perturbed form of (11) obtained from (4) and (8), 


A, , . 
(1 at,) AV,dt (14) 
i, t—T 


Eliminating AG and AT from (12), (13), and (14), we eventually 
obtain an equation in AV, alone. 


t,A,AVedt 


AL = 0 = ATV, + 


dAV, of . 
M — + — AV,+8 AV,dt = 0 
dt OVe ‘-T 


with 


8 = (py — py) | av(H — Vot,)A,* 1 — att,) 
1 vA,V, 
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Equation (15) may be investigated for stability by putting AV» 
= €e*': thus, 


of 5 
| a + OV, + : (1 — e7*7 | ee’ = 0 


The system is unstable if the roots of equation (17) for s have 
positive real parts. 


(17) 


In that case 
i and equate real and imaginary parts of (17) to zero 


For the limiting case, s will be pure imaginary. 
let s = 


—Mw? + B(1 — cos w7') = 0 (18) 


of 


Sv,” + Bsin w7 = 0 


(19) 


If now, equation (18) is solved for w and the result substituted 
in (19), we have a criterion for (Of/O0V,) which the loop must 
satisfy for marginal stability. Higher values of (O0f/O0V,) increase 
the system damping and hence, the stability. 

This kind of oscillation was observed in the pentane loop when 
flow restrictions were reduced to a minimum and the main control 
valve was wide open. The cyclie variations of vapor build-up 
and flow rate were clearly seen, as well as the phase lag between 
them. Periods for this type of oscillation were in the neighbor- 
hood of 10 sec and are, in general, of the order of the transit time 
of the vapor in the riser. 


Oscillations Excited by the Heated Section 


Heated-Section Dynamics. The heated section has complex dy- 
namic characteristics, including the effects of time delay, ac- 
celeration, friction, and buoyancy. The first step in considering 
oscillations which have their origin in the heated section is to 
write the equations describing the physical phenomena occurring 
there. In this chapter the behavior of the heated section is de- 
scribed mathematically. Application to the stability of a natural- 
circulation loop and the problem of ‘‘chugging”’ in boiler tubes are 
then considered. 

Analysis. Consider the straight, vertical, constant-area heater 
tube shown in Fig. 3. It is assumed that the tube is operating 
with steady, uniform heat flux and that the slip velocity between 
the phases is negligible. In general, the inlet liquid will be sub- 
cooled and in this anulysis we shall assume that subcooling is 
constant 

For a high-pressure system local changes in pressure will have 
i negligible effect on the fluid properties. 
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Fig. 3 Heated section 
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Let boiling start at a distance y up the tube. 
Thus, 


A fluid particle 
takes a given time ¢, to lose subcooling if V> varies with 


time, 


yit -{ Vo(r)dr 20) 
t ly 


Consider an element of fluid of mass m which is flowing up the 
heater and boiling: 


VU cu ft 


Volume of element 


Evaporation rate = @ 


1 Pp 
US, lb/hr 
. he 


dr evaporation rate 


dt m 


oP, 


Gg = Por @ L,hy, 


Equation (21) can be integrated to give 


where ¢ is defined as the time at which z is zero; i.e 
In fact, ¢ 
evaporate and may be treated as a parameter identifying that 
fluid element 


is the time at which a given fluid element starts to 


Let z be the co-ordinate of a fluid particle at time ¢. 
Consider a control volume of fixed length z’ with its lower 


y and with z’ chosen so 


dt 
i, (v, _-— ) 
dt 
dz 
di 


boundary moving with the interface at 
that z = 2’ at time ¢ 


Volume flow into control volume = 


Volume flow out = 1, 


Volume generated by boiling = A,az’ = A,az 


volume balance for incompressible flow, 
dz 
dt 


Substituting equation (20) gives 


dz 
dt 


The solution to equation (24) in integral form is 
1 


- 
» id 


where again z = Oati =f 

At any time ¢, the position, quality, velocity, and acceleration 
of a given fluid element may now be calculated in terms of the 
parameter 4 and functions of V,. From these values the fric- 
tional, acceleration, and gravitational pressure drops can be com- 
puted. For example: 


Fluid velocity at h 
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From (2: 
(26a) 
V = ah 


— ay (266 


V =ah—-a f Violr)dr + V(t 
t th 


Fluid acceleration at h 


From (: 


From (26a) and 


From (20 


' : t dV,(t 
= ath — a? Vi(r)dr + aV,(t — t,) 4+ 
ent dt 


and from (22 


p(t, &) = pre~ e*-% (28) 


For the fluid which is just leaving the tube h = H; from (20 


and (25 


t, dr 


(29 


where T, is the value of t forh = H. This equation gives T» 
implicitly in terms of H. 
The total pressure drop through the tube is given by the equa- 


tion 


H fA"? , 
jfeV? pd { 
AP = . + + > dh 
f | 2gD g dt ae | : 


where f is the appropriate friction factor 
At any given time ¢ we can integrate over the variable t 


writing 
oh 
dh = dty 
ot ‘ 


Formulation of the equations for the heated-section dynamics is 
now essentially complete. The equations can be used to predict 
heated-section response to flow perturbations with the boundary 
conditions of the particular problem under consideration. One 
such problem is the pulsing of flow in boiler tubes; another the 
flow oscillations in a natural-circulation loop. 

Loop-Flow Oscillations Caused by Heated-Section-Exit Pressure Drop. 
Equation (30) can be used as it stands, and in combination with 
equations describing the behavior of other elements in the loop, 
to derive criteria for the stability of a natural-circulation system. 
The resulting equations are rather complicated and the final 
stability criterion is not easy to interpret physically. There is 
also considerable doubt about what is actually meant by the 
“friction factor’’ which we have conveniently used up to now in 
the analysis. It is better in many cases to consider each particular 
system on its merits and to try to simplify the equations. 

The following section describes a modified approach which was 
derived for a specific application in which most of the loop pres- 
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sure drop was associated with a constriction at the top of the 
heated section. The results also give an insight into a possible 
mechanism for oscillations, even without the presence of a con- 
striction, since in many practical systems most of the pressure 
drop in the heated section occurs near the exit where velocities 
and shear stresses are high. 

Under these circumstances the mechanism for oscillations is as 
follows: As the flow rate changes, vapor is accumulated in the 
heated section while the flow rate is low. This vapor ‘“‘plug’’ gives 
rise to a decrease in \ressure drop when it reaches the heater exit. 
An increase in flow rate results. The flow surge is stopped as new 
subcooled liquid flows up the heater and reduces the exit quality, 
while the exit velocity is still high. 

The oscillation frequency is governed by the time taken by 
the heater to complete its thermal and hydrodynamic cycle. 

tesults of preliminary tests in the Microtech Research pentane 
loop also show that the effect of a constriction above the exit 
from the heated section is to induce instability. A piece of 
high-quality fluid passing through the constriction causes the 
pressure drop to decrease considerably. This increases the flow 
rate but there is a time lag before the quality at the constriction 
is affected. Instability can result. 

The period of oscillations of this type is of the order of 1 to 2 
sec and is, in general, approximately equal to the transit time in 
the heated section. 

Mathematical Model and Assumptions. For a simplified model of 
the loop, we assume a flow constriction located at the end of the 
heated section. In deriving the dynamic equation for the loop, it 
is assumed that the change in friction drop in this constriction is 
the only driving force, and that this force acts on the inertia of 
the system. 

Analysis. With the previous notation, consider a small pertur- 
bation in flow rate so that the inlet velocity to the heater may be 
written 


From (20) and (25) 


(8 — @) 


where (,, = ¢ fo is the transit time from instant of evaporation 
to the point z for the fluid element now at z. 


The velocity perturbation at a given h is calculated from (26c): 


a ‘ . - 
| - (1 e~ **) 4 1 | ee" for h>y 35 


It is, in fact, constant along the tube. 


AV = 


The density perturbation is calculated from (28): 
Ap = pje~*( —aAt,,) 
apAt,, 


The perturbed form of (29) at constant h is 
Ah = 


+ Voe™ At,, 


At,, may now be eliminated from (36) and (37) to give 


— st, st 
ap a a eat ~ P 
- ; (1 — e‘® *) | €e* (338 
Vee* 8 s-@ 


Let us now assume that the pressure drop at the exit varies as 
the product pV? for small variations about the operating point. 


Ap = 
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This is equivalent to assuming that the friction factor is a weak 
function of quality. At the exit t, = T,,. 
Denoting the steady-state two-phase exit pressure drop by F 


we have 
2AV 
AF « r| 4 , 24 ] 
p J 


Ap and AV may now be eliminated with the use of (35) and (38) 


to vield 
— ea ote) 


~ ato) 4 1 |b es (40) 


ee e %) ft 2| ee"! 


(41) 


(39) 


The dynamic equation for the loop is 


Msee*' + AF =0 (42) 
where M is the equivalent loop inertia. Equation (42) may be 
written in the standard form 


AF 
1 + €e"' 
M see" 


(43) 


The stability criterion is now derived from the study of the 
yquist locus of the transfer function [3, 4]: 


AF _ F Fa st 


1 esa 8) Tw) 


ca . ( 
Msee** MVoe®™ | s(s — a) 


9 
“(i — en) + = | (44) 


s? 8 


The Nyquist locus is a plot of Y(iw) in the Argand diagram. In 
this diagram, a simple criterion of stability is that the locus should 
not enclose the point (—1, 0) as w takes on all real values. To 
plot the locus we have 


F Ata — &) twtr aly, — iwT a 
= é (l — € t ) 
MVe%? | wa? + w?) 


a 2a tar 
7 =(i ~<¢@ ) (45) 
w? w 


If we write Y = U + iV, and separate real and imaginary parts, 


it is found after some algebra that 
F J @ bal. 
MVe%7" lula? + w?) 


[(l —« cos wT',,) 


w cos wt, + a sin wt,) — (@ cos wt, + w sin wt, e2T sin wT’ | 
a > 

(1 — cos wt,)¢ (46) 
w? f 


F {| a 


_ 7 . [ aTy cos wT',,) 
MVye*** lwla? + w?) 


a cos wt, + w sin wt,).+ e%7* sin wT7',,( —w cos wt, + a sin wt,)) 


9 
sin wt, — (47) 


; 
w? 


The equations lock complicated but they may easily be solved 
by graphical means. Note that Voe*?" is the exit velocity from 


the heated section. M is the loop inertia calculated as an equiva- 
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The factor F/(MV e*"*) 
If F is increased, the locus 
increases in size and approaches instability. If the loop inertia 
These results are in- 
tuitively reasonable since F represents an exciting force and M 
an inertia or inherent sluggishness of the loop. 


lent mass moving at the velocity V». 
scales the size of the Nyquist locus. 


is increased, the loop stability is increased. 


The function 


MV ye*"« 
V (iw sec 
F 

is shown in Fig. 4 for the parameters of a typical natural-circula- 
tion loop. The predicted criterion for stability in this case, in 
which there was a large pressure difference associated with the 
exit end of the heated section, agreed well with experimental re- 
sults 

In this particular case, instability is approached rapidly as the 
heat flux is increased. This is fortunate, since it enables a safe 
maximum operating heat flux to be designated within close 
tolerances 

Metheds of Curing Oscillatory Behavior of This Kind. Since the 
Nyquist locus is sealed by the factor (F/MV,), stability can be 
increased by the following three techniques: 

1 Increase loop inertia 

2 Decrease the pressure drop associated with the heated 
section, and particularly the heated-section exit. 

3 Increase the over-all throughput velocity by lowering the 
average friction factor. This means that the flow should be ob- 
structed as little as possible. 


Parallel Channel Oscillations 

The equations developed in the preceding section may also be 
applied to the problem of chugging in boiler channels. A 
previous analysis of this system has been presented by Quandt 
[6], who was able to arrive at a solution by lumping tech- 
The following analysis uses the Lagrangian method. 
For this problem, the boundary condition is that the pressure 


niques 


drop across the heated section remain constant. 
Equation (30) is written in perturbed form: 


‘V AV, y dV, H 
jo = p, Ww + y + Ap [: 
gD g dt ” 
1 dV fv? H TfVAV 1 AdV 
dh + p + dh (48 
2gD » gD 


q dl g dl 
lo evaluate the integrals we need the values of V, p, dV /dt, 
AV, Ap, AdV /dt at points along the tube: 


V is given by (26c) or (26a) 


J ah + Vol — at,) (49) 


az + Vy (49a 
Vi e* from (496) 


™ (50) 


i 
| from (34) 


(50a ) 


Ap by (28) and (38) 


ap, fi — @~h 


“ee Vipera L 8 


a a) | ee" (52) 
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Fig.4 Typical Nyquist locus for 1200-psia water loop Y(iw)(MVve*! "/F) 
sec 


AdV 
dt 


by (27b 


AdV : a? 
dt 8 


by (27a 


(l —e« ) + amt + 5 |e (53) 


dv 
dt 


dV 
dt 


= aV, e™ (54) 


Now, at any given time ¢, each particle may be described in 
terms of the variable ¢,. Hence integration over h may be 


transformed to integration over /,, by means of the substitution 


(=) 
te, 
t t 


which gives, from (33) and (34) 


dh = 


(55) 


dh = (Ve + small terms)dt,, 
Voe™dt,, 


since the perturbation is assumed small. 
The first integral appearing in (48) may now be evaluated 


Ys , 1 dV a) “ 
. ? g dt 2gD ‘ 
y 
fr +? 
= cap, 1 + : 
0 g 


ats — sty 


{Vo 
2gD 


2aty 
ea) 
e 


+ (1 — e*— lr) |e otrdt, = (56) 
(s — a) 


; ‘A «mae sty) : e~ ste 
= ¢€e | C, + C,;— 
s (s — @) 
_ @ tte(e(2a—8) Te oo %) 
(2a — s\(s — a) 


- als 
3 = (ea-9)Te = | (57) 
s— ) 


For the second integral it is found easier to work in terms of z. 
Substitution from (49a), (50a), (51), and (53) yields 
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ad (a 1 ) 
p oa dh 
: gD g dt 
jf(az + Vo) 


= €¢"' — Py 
0 (1 =) \ gD 


2 V, 


1 —a? 
| -(l—-—e *) | + ae + sh ae 
gls 


C 
= ce! | 06 + Ce 4 Cys + (1 -e)| 
8 


Equation (48) can now be put in the standard form 
0 = [1 + Y(s)lee* 


and the Nyquist locus drawn to investigate stability. 

The form of the final transfer function is rather complex 
In particular problems it may be possible to neglect some of the 
terms but in general there is no way of telling what kinds of ap- 
proximation are justifiable. Once the calculation procedure is 
set up, the plotting of the Nyquist locus is a fairly simple matter 


Oscillations Caused by a Restriction at Top of Riser 


Description. When a tight flow restriction is placed at the top of 
the riser so that the liquid in the upper horizontal leg cannot 
run back, a peculiar mode of oscillation is observed. The heater 
blows back strongly and circulation stops. The liquid in the riser 
runs back into the heater and evaporates. 

The vapor, bubbling through the remaining liquid in the riser, 
escapes through the restriction to the condenser. The vapor 
volume in the system increases; the increase is taken up in the 
pressurizer. This continues until the riser is completely dry; 
then the liquid in the cold leg flows up through the heater; the 
The 
period for this type of oscillation for the pentane loop averages 
about 2 min. 


boiling mixture enters the riser, and the cycle begins again. 


This type of oscillation graphically shows the effect of high 
pressure drop in the two-phase section of a natural-circulation 
During part of the cycle the driving head is at its maxi- 
mum since the hot leg is all vapor, yet there is no circulation be 


system. 


cause the pressure drop at the restriction is so high. 
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APPENDIX 


Consider a series of frictionless connected pipes of area A» 
length /;, containing fluid of density p;, moving with velocity V, 
across which the pressure drop is Ap,. 


For fluid acceleration in one pipe 


pA; dV; 
eta a 
we q dt 


For continuity of flow 
PiViAy = prAVy (61) 


where the A subscripts refer to heater inlet. 
Elimination of V; from (60) and (61) and summation over-all 
pipes vields 


A, l; dVo 

p> Op; = ) 3 = ; ae 
PrAy l; 

M = x. . 
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theory 


forced-convection film boiling on a flat plate 
flow problem can be formulated exactly within the framework of laminar boundary-layer 


Solutions covering the parameter range of practical interest have been obtained 
by a combination analytical-numerical method 


are presented both graphically and as simple, closed form analytical expressions. 


It is shown that the resulting two-phase 


Heat-transfer and skin-friction results 
Rela- 


tive to the case of pure liquid flow, the skin friction is substantially reduced due to film 


botling 


The heat transfer is found to increase as (AT) /*, a much smaller dependence 


than in other convection phenomena. 


Introduction 


P.... 10U8 analytical studies [1 to 5)? of film boiling 
have been concerned with the situation where the fluid motion is 
generated by gravity forces and forced convection is absent. In 
the present analysis, consideration is given to film boiling in 
forced-convection boundary-layer flows where gravity forces are 
negligible 
in the 


One example of where such a situation may arise is 
motion of a previously aerodynamically heated surface 
through water. In another application, film boiling is actually 
being considered as a means to reduce the drag experienced by 
bodies moving through liquids 

Che physical situation which has been chosen for study here is 
the laminar boundary-layer flow over a flat plate as pictured in 
Fig. | 


\ stream of pure liquid approaches the plate. Under the 


influence of a sufficiently high surface temperature, film boiling 
occurs, and there thus coexist liquid and vapor boundary layers 
The surface temperature will be taken to be uniform and the 


low Associate Professor of Mechanical 
taleigh, N. ¢ 
Numbers in brackets designate 


A contemporary 


Engineering, North 


srolina State College, 


teferences at end of paper. 

but approximate analysis [11] of the present 
which deals with liquid water was discovered by the authors 
at the time ol preprinting 

ited by the Heat Transfer Division and presented at the 
Winter Annual Meeting New York, N. Y., November 27—December 
2, 1960, of Tae American Soctety OF MECHANICAI 
Manuscript received at ASME Headquarters, August 1 
No. 60--WA-148 


Nomenclature 


probiem 


{Contrib 


ENGINEERS 
, 1960. Paper 


liquid is assumed to be saturated 
neglected 


Radiation heat transfer is 


The two-phase flow problem just outlined can be formulated as 
an exact solution of the laminar boundary-layer equations. Ac- 
curate solutions covering the parameter range of potential in- 
terest have been obtained by a combined analytical-numerical 
method which circumvents the need for lengthy digital computer 
calculations. 

The realities of film boiling may include such difficult-to- 
analyze factors as interfacial waviness and film instability. In 
common with prior boundary-layer studies of film boiling and 
condensation, it has been necessary to omit these factors in the 
present investigation. 


Analysis 


Conservation Equations and Boundary Conditions. The velocity 
and temperature distributions are governed by the basic princi- 
ples of mass, momentum, and energy conservation. For the 








Fig. 1 Physical model and co-ordinate system 





velocity derivative, F’(0 

specific heat at constant pressure static 

dimensionless v spor stream 
function, equation (6 

dimensionless liquid stream 


function, equation (7 velocity 


1o« al heat-transfer 


q 7 —_ va j 


“ 


coe ffic lent, tion 

velocity 

sverage heat-transfer coefficient, 
Q/x(T Fe 


thermal conductivity of vapor 


tion 


mass flow at interface 


co-ordinate 


local Nusselt number, hz// 
Prandtl number, c,u/h 

over-all heat-transfer rate 

local heat-transfer rate per unit 


srea 
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teynolds number, U.2x/v, 

temperature T 
temperature; 7'.., free-stream 
temperature 

free-stream velocity 


component in x-direc- Z 
component In 


co-ordinate measuring distance 
along plate from leading edge 


measuring distance 
normal to plate 


integration constant 


thickness of vapor film L= 


vapor similarity variable, equa- 
wall tion (6 
dimensionless vapor film thick- 
ness 
dimensionless temperature, 
—- T.)(T. — T.) 
absolute viscosity 
y-direc kinematic viscosity 
liquid similarity variable, equa- 
tion (7) 
density 
wall shear stress 


Yy, stream functions 


thermal diffusivity 


Subscripts 


liquid properties 
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vapor, which we will identify by unsubscripted properties, 
boundary-layer form of the conservation laws is 
Ou Ov 


Or oy 


= 0 


O7u 

oy? 
oT 
Oy? 


ou Ou 
or oy 


u 


Tr ~F 
u ) 


or oy 


As written, these equations correspond to a constant property 
vapor. However, it is easy to show that for a variable prop- 
erty vapor characterized by: pu = constant, pk = constant, and 
Pr = constant, the final heat-transfer and skin-friction results are 
identical to those predicted by the constant property analysis 
For simplicity, we will carry through the analysis for constant 
properties. 

The liquid has been assumed to be at saturation. As a conse- 
quence, the liquid temperature is essentially constant and the 
energy equation need not be considered. The mass and momen- 
tum conservation equations as written in equations (1) and (2 
also apply to the liquid, but now a subscript ZL is used to identify 
the properties of the liquid. 

To complete the description of the problem, it is necessary to 
give the conditions of continuity at the liquid-vapor interface and 
the boundary conditions. At the interface between liquid and 
vapor, it is required that continuity be preserved for the following 
flow-connected quantities: (a 


Tangential velocity; (b) tangen- 


tial shear; (c) mass flow crossing interface 


In references [6 and 7], it has been shown that. within the limits 


of the boundary-layer assumptions, the continuity requirements 


on quantities (a), (b), and (« 


are equivalent to imposing 


la 


Ou ) 
th 
ap 


dé ) 
t 


In addition, temperature continuity is also required at the inter 


face, so 
(4d) 


Finally, the boundary conditions imposed at the plate surface and 
in the undisturbed flow are 


y=2Q(0:u=t 


yN=> @> im U 


These matching and boundary conditions, together with the 
conservation laws, provide a complete statement of the problem 
Now, efforts can be directed toward rephrasing the governing 
equations into more tractable form and then finding solutions 

Similarity Tronsformation. ‘To bring the problem into a more 
tractable form, we introduce a change of variables by means of a 
boundary-layer similarity transformation. 


For the vapor film, the new variables are defined by 


¥ 
Vv 


O(n 


oy 


oy 


Journal of Heat Transfer 


where the primes denote differentiation with respect to the in- 


dependent variable 7. Correspondingly, for the liquid there is 


introduced 


Vv 


. Vv Ut 


: F(&) 
vpx 
with the velocities given by 
1 lvy.U. 
= |— F’ —F 
. [é } 


(7a) 


ov 
or 


and in this instance the primes represent differentiation with re- 
spect to € 

When the transformations defined by equations (6) and (7) 

are introduced into the conservation equations (1) to (3), there 

results 

(&) 

(9) 

(10) 


Equations (8) and (10) are Blasius-type equations, respectively, 
corresponding to the velocity problem in the vapor and liquid. 
Equation (9) is the transformed vapor energy equation. 

Che matching and boundary conditions may also be rephrased 
in terms of the new variables. First, it may be noted that, at the 
interface, y = 6 


it’ the 


see Fig. 1), and correspondingly the value of 7 


interface is denoted by ns. The interfacial value of & 
might also be denoted as &.. However, since the actual value of 
£ does not enter the governing equations—neither in the differen- 


tial equation (10) nor in the boundary conditions—we can, with- 


out any loss of generality, take € = 0 at the liquid-vapor interface. 


Chen applying the transformations (6) and (7) to the matching 


ind boundary conditions (4) and (5), there is obtained: 


0) = 0 ,6(0) = 


F(0) = | pe ] (ms) 
(PB), 


F’'(0) = 


plate surface: ‘(0 f’ (lla) 


f'( ns) 


pong) -| pu ] "mg 
(PM); 


A ns) = 0 


interface: 


free stream: F’ — 2 as g (lle) 


Che ordinary differential equations (8) through (10) together 
with the boundary conditions (11) provide a complete set for deter 
mining the three unknowns, provided that three parameters are 
specified. Two of the parameters, the Prandtl number Pr and 
the matching ratio (pu),/pu are tabulated properties of the fluid 
Che other parameter ys, which is the dimensionless thickness of 
the vapor film, would not be known a priori. It is therefore ad- 
vantageous to replace it by another group which would pre- 
sumably be known as a part of the specification of the problem. 


From an energy balance at the interface 
oT 
OY 


= mh (12) 


—k 


where m is the mass flow across the interface and h,, is the latent 


heat 


Taking m from the right side of equation (4c) and intro- 
ducing the new variables, equation (12) becomes 


c,AT = f(s) 


(13 
hy, {—8"(ns)] 
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with AT = T, — T,. Once solutions are available as a function 
of ms, corresponding values of c,A7'/h,, can be calculated. 
Hence it is possible to replace ns with the more convenient 
parameter c, AT Rye 

Simplification and Soluti Solutions to the governing equations 
8) to (11) could, of course, be obtained by use of electronic digital 
However, with very little loss of accuracy, such a 
lengthy caleulation procedure can be circumvented by the ap- 
proach to be followed here. 





computers. 


What with the uncertainty factors 
such as instability and wave motion which occur in film boiling, 
there would be little incentive to strive for the ultra-high pre- 
cision which is afforded by use of a digital computer 

Che first step in simplifying the problem is to set aside the 
effects of inertia forces and energy convection in the vapor film. 
Later, in the discussion, we will examine this simplification in 
greater detail and demonstrate that it is, in fact, permissible for 
the range of parameters which may be found in practice. With 
this, equations (8) and (9) are reduced to 


j’"’ =0, 0’ =0 (14 
Solutions of these equations satisfying the boundary conditions 


lla) and the last of (115) are 


(15) 


where the integration constant 6 still remains to be determined 
from the interface matching conditions (11)). 
third of these conditions, it is found that 


Utilizing the 


(16) 


8 = | ee] _P’'(0) 
pu 


Additionally, from the second and third matching conditions 


f'( ms) pu > F’(0) 
i f’'( ns) (pu), F’’(0) 


With these, and with f(s) and 6’(3) from equation (15), 


interface energy balance (13) may be evaluated, giving 


| [=] ‘. 1 [F’(0)]? 18 
Pr h,, pu 2 [F’’(0)]? 
It is thus seen that 8, ms, and [c,A7'/h,,Pr] are all determined as 
soon as the values of F’(0) and F’’(0) from the liquid solution are 
nown 
Next 
ocity problem is governed by a Blasius-type equation (10) plus 
boundary conditions of the form F’(0) = A, F(0) = B, and F'( « 
= 2. We may look upon such a system as describing a flow with 


1 vectored blowing at £ = () 


turning to the liquid, it may be observed that the vel- 


A significant simplification in the 
problem is suggested by the first of the matching conditions (lla 
which may be rewritten as 


AM 
PH), / pe 


F(0) = 


Che pu ratio which appears in the denominator is generally a large 
For instance, for water the value of (pu), /py is 40,000 
st atmospheric pressure (212 deg F) and decreases to 850 at 250 
pai (400 deg F) and then to 43 at the pressure of 1550 psi (~600 
deg F 
values of (pu), /ppu are 460,000 and 22,000, respectively. 


number 


For mercury and for ethanol at one atmosphere, the 
On the 
other hand, the values of f(s) which occur in the present problem 
ire of unit order. Consequently, the F(0) values with which we 
Further, from 


0) it is 


will have to deal will generally be quite small. 
experience with unidirectional blowing (i.e., F’(0) = 
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known that when F(0) is very small the surface shear stress is 
hardly different from the value corresponding to no blowing. 
From this line of reasoning, we are persuaded te proceed with the 
solution for the liquid under the condition that F(0) = 0. Later, 
a few comparisons will be made with solutions where nonzero 
F(0) has been retained. From this, it will be seen that the 
simplification is indeed permissible. 
With this, the velocity problem has been reduced to 


F'’ 4+ FF” =Q (19a) 


F(O) = 0, F’(0) = A, Fe) =2 (19b) 
For each assigned value of A, this system can be solved; and 
in particular, the value of F’’(0) corresponding to the prescribed 
A value can be obtained. Then with the pair of numbers F'’(0), 
F’’(0), we can return to equations (16), (17), and (18) and cal- 
culate 8, ms, and [c,AT/h,,Pr]|(pu),/pu). Additionally, it will 
be shown later that the pair F’(0), F’’(0) is all that is needed to 
determine heat-transfer and wall shear stress. 

A portion of the needed solutions of equation (19) can be ob- 
tained by adapting the Emmons-Leigh [8] table of solutions for 
the apparently different problem of blowing or suction normal to a 
flat plate. This can be accomplished by the use of a fictitious 
origin for —. It is only necessary to search the various blowing 
tables for the places where F = 0 (F’ + 0), and it is here that & 
is taken to be zero. With this as an origin, the tabulations cor- 
respond to the solution of equation (19). In particular, the values 
of F’ and F”’ at this origin correspond to the F’(0) and F’’(0) 
which we are seeking. In this way, values of F’(0) and the 
corresponding F’’’(0) have been obtained over the range 0 < F’(0) 
< 1.175, and this information is listed in Table 1. 

Since the results from the Emmons-Leigh tables terminate at 
F'(0) = 1.175, it is necessary to obtain additional solutions for 
equation (19) in the range 1.175 < F’(0) < 2.0. This was ac- 
complished by using a successive approximation procedure similar 
to that outlined by Piercy and Preston [9]. The details of this 
calculation are given in the Appendix, and the corresponding 
values of F’(0) and F’’(0) are listed in the middle portion of Table 
Re 

Finally, as F'(0) approaches 2, the function F(£&) — 2&. By 
replacing F by 2 in equation (19) and carrying out the solution, 
it is found that the asymptotic relation between F’(0) and F’’(0) 


Is 


(2 — F’(0)} 


Table 1 Values of F (0), F’'(0), and related functions 


F’(0) F’'(0) [F’(0)}*/[F’"(0)|}*? = F’'(0)/F'(O 
000 1.328 0.0000 oc 
491 1.218 0.0795 2.48 
1.135 0.179 1.70 
1.067 0.428 1 36 
1.011 659 1.15 
0.926 18 0.921 
0.842 97 0.754 
0.799 54 0.680 
0.787 79 0.656 
0.700 48 0.539 
0.612 32 0.437 
0.519 5 0.346 
0.423 2.9 0.264 
0.322 47.2 0.189 
0.218 122 0.12] 
0.111 558 0.0584 
0.0904 866 0.0471 
0.0678 1590 0.0349 
0.0451 3700 0.0230 
0.0226 15,200 0.0114 
0.00 oo 0.00 
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The value of F’(0) and the corresponding F’’(0) have been listed 
in Table 1 for the range 1.92 < F’(0) < 1.98. 

With the information listed in Table 1, the task of solving the 
governing equations can be regarded as completed. The constant 
8 (related to the wall shear stress), the dimensionless film thick- 
ness 3, and the parameter [c,AT'/h,,Pr][(pu),/pu) can be 
evaluated from equations (16), (17), and (18). We are now in a 
position to proceed with the determination of the heat-transfer 
and skin-friction characteristics. 


Results 


Heat Transfer. The local heat transfer at the plate surface is 
given by Fourier’s law as 
( — 
—k 
Oy | y=0 


Introducing the transformed variables of equation (6) and making 
use of the temperature solution (15), the expression for q becomes 


Gg = 


1 


(21 


But, in turn, 7s may be eliminated by equation (17), giving 


eee 
(7, = Fa ° 
vr pu 


To construct a dimensionless representation, a local heat-transfer 
coefficient and Nusselt and Reynolds numbers will be defined as 
follows: 


F’’(0) 
F'(0) 


h U 
Nu = ~ Re = = 
k Vy 


where it is noted that k is logically the vapor conductivity and v; 
is the viscosity of the liquid free stream. With these, the heat 
transfer takes the form 


Nu im 1 F’’(0) 
. = - (24 

V Re \#i 2 F"(0) 
Using the tabulated values of F’(0) and F’’(0), the Nusselt- 
teynolds expression has been evaluated and is plotted in Fig. 2 


as a function of the single group 


Fea ew 
h,,Pr pu 
which was computed from equation (18). For large values of 
the abscissa variable (25), the asymptotic relation between F'’(0) 
and F’’(0) as given by equation (20) is valid. By introducing 
equation (20) into the Nusselt number expression (24) and re- 
arranging, there results 


ye G+ "(eK 


), c,AT |-'” 
= 0.5 ee = (26) 
pu hy, Pr 


It is remarkable that equation (26), which was derived for 
asymptotic conditions, is highly accurate far outside the asymp- 
totic range. For example, for a value of the abscissa group (25) 
of 10, the Nusselt number given by equation (26) is only about 1 
per cent higher than that from the more complete calculation. 
And so, equation (26) may for all practical purposes be regarded 
as defining almost the entire Nusselt number curve of Fig. 2 
It can, of course, be used for all abscissa values higher than those 
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of the figure. A somewhat simpler, but slightly less accurate 
computational formula may be obtained by setting aside the 


square root bracket on the left side of equation (26), giving 


Nu ( im ) am [‘e c,AT es 
VRe \#1 ”L pu hy, Pr 
At an abscissa value of 100, the prediction of equation (27) is in 
error by 3 per cent; and when the abscissa decreases to 10, 
the error increases to 6.5 per cent. For applications at moderate 
pressures, (pu)z/pu is quite large, and equation (27) may be 
used with little error. 

It is interesting to consider the effect of the temperature dif- 
ference AT on heat transfer. First of all, from equation (27) it is 
seen that 

h~ (AT)~‘ 


The heat-transfer coefficient decreases with the temperature dif- 
ference, and this is related to the increased thickness of the vapor 
film. The dependence of the heat transfer on AT’ then follows as 


g~™ (AT)'” 


Thus compared to other convective transfer phenomena, the 
dependence of g upon AT is much smaller in forced-convection 
film boiling. 

Results for the over-all heat transfer may be obtained by inte- 
gration of the local results. Defining an average heat-transfer 


coefficient A as 
z 
Q f, qdx 


<“7-T. AT. —T.) 


w 


(28) 


it follows that h = 2h. 
Skin Friction. The shear stress exerted on the wall by the flowing 
fluid may be evaluated from the Newtonian shear relation 


(=) 
lita oy | y=0 


Introducing the transformed variables of equations (6) and (6a), 
this becomes 


Y_ f"(0) 


zx 


(29) 


r) 


But, from equation (15) f’’(0) = 8, and in turn 6 may be ex- 
pressed in terms of F’’(0) by equation (16). Using this, and in- 
troducing a liquid Reynolds number as defined in equation (23), 
the shear stress expression becomes 





/Re \ pr / 





(PH) (se) 
(PH) Pritg } 


Fig. 2 Variation of local heat transfer and skin friction 
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T R F*(0) 
(p,U ..*) . “py 


(30) 

This relationship has been evaluated using the values of F’’(0) 
as listed in Table 1. The results thus obtained have been plotted 
in Fig. 2 with the abscissa evaluated from equation (18). A 
closed form expression for the wall shear can be obtained by 
combining the asymptotic F’(0), F’’(0) relationship (20) with 


equation (30), giving 
( AT v2 
= 0.5 | ‘Phe Se (31) 
pu hy, Pr 


It is found that this is a remarkably good representation of the 


r/p,U.* V/ Re 
Vm(7/p.U «*) V Rel” 


results over the entire abscissa range. For instance, with an 
abscissa value of 10, equation (31) gives a shear stress value which 
is only 1.5 per cent higher than that from the more complete 
solution. For large values of the abscissa, the denominator on the 
left side of equation (31) can be set aside. However, the shear 
stress result thus obtained is somewhat less accurate than the 
simplified Nusselt number formula (27). For instance, at an 
abscissa value of 1000, setting aside the denominator factor in 
equation (31) leads to an error of 4 per cent. 

For sufficiently large values of the abscissa (say > 1000), an 
interesting relationship between heat transfer and skin friction is 
found from equation (27 


deleted to be 


and equation (31 


w(t) = 
My p,l 


i 


(with denominator 


his may 


With the wall shear stress results now at our disposal, it is in- 


be reg arded as a kind of Reynolds analogy 


teresting to inquire as to the potential capabilities of film boiling 
in reducing the skin friction relative to that for the flow of a pure 
1g iid For such a single phase flow, F’’(0) = 1.328 and 
V Re = 0.332 
pU.? 
Noting that practical values of [cp A7T/h,,Pr} will be of unit order 
and that (pu),/pu may be very large (10,000 to 100,000 at at- 
mospheric pressure), it is seen from Fig. 2 that very great drag 
reductions are potentially possible under film-boiling conditions 


Examination of Simplifying Assumptions 


In deriving the solutions of the governing equations, certain 
simplifying assumptions were introduced. It is now desirable, 
with the results in hand, to go back and consider the appropriate- 
ness of the simplifications. 

First, in connection with the vapor film, the inertia forces and 
energy Now, we 


, and observe that series solutions may 


convection were set aside return to the com- 
plete equations (8) and (9 


be written as 


on i . . (34 


where ¢ is a constant which is determined from the boundary 


condition 6(y3) = 0. Comparing these series with equations 
15), it is clear that the higher-order terms must be negligibly 
small to insure that inertia and convection effects will be negligi- 


ble Considering first the neglect of inertia effects, it is necessary 
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2 


B 
nis > 13° 


5! 


Evaluating 8 and 7s, respectively, from equations (16) and (17) 
and using equation (18), this condition becomes 


cpAT 


< 30 
hyo Pr 


(35) 
Since Pr ~ 1 for vapors and practical values of c,AT/h,, are of 
unit order, it is seen that the restriction imposed by equation 
(35) is easily met. Next, turning to the neglect of energy con- 
vection, it is necessary that 


O Pr 


7 eS OM 


Eliminating 8 and n, as before, it is found that 


c,AT ar ‘ 9¢\ 
< 12 (36) 
hy, 
Once again, the restriction imposed by equation (36) is readily 
satisfied. Consequently, from these arguments we are led to be- 
lieve that the neglect of inertia forces and energy convection has 
only a very small influence on the results. 

The second simplifying assumption, made in connection with 
the liquid boundary layer, was to suppose that F(0) could be 
taken as zero. This simplification was suggested by the fact that 
(pu), /pmu is exceedingly large. To check the effect of neglecting 
the F(0), it would be desirable to have solutions where F(0) # 0 
has been retained. A few such solutions can be obtained from 
the Emmons-Leigh tables, but unfortunately, only for very re- 
stricted values of the parameters. Except for high pressures, a 
fair test of the simplifying assumption would be to make a com- 
parison at a value (pu),/pu ~ 1000, and a test for very high 
pressures would correspond to (pu),/pu > 10. However, the py 
ratios available from the Emmons-Leigh tables lie outside the 
usual practical range. If we denote Nu* and r* as the results 
evaluated from the Emmons-Leigh solution with F(0) # 0, then 
Table 2 shows a comparison with the Nu and 7 values from the 
present analysis. 


Table 2 Comparison of results with F(0) = 0 and KO) = 0 
c,AT Nu rT 
hy, Pr Nu* - 
1.90 0.86 95 
0.430 0.93 97 
0.179 0.98 99 
0.142 0.98 99 


(pur 


These pu ratios are well below the usual practical range. 
Nevertheless, even for these drastic conditions, the results from 
In this light, 
we are persuaded that for realistic values of the pu ratio, the re- 
sults based on the F(0 


the simplified analysis are remarkably accurate 


= 0 simplification will be practically in- 
distinguishable from those with F(0) = 0. 
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APPENDIX 
Successive Approximation Solution 


We are seeking solutions of the system 


F''' + FF" =0; F(0) = 0, dé iv! ‘ 19 


Using a method similar to that of reference [9], a successive ap- 
proximation solution of equation (19) may be written as 


g -_ " 

1) ew er * 
e - | pati at 
foo [- firat] 


As a first approximation, let / Introducing this into 


equation (37) there is obtained 
F,’ (2-—A 


erf (&) + A (38 


where erf (£) is the error function (see ref. [10] 
integrations yield 


g 
0 


The quantity 7? erfe(£) is the second repeated integral of the 
complementary error function and is discussed and tabulated in 
reference [10]. 


Two additional 


0.25(2 — A 


+ &-(2- 


— 0.564 (2 — A 


A )i* erfe (&) 


Now, the result which is of interest is the F’’(0) corresponding 
to the prescribed value of F’(0) A. 
tion (37) and setting & 


By differentiating equa- 
0, we get 


2-A 


‘i = . 
f exp | - f k a | dé 
0 0 


So, the third approximation F;'’(0) is determined by numerically 
integrating equation (40) making use of equation (39). 
Consideration was first given to the case where A 


F;''(0) 


1.175. 
It was found that the same result for F’’(0) was obtained with 
integration step sizes of 0.1 and 0.2. Hence the 0.2 integration 
step size is regarded as adequate. 
corresponding to A = 
to be 0.806. On the other hand, the Emmons-Leigh tables give 
F’'(0) = 0.799 
0.9 per cent. 


The numerical value of F;'’(0 
1.175 was calculated from equation (40 


Thus the third approximation is in error by only 


For increasing values of A, the third approximation 
becomes increasingly more accurate. 
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DISCUSSION 
Daniel Bershader* 


Here is an example of two-phase flow which lends itself to a 
Blasius-type boundary-layer analysis. Application of the bound- 
ary-layer equations is made separately to each phase, with suita- 
ble continuity conditions imposed at the interface. The as- 
sumption is made that the products pu and pk are constant in 
order to simplify the analysis. Such assumptions are not bad for 
air in @ range near room temperature. However, it would be 
worth while for the authors to indicate quantitatively what these 
variations are for liquid-vapor systems of engineering interest. 

The basic features of the solution are that the local skin friction 
and heat transfer vary with the inverse square root of distance 
from the leading edge of the flat plate, in accord with the Blasius 
theory for a single-phase system. Further, the heat transfer is 
found to depend on the square root of the wall-stream temperature 
difference. This is of interest in that the dependence is weaker 
other flow. Physically, this 
weaker dependence would appear reasonable in view of the role 
played by the latent heat. 


than in cases of convective 


The linear velocity distribution in the vapor phase coupled 
with the channeling of the vapor between two higher density 
“walls’’ reminds one to some extent of a Couette flow situation, 
It would 
perhaps be of interest to compare the heat transfer and skin 
friction obtained here with the case of Couette flow where there is 
an appreciable temperature difference between the walls. It 
would also be helpful, perhaps, if the authors would take some 
concrete numerical examples to illustrate actual magnitudes of 
friction, heat transfer, and dimensions of the vapor layer. 


with modifications which involve the phase changes. 


The analysis of the simplifying assumptions gives further 
The 
work is a useful contribution to the two-phase boundary flow 
problem 


strength to the paper and to the assurance of the results. 


Are there any experiments with which to compare 
the present results? 


Warren M. Rohsenow® 


It should be remembered that the analysis presented requires 
Visual ex- 
periments currently being conducted in our laboratory on forced- 
convection film boiling inside of horizontal and vertical tubes 
indicates that much of the vapor formed actually appears in the 
The film 
thickness may, in fact, be nearly uniform along the tube. Ex- 
perimental heat-transfer results are of the order of four times 


that all of the vapor generated remains in the film. 


core, which becomes a mixture of liquid and vapor. 


those obtained by this type of analysis. 

The results obtained in the present paper may be applicable 
to a vertical flat plate or to the outside of a horizontal tube with 
natural convection or very low velocity vertical forced con- 
vection. 

It is necessary to know when the assumptions of this paper are 
applicable. This requires experimental results, preferably in- 


cluding visual observations. 


R. H. Sabersky* 


I thoroughly enjoyed studying this paper by Professors Sparrow 
and Cess 


By ingeniously using the classical tools of boundary- 
layer analysis, they have succeeded in obtaining an almost exact 
solution to a physically very complicated problem. 

The various assumptions which had to be made are stated 

* Lockheed Missile Systems Div.; and Stanford University, Stanford, 
Calif 

5 Professor of Mechanical Engineering, M.I.T., Cambridge, Mass. 
Mem. ASME. 

® California Institute of Technology, Pasadena, Calif. 


aucust 1961 / 315 





clearly 


and advantage has been taken of simplifications which 
It is 
interesting to note that, having made the computations, it seems 
that For 
values of the parameters pu/p,u, and c,AT'/h,, which are gen- 
erally expected, the results indicate that the tangential velocity 


in be made on the basis of engineering considerations. 


an additional assumption of this sort can be made. 


at the interface deviates by only a few per cent from the free- 
stream value. For these cases it appears, therefore, that one may 
assume the liquid velocity to be constant and equal to the free- 
stream velocity everywhere. With this additional assumption 
It consists of a 


vapor film separating the solid wall from the liquid. 


the film-boiling model becomes very simple. 
The veloc- 
ity and temperature profile in the vapor are linear and the 
velocity and temperature in the liquid are constant and equal 
to the free-stream values 

The authors discuss the justifications for their assumption in 
detail 
sumption of constant pressure, however 


validity of the as- 
might have been of 
In many examples one must expect the liquid flow 


Some additional comments on the 


interest 
field to 
flow 
of the liquid, such gradients could very significantly influence the 
This in affect 
the film thickness, the friction coefficient, as well as the heat- 


cause small pressure gradients in the direction of 


Because of the low density of the vapor compared to that 
velocity profile in the vapor film turn would 
transfer coefficient. 

lo assess the importance of this factor as well as of the other 
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assumptions, and to ascertain the area of applicability of the 
results of the theory, comparison with experimental data would 
be of great interest. Such a comparison may well form the sub- 
ject of a future research project. 


Authors’ Closure 


The authors extend their appreciation to the discussers for 
their interesting and illuminating comments. 

In answer to Dr. Bershader’s remark about variable properties, 
the assumptions that pu and pk are constant were made to keep 
the numerical aspects of the analysis within reasonable bounds. 
We feel that this simplification is consistent with our aim to de- 
termine the general level of the drag and heat transfer. The 
suggestion relating to a Couette flow model is interesting and 
merits further investigation. 

The matter of experimental data is, of course, of first im- 
portance in establishing the utility of the analysis. In this con- 
nection, a recent experimental study by W. 8. Bradfield’ and 
that where a 
stable vapor film exists and where large reductions in drag are 
realized. 


associates demonstrated there are situations 


W.S. Bradfield, R. O. Barkdoll, and J. T. Byrne, “Film Boiling on 
Hydrodynamic Bodies,’ Convair Scientific Research Laboratory, 
Research Note 37, December, 1960 
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This section consists of contributions of 750 words or less (about 2'/. double-spaced typewritten pages, including fig- 


ures). 
cation. 


Subcooled Forced-Convection Film Boiling on a Flat Plate 





R. D. CESS' and E. M. SPARROW? 
Introduction 


FORCED-CONVECTION film boiling on a flat plate has recently 
been analyzed in reference [1]* for the situation in which the 
liquid is at the saturation temperature. However, in many ap- 
plications the liquid may be subcooled, and this may substantially 
It is thus the 
purpose of the present note to extend the analysis of [1] to include 
the effects of a subcooled liquid. The physical model and co- 
ordinate system are illustrated in Fig. 1. 
stream temperature 7’ 
perature T sat. 


alter the characteristics of the film-boiling process. 


The liquid has a free- 
which is lower than the saturation tem- 
It is evident that 7’,,: is the temperature which 
will prevail at the liquid-vapor interface (y = 4). 

During the course of the present work, a contemporary investi- 
gation has appeared [2] which also deals with subcooled film boil- 
ing on a flat plate. The analysis of reference [2] was carried out 
in an approximate manner by using integral methods within the 
liquid boundary layer, and the results were obtained only for 
water. The present study employs an exact boundary-layer 
formulation and provides results for liquids of all Prandtl 
numbers. 


Analysis 
To extend the results of [1] to include subcooling, it is neces- 
sary to consider conservation of energy within the liquid. For 
the sake of brevity, the nomenclature and results of [1] will be 
employed directly. Now, the boundary-layer form of the energy 
equation applicable to the liquid may be written as 
oT oT 0?T 
u + Uv = ay 
or oy oy? 


where the subscript L denotes the liquid properties, while no sub- 
script refers to properties of the vapor. Defining a dimensionless 
‘wo )/(T oat — To) and employing the 
similarity transformation [1]: § ~(y — 6)a~'/?, F(£) ~ 27, 
equation (1) becomes 


temperature as g = (7 — 7 


dy : dg 
+ Pr, F(&) —; 
dé? dé 


with the boundary conditions 
¢(0) * reas | o)— 0 


The solution of equation (2)* will now be obtained for three 
Prandtl number categories: Pr, of unity, low Pr,;, and high 
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only results for ¢’(0) will be given. 
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Subcooled Liquid 


Fig. 1 Physical model and co-ordinate system 


Pr,. For Pr; = 1, it may be shown that similarity exists be- 


tween the liquid velocity and temperature distributions, so that 


¢( £) may be expressed in terms of the dimensionless stream func- 
tion F(&). The final result is found to be 


F"(0) 
2 — F’(0)’ 


¢'(0) = = 


(3) 


For very low Prandtl numbers, the methods of reference [3] 
show that the thermal boundary layer will extend well beyond the 
velocity boundary layer, such that the potential flow result F(£) 

2& may be employed. Substituting this into equation (2) and 
integrating, there is obtained 


Pr, 
o'(0) = -—2 ms 
T 


Next, for very, high Prandtl numbers, the thermal boundary 
laver will be restricted to a thin region near the interface, and we 
may thus employ an expression for F(£) which applies only for 
small & So, expanding F(£) in a Maclaurin series and retaining 
F’'(O)E. 


low Pr, (4) 


only the first nonzero term, then F(£) Correspond- 


ingly, equation (2) vields 


high Pr, (5) 


2Pr,F’(0) 


g’(0) = — 


The next step in the analysis is to apply an energy balance at 
the liquid-vapor interface (y = 5), which gives 


oT ' oT 
—k + k, = th, (6) 
Oy vap Oy liq . 


where m is the mass flow across the interface. Using the results 


of [1], this expression may be rewritten as 


PH)r (<A?) 1+7T ¢ I 
pu) Prh;, 2 


where I is a parameter related to the degree of subcooling and is 


defined as 
( Pr (cette) 
Pr, cpAT 


with AT = T,, — Tur and AT, = Ta — Ta. 


r 0 corresponds to the case of no subcooling (7... = 


[F’(0)]8 
[F"(0)]? 


r = 


It is evident that 
T'sat), 
Equation 
7) will be used in constructing the final presentation of results 


for which equation (7) reduces to equation (18) of [1]. 


where both heat transfer and friction will be given as a function of 
pu), /(pp)| (cpAT/Prh,,). 
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Results 
Dimensionless parameters will now be defined as 
q Uat 


Re = 


Nu = = ; 
} AT Vr 


where it is noted that A is expressed in terms of the temperature 
difference across the vapor film only; ie., AT = T, — Tat. 
With these definitions, together with the procedure of [1], the 
heat transfer g and friction 7 at the plate surface are expressed, 


Nu (*) l 
V Re \pw, 2 


T 


respectively, by 
F"(0) 
F'(0) 


- oo Re 
p,U.* 
Using the tabulated values of F’(0) and F"(0) from Table 1° of 
[1], together with equations , the heat transfer and 
These 


In the same manner, the 


(3) and (7 
skin-friction groupings have been evaluated for Pr; = 1.0. 
2 and 3. 
low and high Pr, cases have been evaluated using equations (4 
Although Pr, enters as a 


results are illustrated in Figs 


and (5), respectively, in equation (7 
parameter in the ¢’(0) expressions, it is readily apparent in both 
cases that T and Pr, combine to form the single group l' V/ Pr, 
$f and 


5 for low Prandtl number liquids, and in Figs. 6 and 7 for high 


The heat-transfer and shear-stress results are given in Figs 


liquid Prandtl] numbers 

It can be seen that subcooling appreciably affects the film- 
both heat transfer and 
severe for low Prandt!] 
V Pri (~l/V Pr: 
For very large [' +/Prz, the 


boiling results, causing an increase in 
The effect 


number liquids (liquid metals), 


will be most 


for which [T 


skin friction. 
can attain relatively high values 


skin-friction grouping approaches the single-phase value 0.332 as 
Finally, in connection with Fig. 4, the ex- 


Ni Ip 
( - ) r .' =t 10 
V Re \u1 us 


Pr, asymptotic result for 


illustrated in Fig. 5. 
pression 


represents an applicable high IT" 
I \/ Pr, values larger than those plotted. 
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Flow Visualization and Velocity Measurement in Natural 
Convection With the Tellurium Dye Method! 





R. EICHHORN’? 


THE PURPOSE of this technical brief is to re-emphasize a tech- 
nique of flow visualization and velocity measurement proposed 
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a few years ago by F. X. Wortman for use in forced convection 
water flow [1, 2]. This method, which electrically produces 
in water an intense black dye trace, is particularly suitable for 
qualitative and quantitative observation of natural convection 
flows, and, in the opinion of the author, is superior to the usual 
techniques employing chemical dyes in liquid flows or smoke 
or kerosene vapor in air flows. The balance of this brief is de- 
voted to a description of the technique, the apparatus required, 
and a few examples of its use. 


Exposition of the Method 

The theory behind the production of tellurium dye traces has 
been carefully developed by Wortman and will not be presented 
bere. If metallic tellurium is employed as cathode and another 
metal as anode, both being introduced in an electrolyte solution 
and an external d-c voltage is applied between the cathode and 
anode (see Fig. 2), a complex reaction takes place at the surface 
of the cathode producing as a net result a colloidal suspension 
The 
The intense 
blackness of the dye; the low settling rate of the small individual 
particles (about 0.1 rate of diffusion of the 
dye trace (less than 10 the possible minuteness and 
variety of the probes used for introduction of the dye; 


of finely divided particles of elemental tellurium. ad- 


vantages of this suspension as a dye trace are: 
mm/sec); the low 
> mm/sec); 
and 
the ease of control via the electrical power input to the probe. 
In addition, the required voltages and power inputs are low—an 
important factor in natural convection where disturbance to the 
flow must be minimized.‘ 
Tellurium is a brittle metal which cannot be drawn or extruded. 
Numbers in brackets designate References at end of paper 
‘For example, free-convection flows in air studied 
dily with kerosene vapor where, because of the large droplets, the 
tling rate is high. On the other hand, smoke (which, in addition, 
liffuses rapidly) must be cooled to the temperature of the flow in 
rder that extraneous buoyancy forces are not introduced. 


cannot be 
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Fig. 3 Natural-convection streamline on a vertical surface as visualized 
with the tellurium dye trace method 


Fig. 4 Freeconvection velocity profile 


Wires are usu ally produced b the Tavlor process in which i lew 


bits of the metal are plac ed in a glass tube and heated in a bunsen 
burner flame until the tellurium has melted and the glass is soft 
By drawing the tubing 


taking care that the metal stays in the 


necked-down portion of the tube, not always an easy task), fine 
vires and sharply pointed probes « an be produced 


An example 
f the 


latter is sketched in Fig. 1. Probes made in this way 
vere used in the exploratory studies described in the next section 
l'wo such probes as those shown in Fig. 1 were made at the same 
time, the interconnecting necked-down portion being saved for 


1s tellurium wires after etching away the glass tube with 
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Fig. 5 Pulsed tellurium dye trace 


Fig. 6 Flow at top of cylinder at low heating rate 


hydrofluoric acid Final preparation of the probes involved the 


introduction of mercury 


into the glass tube to facilitate elec- 
trical contact with the tellurium and sanding the end of the tube 
flush an active surface of tellurium. Probes manu- 
factured in this way could be used for about ten minutes before 
requiring rejuvenation which consisted simply of sanding the 
active end of the tube 


to expose 


Ordinary tap water was used for this 
experiment and the probes operated satisfactorily with applied 
voltages of the order of one volt As discussed by Wortman, the 
tellurium can be vapor deposited on wires or surfaces of another 
metal 


Examples 


Several simple experiments were conducted to demonstrate the 
feasibility of the method 


Two models were used, the first, 
diameter electrically 


heated 


it 
2-in vertical cylinder 5 in. long, 
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Fig. 7 Flow at top of cylinder at high heating rate 


the second consisting of two parallel aluminium plates 8 in. by 
10 in 
the latter case studies were made on the volume of fluid confined 
between the plates 


, one electrically heated, the other cooled with water. In 


All experiments were performed in a 5-gal 
aquarium tank. Only photographs of the flow about the vertical 
cy linder are presented here. 

Fig. 2 shows a schematic diagram of the experimental setup 
employed with the heated cylinder 

Sample photographs (retouched to replace contrast lost it 
reproduction) obtained with the apparatus shown in Fig. 2 aré 


presented in Figs. 3 to 7. The first photograph, Fig. 3, shows a 
continuous dye trace introduced near the outer edge of the boun- 
dary layer. This picture shows the extent to which the settling 
rate of the dye trace is important since the fluid velocity close 
to the probe is very small compared to the velocity within th: 
boundary layer. In the figures the double pattern observed at 
the top is due to a reflection from the lower surface of the water 
The interesting flow pattern there observed will be discusse: 
later. The bubbles on the surface of the cylinder are due to 
gases driven out of the water. 

Fig. 4 shows a dve trace obtained by placing the probe tip 
close to the model surface and then withdrawing it rapidly while 
at the same time turning on the dye. The film was exposed a 
second or two later. The characteristic shape of the free-con- 
vection profile is clearly evident even though accurate measure- 
The ex 


traneous bits of dye are left over from previous attempts 


ments would hardly result from such an operation. 


The result of applying a rectangular wave of voltage to the 
probe placed in the outer portion of the boundary laver is shown 
in Fig. 5. This method was found to operate best when the 
direction of the potential was reversed during the off portion of 
the cycle 
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At the higher heating rates an interesting vortex phenomena 
was observed at the surface of the water. This is illustrated 
in Figs. 3, Quantitatively, these phenomena can be 
explained as follows: The rising boundary layer on the surface can 
be likened to an annular jet. 


6, and 7. 


Upon reaching the free surface 
this jet is forced to turn a corner and is thus given a component 
of angular momentum which it tends to preserve. At low heating 
rates (Fig. 6) the streamlines assume a damped wave shape. At 
high heating rates, however, annular vortexes are repeatedly 
formed near the free surface. These roll up until a certain size 
is reached whereupon they move away from the cylinder and 
nother vortex begins to form. The manner of breakup is clearly 
Although the photos were taken of 
different vortexes, the phenomenon was repeatedly observed. 
The dye stream labeled A in Fig. 3 has originally bridged the 
gap labeled A’. Similarly in Fig. 7, the point B’ represents the 
breaking point of the dye trace and will now move outward as 
has the gap A’ in Fig. 4. Simultaneously, all of the material 
marked B (originally ahead of B’ 
as represented by A in Fig. 3. 


shown in Figs. 3 and 7. 


will coil up inside the vortex 
The gap A’ will not be present in 
Fig. 7 since the dye was initiated soon enough. 

It was not feasible to obtain a high enough Grashof number 
with the vertical cylinder to permit the observation of the onset 
of instability waves and the subsequent formation of a turbulent 
flow pattern. With the parallel plate apparatus, it was possible 
to observe on both the heated and cooled plates the formation 
of instability waves of the Tollmien-Schlichting type and their 
roll up into vortexes. These were very clear to the eye but 
could not be photographed successfully because of refractive 
index changes within the boundary layer. 

Studies of free-convection flow using the tellurium dye method 
ire being continued at Princeton University where it is planned 
to make quantitative measurements of the flow field about a 
iniform temperature horizontal plate and a vertical plate with 
i step change in wall temperature. 


Conclusion 


It has been demonstrated that the tellurium dye trace method 
of qualitatively and quantitatively studying flows of water 
s developed by Wortman for use in forced convection is equally 
suited for use in free-convection flows and is possibly superior 
to other means presently employed for that purpose. In ad- 
lition, this technique is simple enough in application so that it 
in be developed as a teaching aid in undergraduate laboratory 
instruction 


Acknowledgment 


The studies of the tellurium dye trace method in natural con- 
vection flows reported herein were initiated by the author and 
the experiments were conducted in the Heat Transfer Laboratory 
f the Universitv of Minnesota The encouragement and help- 
ful suggestions of Dr. E. R. G. Eckert are gratefully appreciated. 


References 


1 F.X. Wortman, ‘‘Eine Methode zur Beobachtung und Messung 
von Wasserst6émungen mit Tellur,”’ Zeit. f. ange. Physik, vol. 5, 
1953, p. 201 

2 F. X. Wortman, “Untersuchung instabiler Grenzschichtsch- 
wingungen in einem Wasserkanal mit der Tellurmethode,”’ in 50 
Jahre Grenzschichtforschung, Vieweg, Braunschweig, 1955. 


aucust 1961 / 381 





Truncation Error Estimates for Numerical and Analog 
Solutions of the Heat-Conduction Equation’ 





N. H. FREED’ and C. J, RALLIS® 


1 practical method is presented for obtaining a meaningful 
estimate of the truncation error associated with fully finite 
difference forms of the heat-conduction equation. The analysis 
is applied in this instance to the Liebmann analog equations 
It may also be used with other manual and analog methods of 
cumputation, where the error due to mesh size is relatively large 
in example is given deriving error estimates for a case of one 
dimensional heat flow 


Introduction 

[HE ERRORS associated with the use of finite-difference approxi- 
mations in the solution of transient heat-transfer problems be- 
ome significant in analog and numerical computation, where it is 
not feasible to have large numbers of finite space-and-time inter- 
vals. It that 


valuating these errors has been evolved 


appears, however, no satisfactory method for 
This note is intended 
to aid in the estimation of these errors. 

The analysis presented in the following was developed originally 
for estimating the accuracy attainable in a particular application 
1,2}.* 
ever, to other finite-difference equations (for example, the explicit 
Binder-Schmidt method [3 


f the Liebmann analog method It may be extended, how- 
and also the partly finite-difference 


relationship as used in the RC analog [4] and analog computer 


techniques [5 rhe approximate solution of steady-state prob- 


ems by resistance networks or purely numerical procedures may 
ilso be treated bv this appro ach 

lhe method is basically iterative, but one iteration is generally 
When the method is 
ipplied to the Liebmann analog, the computation of error may be 
eadily 


© pe rformed analytically 


sufficient to provi le a reliable estimate 


pe rformed on the actual analog Alternatively, It may 


as in the following « xample 


Analysis 
The heat-conduction equ ition in one dimension 1s 


oT 1 oT 


Or* a oa 


associated conditions 7 


(la) 
gt) 


rhe foregoing equation in an implicit finite-difference form is 
oT h* ( YT ) 
Oz* Jan 360 os /,. 
(St) - 2 (22) 
2a ba ot? . 


on Ven 
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This may be rewritten as 


ea = DV »Ta.0 + Umn (3) 


where [6, 7] 7'»,, is the exact solution of the differential equation, 
and the high order derivative terms u,,,, are known as the differ- 
ence correction.® 

The equations for which exact solutions are obtained by numeri- 
cal or analog methods are the difference equations 


Sm2ttm.n = DV nmin (4) 


(mn = 


.3..8ae@ 3. 


with boundary conditions equivalent to (la), where w,,, is the 
exact solution of the difference equations approximating to (1) 
Defining 


Unn = Tan — Wma (5) 


where ¥»,, is the truncation error of the solution and represents 
the actual error in the approximate solution, and subtracting (4 
from (3) gives: 


with the condition that v,,..0 = ‘ ba 


Thus equation (6), representing error propagation, is almost 


identical with (3), there being M such equations for every n 
By analog or manual computation, these equations are conven- 
solving first (4) over the 


Making the approximation 


iently solved by an iterative method 


region of interest 


~ Tin 


Wma 


values numerical 
which involves approximating derivatives in terms 


of function values. 


for Um.» may be obtained by a well-known 
method [8], 
If required the first approximation 'x,, ,, may 
be used in (5) to obtain more accurate u,,,; and hence %,,,,. (The 
convergence of this process has been established by Albasiny 
9} Alternatively ‘v,, may be used in (6) for calculating 
‘y,,... In practice we are not concerned with an exact solution 
but only require a reliable error estimate. 

Example. Consider the case of one-dimensional conduction 


in an infinite plate: 
oT oT 
oz? 

with the conditions 


T(z, 0 O fort >0 


The exact solution here is [10 


The solution of the difference equation (4) (with a = 0.2 ft?/hr 
and L 
VM 10, D = 2.5, and is shown in Table 1, to m = 5 (the prob- 
lem is symmetrical). 


0.2 {t) was obtained in this case analytically [11], using 


Using these values and 7), 3 51 
Table 2 


is calculated as shown in 


* Previous attempts at error determination appear to have been 
confined to a numerical evaluation of these terms. However, ex- 
perience showed that there is seldom correlation between the value of 


im.» and error at the corresponding point (cf., Tables 2 and 3). 
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Table 1 Solution of the difference equations 
l 2 3 4 5 

0.765 0.945 0.987 997 999 
0.621 0.879 0.966 992 998 
0.526 0.813 0.935 979 989 
0.460 0.754 0.900 961 977 
0.412 0.703 0.865 940 960 
0.375 0.658 0.830 916 940 
0.346 0.620 0.797 0.890 918 
0.322 0. 586 0.765 0.863 893 

Using these values and (7), ‘um; 


“able : 


is calculated as shown in " 


Table 2. Evaluation of the difference correction’ 


n l 2 3 4 5 
—0.018 


Ur 0.041 —0.063 —0.040 —0.018 


* Values include third-order derivatives and fourth-order 


space derivatives. 


time 


W riting 6) (for n 1) in the form 


A’y, = = Dv, 


where the nonzero elements of A are of the form 
— ( D + 2) 
1 


leads to the explicit equation 


ly, A-'(Cu, — Dv 


Taking advantage of the large number of zero elements in the 
tridiagonal! matrix A, the inversion follows easily, the solution of 


(11) being shown in Table 3. 


Table 3. Actual and predicted errors” 

m l 2 3 4 
Solution of (9 0.737 0.974 1.000 1.000 
Solution of (4) 0.765 0.945 0.987 0.997 
Actual error tm. —0.028 0.029 0.013 0.003 
Predicted error Um.; —0.003 0.013 0.012 0.008 


* All values forn = 1. 


For m 1, 2 near the boundary, the error in prediction caused 
by the discontinuity in the initial conditions [12] is noticeable 
Although the discrepancy at m +, 5 is not significant, the mag- 
nitude of the difference correction is small and successive itera- 
tions will improve the solution at these points 

Equivalent Method When Using the Liebmann Analog.’ ‘I his 
is considerably simpler than the process outlined in the foregoing 
This 


process can only be performed when a complete solution has 


and involves feeding in the u,,,, as correction currents. 
been obtained and the correction currents calculated for each 
time interval. Error estimates and hence an improvement in the 


solution are thus obtained with negligible additional effort 


Discussion and Conclusions 

The method presented in the foregoing enables an approxima- 
tion tothe truncation error v,,,, to be calculated, the value of the 
The 


numerical treatment of discontinuities is always difficult, but for- 


estimate depending on the number of iterations performed 


tunately the error contribution to both the solution and the esti- 
®An early attempt at the reduction of truncation errors near 


boundaries in a resistance analog of the steady-state Poisson equation 
is described by Liebmann [13] 
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mates from this source is rapidly attenuated in a stable scheme. 
Discrepancies in the estimates from numerical approximations to 
derivatives are found to be negligible. When D < 8 (approxi- 
mately) there is seldom need to compute 'v,,, and 'v,,, in problems 
having discontinuities (although this is easily accomplished from 
6) once A~! has been found), as the error is invariably largest in 
the first time interval. Where a matrix method of solution of the 
difference equations (4) has been used [14], the matrix A~! is 
already available and the additional labor in estimating the error 
and hence improving the solution, is again insignificant. The 
method may also be applied to two and three-dimensional prob- 
lems, and to regions having specified time-variable boundary 
conditions. 


Nomenclature 
central difference operator w.r.t. m: 
a. ae Tattie ~ 2lan + Te~us 
backward difference operator w.r.t. n: 
Val me tan Imuet 
integer locating point along z-axis, m 
integer locating point along taxis, n 
6x? h? 


mesh parameter a— i 
aol ak 


finite space interval = 6r 

finite time interval = 6¢ 

jth approximation to vm,, and tm», Tespec- 
tively 

matrix defined by (6) and (10) 

column vectors having components tm, Um, T@- 


spectively 
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Frictional Pressure Drop in Noncircular Duets 





R. |. HODGE! 
Introduction 


THE FRICTIONAL pressure drop in fully developed turbulent 
flow within noncircular ducts generally can be calculated from 
the Fanning equation, by using one of the empiricisms for fric- 
tion factor established for circular tubes modified by the sub- 
stitution of a hydraulic diameter, A. For example, the Blasius 
empiricism for friction factor 

fe = 0.079 (Nr), 
may be modified by writing the Reynolds number 
pAvV 4W 
Nre = = . 
bb ue 


density 

velocity 

viscosity 

mass flow rate 

perimeter 
This yields an expression for the friction factor 

fe CW ~®-25,,0-25 50.25 

where 


C, is a constant. 


The frictional pressure gradients may then be obtained from the 
Fanning equation, similarly modified: 
dp if, pV? 


dz A w% 
which when expanded becomes 


dp nites 
= CW y0-% 9-1.00 S1.%5 4 3.00 
dz 
where 


{=< 


C; = 


cross-sect ional area 


constant 


However, equation (la) does not always yield an accurate esti- 
mate of the frictional gradient. It breaks down when the duct 
cross-sectional area contains wedge-shaped zones where two ad- 
jacent sides approach closely. This was demonstrated in a recent 
paper by Eckert and Irvine [1}* in which pressure-drop data were 
reported for a duct having a cross section in the form of an 
From Fig. 5 of that 
paper it appears that the gradient was about 0.85 times the value 
In other words, the gradient would be 
described by an expression of the form of equation (1), on the 


isosceles triangle of apex angle 11.46 deg 
given by equation (la 


substitution of an effective friction factor, f’, such that 


I'/fe = 0.85 


for this particular duct. 


' Nuclear Engineering Branch, Reactor Research & Development 
Division, Atomic Energy of Canada Limited, Chalk River, Ontario; 
Canada 

1 Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of Tae American 
Society or Mecsanicat Enoingers. Manuscript received at 
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Fig. 1 Nomenciature 

The following analysis suggests that the effective friction factor 
may be calculated for such noncircular ducts by using these 
modified bulk flow empiricisms; however, the modification in- 
volves the substitution of a hydraulic diameter other than the 
geometrical value A = 44/S. 


Analysis 

The geometry of the duct appears in the expression (1a) in the 
form S!-*% A This then is a measure of the hydraulic effec- 
tiveness of the channel. If a zone having a factor (S’)'-*( A’) —3-0 
which is less than the geometrical value can be delineated en- 
tirely within the geometrical area, it will be hydraulically more 
effective than the full duct. Since less work would be developed 
by viscous dissipation in such a zone, it might be expected that 
there would be a concentration of the flow within the zone 
That such zones exist in ducts of triangular cross section can be 
readily shown. 

A zone shape which does not include a narrow wedge, and which 
is amenable to simple mathematical analysis, is shown in Fig. 1. 
This zone is formed by a boundary drawn parallel to the base at a 
proportion, a, of the elevation from the apex. The ratio of the 
zone perimeter to the geometrical perimeter is 


[‘ 


and the corresponding area ratio is 


3.00 


— a)seca + (1 + a) tan *| 


sec a + tana 


A’ 
A 


= (1 — a® 


For the zone to be more effective than the full duct 


S’)1-28 81.2% 


(A‘)%-00 Ato 


4) 


The most effective zone will be that giving a maximum in equa- 
tion (4); for a given triangular duct this occurs when 


£((4)"-(2)]-« 
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Fig. 2 Effective friction factor versus duct apex angle 


(Measured values from reference [2] and analytical solution.) 


Expanding (4) as a binomial, differentiating and substituting the 
first term in a in equation (5) gives 


5 | seca — tana - 
24 Lsec a + tan =| ass 

If it is now assumed that in fully developed flow in a triangular 
duct the flow is entirely concentrated within the zone given by 
equations (2), (3), and (5a), and that the boundary layer between 
flowing and stagnant fluid is similar to that adjacent to solid sur- 
faces, then the Blasius empiricism may be applied to the zone to 
give the duct effective friction factor. Thus 


f’ (<)" (4) 3.00 
Se A 


Comparison With Test Data 


For the case 2a 
(6) is 0.906. This is to be compared with the value 0.85 deduced 
from reference [1] 
Jr. {2}, 


ducts 


11.46 deg, the ratio calculated from equation 


In a more recent paper by Carlson and Irvine, 
data are reported for a wide range of triangular-shaped 
Effective friction factors deduced from Fig. 10 of that 
paper are presented in Fig. 2 with corresponding solutions of equa- 
tion (6) 

In all cases the analytical solution is a higher value than the 
test measurement. This may be explained by the fact that the 
most effective zone is not of the shape assumed in Fig. 1. If, 
for example, the corners of the isosceles trapezoid had been 
rounded, a higher maximum would be obtained in equation (4), 
with corresponding reduction in the ratio given by equation (6) 
However, such shapes are not amenable to mathematical solu- 
tion, and a semi-intuitive graphical method would have to be 
used 

The analysis thus suggests that the Blasius empiricism, modified 
by the substitution of the hydraulic diameter of the most effec- 
tive zone within the geometrical area of the duct, can be used in 
the Fanning equation, similarly modified, to give a good estimate 
of the frietional pressure drop in all noncircular ducts. 
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A Musical Heat Exchanger 





ROBERT LEMLICH' 


AN INCREASING INTEREST in the effect of vibration on heat 
transfer has appeared in recent years. This is evidenced by the 
growing number of papers on the subject, two of which have been 
published in the JouRNAL oF Heat TRANsFER during the past 
year alone [1, 3].?_ In light of this the present writer reports here 
the results of some simple experiments in which he investigated 
the effect on forced convective heat transfer produced by a 
vibrating musical reed.* 

The apparatus employed involved a 0.745-in. ID, 27.5-in. long, 
copper, double pipe heat exchanger with condensing steam at sub- 
stantially atmospheric pressure in the annulus and air forced 
through the core by a blower. A removable clarinet mouthpiece 
fitted with a bamboo reed was placed in a tygon tube and incor- 
porated in the air stream upstream from the exchanger inlet, as 
shown in Fig. 1. Starting from rest, as the blower speed was 
gradually increased a certain point would be reached at which 
the silent reed would “‘break into song’’ and resonate down the 
exchanger. This occurred at a Reynolds number of 2200 based 
on core diameter. Further increase in the blower speed increased 
the audible intensity of the vibration and increased the air pres- 
sure upstream from the reed. However, it did not substantially 
alter the air flow rate. The principal frequency of vibration was 
about 600 cps which corresponds to the third harmonic for the 
entire 3 ft long vibrating column of air. With further increase in 
blower speed the reed ceased vibrating and closed against the 
mouthpiece aperture, virtually preventing any air flow through 
the core. Very similar results were obtained with a like exchanger 
51 in. in length, the only difference being that here the nearly in- 
variant Reynolds number was 2800 although the cutoff pressure 
was lower. The principal frequency was again roughly 600 cps, 
indicating resonance at a higher harmonic than for the shorter 
exchanger. 

The average heat-transfer coefficient A on the air side was 
calculated from the usual equation gq = AAAt, with q evaluated 
from the over-all temperature change of the flowing air and At 
taken as the logarithmic mean. The very small thermal re- 
sistances of the wall and condensing steam film were neglected. 


! Department of Chemical Engineering, University of Cincinnati, 
Cincinnati, Ohio. 

2 Numbers in brackets designate References at end of paper. 
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Fig. 2 Results with vibrating reed 


The vibration produced improvements in A up to 35 per cent, 
is shown in Fig. 2. These results were obtained with a number 2 
reed moistened with a glycerol-water solution to minimize chip- 
ping. Reeds of other stiffness as well as reeds and mouthpieces 
of some other musical instruments were also employed, but with 
less satisfactory results 

The improvement in A increased with audible intensity, which 


Thus at 


fixed frequency the resistance to heat transfer in these singing 


in turn increased with the driving pressure on the reed. 


exchangers decreased as the amplitude of vibratory disturbance 
increased 


This accords with similar observations reported for 
vibrations produced by other means [2]. 
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Transition on a Heated Horizontal Rotating Cylinder 





P. D. RICHARDSON' 


EXPERIMENT has shown that flow on an unheated rotating 
cylinder becomes unstable and later turbulent at Reynolds num- 
bers (based on peripheral speed and radius) below 100. The flow 
on an isolated horizontal cylinder is considerably different when 
the cylinder is heated, natural convection being predominant at 
low rotational speeds, instability and transition occurring as the 
speed is raised, heat transfer in fully developed turbulent flow 
being proportional to Re’? (considering constant Prandtl num- 
ber). Experimental work has been reported by Anderson and 
[1],? Dropkin and Carmi [2], and Kays and Bjorklund 
[3], among others. 


Saunders 


With this case there has been some confusion about instability 
and transition to turbulence due largely to attempting to identify 
the onset of transition with the attainment of fully developed 
turbulent flow. It is hoped that the following explanation and 
Fig. 1 will help to clarify the matter. 

Anderson and Saunders [1] suggested that the critical Reynolds 
number is given by an expression of the form 


R nes 
= 
Pr 


It is possible to plot such a function on a graph with Nusselt and 
Reynolds numbers as co-ordinates by utilizing the fact that in 
laminar flow, for free convection (considering Prandtl number 
constant) 

Nu ~ Gr‘ 


so that 


Reéeri, ~ Nu?. 


Division of Engineering, Brown University, Providence, R. I. 
2 Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division of THe AMERICAN 
Society oF MECHANICAL ENGINEERS Manuscript received at 
ASME Headquarters, August 12, 1960 


Re 


The experimental results of Anderson and Saunders for fully developed turbulent flow, correlated by Nu = 0.10 Re’/', 
The transition from laminar to turbulent natural convection occurs at about Nu = 47. 
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It is clear that such a function must intersect that for heat trans- 
fer from the rotating cylinder by fully developed turbulent flow. 
Such an intersection might be expected to occur under conditions 
where there is no transition region, flow there going almost im- 
mediately from laminar to fully developed turbulent flow. This 
would probably occur at the Grashof number which corresponds 
to transition in simple natural convection for the stationary 
The 
line for the critical Reynolds number in Fig. 1 was made to in- 
tersect the line for developed turbulent flow at this Nusselt num- 
ber, a wedge-shaped transition region being thereby defined. It 


cylinder: The corresponding Nusselt number is about 47. 


may be noted how the experimental results of Anderson and Saun- 
ders (plotted in the figure) fit into the region, the fall in the heat 
transfer that occurs with the increase in Reynolds number just 
before attainment of developed turbulent flow now being seen to 
be associated with transition conditions. 

In view of the asymmetry of the flow pattern, a more detailed 
analytical approach is not practicable. 
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Free Convection With Blowing or Suction 





E. M. SPARROW' and R. D. CESS’ 


Introduction 


THE EFFectTs of blowing and suction on the free convection 
flow and heat transfer about a vertical plate have recently been 
considered by Eichhorn [1].* The analysis was carried out under 
the condition that the buoyancy forces are due only to tempera- 
ture differences, with the mass transfer entering the problem 
only as a prescribed flow through the plate surface. As a logical 
first step, he investigated the particular distributions of surface 
rate which lead similar 


temperature and blowing (or suction 


solutions of the laminar boundary-layer equations. Correspond- 


ing to a wall temperature variation 7,, — T Br" (z distance 


along plate measured from leading edge), it was found that similar 
solutions are possible only when the blowing velocity v, ~z ‘"~ 

As discussed by Eichhorn, the distributions of 7, and v,, which 
are required by similarity are quite restrictive. The purpose of 
the present note is to extend the analysis to more general dis- 
tributions of 7’, and v, by lifting the similarity condition. Specific 
consideration is given to the case of an isothermal wall with uni- 


form blowing (or suction). But, it will be shown that the method 


employed here applies equally well to distributions of the form: 
= Az®. T, - Ta 
dependently. 


l Bx", where m and n may be chosen in- 
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Analysis 
The starting point of the analysis is the boundary-layer equa- 
tions appropriate to laminar flow over a vertical plate 
ou or 


continuity: + = 0 
or oy 


on re) 0? 
~ +» — = ghT-To) +» “ 
ox oy oy? 


momentum: u 


oT oT oT 
energy: u +v = a 
ou oy oy? 


The co-ordinates z and y, respectively, measure distances along 
and normal to the plate, and u and v are the corresponding velocity 
components. The fluid properties a, 8, and v denote the thermal 
diffusivity, expansion coefficient, and kinematic viscosity. 

The continuity equation may be satisfied by introducing a 


stream function by the customary definition 


u= d0W/dy, v = —dWV/dr (4) 


Then, to bring the momentum and energy equations into tracta- 
ble form, we introduce the following transformation 


vr! gQ(T,, — To) |'/* 
, c — 
tye ty? 


W /4vexr/* = f(§, n) = foln) + Efi(m) +... 
T-T. 
ve. _ T 


(5a) 
(5b) 


= WE, n) = O(n) + EA(n) +... (5c) 


The new variable 7 may be immediately recognized as coinciding 
with the similarity variable for free convection over an isother- 
mal, impermeable wall; while & is essentially a stretching of x 
Utilizing the 
transformation equations (5a) and (5b), the velocity components 


which contains the blowing (or suction) velocity v,,. 


may be evaluated from equation (4) as 


of Ave E ; n of rye of 
on ’ ; a/s | 4° 1 dn 4 o& 


(6) 


o/s 
u“ = tyc*x i 


The transformation as defined by equations (5) was constructed 
specifically for uniform 7, and uniform v,,._ It may be generalized 
to other conditions, and this will be shown later. 

With equations (5) and (6), the momentum and energy equa- 
tions may be rewritten in terms of the new variables. Then, in 
each of the resulting equations, terms are grouped according to 
powers of € which multiply them. In this way, we are led to a set 
of ordinary differential equations for determining the functions 


ae ee 


fo'’’ + 3fofo” — 2Afo’)? = 


—% 
0.” + 3Pr fit’ = 0 
fil’ + 3fofi" — Sfo'fi’ + 4fo"fi = —O 


6,” Pr + 3fo8,’ — fo’); = = 4,00’ (8b) 
where the primes denote differentiation with respect to 7, and Pr 
It may be noted that equations (7a) and 


7b) coincide with the governing equations for free convection 


is the Prandtl number. 


on an isothermal, impermeable vertical plate, solutions of which 
It thus remains to solve 
equations (8a) and (8b), and these will provide the first order 


are tabulated in references [2 and 3]. 


effects of the blowing (or suction) on the free convection. 
lo complete the statement of the problem, it remains to specify 


the boundary conditions. Corresponding to the physical con- 
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Fig. 1 The functions 4, 4;, f)', and /,’ 
ditions that u 0. v vy, and T T, aty = Oand thatu—0 
und T — T «as y—> @, the functions f and @ take on the following 


boundary values 


6,—+ 0 
” 2 
6, —~ 
4) 
With 
problen 


the completion of the mathematical formulation of the 
with 
Eichhorn, consideration was given to free convection in gases. 
rhe 
Prandtl number of 0.72 as listed in reference [2] served as input 
and (8+ 


numerical means on 


solutions may now be discussed. In common 


tabulated results for fom) and O(n 


corresponding to a 
data for were solved simul- 
an IBM 704 electronic com- 
From this solution, the temperature and velocity deriva- 


equations (8a These 
taneousi by 
puter 
These are listed in the fol- 


tives at the surface may be obtained 


lowing along with the corresponding results for 0)’ and f,” from 


relerence 


Table | Temperature and velocity derivatives Pr 
6,/(0 


0.72 
6,’(0) 8,'(0)/0,"(0 fo"(O) fi") 
—0 O46 1.40 —277 —0 318 


2 0.676 
rhe information contained in Table 1 will be utilized in the heat- 
transfer « Additionally, the functions 
ind 4, @,, respectively, related to the velocity and tempera- 


are plotted in Fig. 1 


ileulation which follows 
j f,’ 


ture profiles 


Heat-Transfer Results 


The local rate of heat transfer passing (per unit area) from the 


k( OT 


and 


surface to the fluid may be calculated by Fourier’s law q 
Oy vy 0 


5c), the heat-transfer expression takes the form 


Introducing the new variables of equations (5a 


q/4 1 + £[6,'(0)/0@,'(0 (9a 


s 


1 — 2.77 Seay 
dye 


represents the local heat-transfer rate for the case of an 


(9b ) 


where ¢ 


isothermal, impermeable wall and is given by 


get = [-6,'(0)] [ T. — T- *] 


4y? 
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Fig. 2 Effect of blowing and suction on local heat transfer 


This last expression corresponds to the standard Nusselt-Grashof 


relation for free convection. Since v, is positive for blowing 
and negative for suction, equation (9b) provides the expected re- 
sult that blowing decreases the heat transfer, while suction in- 
creases the heat transfer 

9b) has 


For comparison purposes, 


To facilitate interpretation of the results, equation 
solid line) in Fig. 2 
Eichhorn’s results are also shown 


been plotted 
dashed line). The abscissa 
variable corresponds to 4&, while the Grashof number, Gr, equals 
gXiT. — T@)x*/v? 
the blowing 


To gain perspective as to the magnitude of 


(or suction) velocities involved, we may use as a 
reference quantity the maximum velocity umax corresponding to 
an isothermal, impermeable plate. From reference [2], 


Umax 


for Pr 0.72 is given by 


Utilizing this, it is easily shown that the abscissa variable of Fig. 2 


is equivalent to 
0.78 Gr'/* 


Suppose we consider an abscissa value of 0.4, which corresponds 
to a 28 per cent change in heat: transfer 

0.512/Gr/*. For a Grashof number of 10°, + 
while when Gr 10°, v_/tmax 0.00512 


w 


Then v,,/timax 
= 0.016: 
It is thus demon- 


w/ Umax 


strated that very small blowing or suction velocities can sig- 
nificantly effect the heat transfer 

Another interesting aspect of Fig. 2 is the close agreement be- 
tween the present results and those of Eichhorn. This indicates 
that at a fixed z-position with a given v,, the local heat flux is 
relatively independent of the details of the upstream blowing or 
suction distribution. In other words, the boundary layer has a 
“poor memory”’’ with respect to the upstream mass transfer 
history. To provide further perspective for this result, it may be 
noted that for a given v, at z, there is '/; more upstream mass 


1 


transfer when v, ~ r~ /‘ than when v,, = constant. 
The series solution cannot, of course, be evaluated at too large 
values of — The maximum 


(+0.8) correspond to — = 


and 
+0.2 


abscissa values 


If, as expected, the ratio of 


minimum 
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6,'(0)/80'(0) is comparable to @,'(0)/@'(0), then the error in 
| q/qo — 1| due toseries truncation may be on the order of 20 per 
cent at the maximum and minimum locations. At 
abscissa values of +0.4, the expected error in |¢/qo — 1| is on the 
order of 10 per cent 


abscissa 


Additionally, experience suggests that 
8.'(0)/8o'(0) will be positive; and correspondingly, an added term 
£*(62'(0) /@'(0)| in equation (9a) would be positive. This would 
bend the solid line of Fig. 2 upward about the fixed point q¢/q 


= 1 at & = 0, thereby providing closer coincidence with the 


dashed curve at the extreme points of the abscissa. Finally, since’ 


the series is constructed for small v,, it cannot predict the asymp- 
totic solution for large suction (negligible free convection). 

As discussed by Eichhorn, the blowing condition which would 
be experimentally most tractable is the uniform distribution. 
The resulting surface temperature would be determined by the 
wall thermal conductivity, the surface emissivity, and the blow- 
ing rate. For a moderately varying surface temperature, it 
would be expected that the local heat flux could be calculated by 
local application of the uniform wall temperature results. 


Other Boundary Conditions 


Variations of wall temperature and blowing (or suction) velocity 
of the form T,, — To = Br", v, = Axr™ can be accommodated by 
the analysis without basic modification. It is only necessary to 
replace equation (5a) by the alternate transformation 


im—n+1 
n—1 


Ar ‘ B \'“* 
a , as 98 (lla) 
fyc, 4v? 


and to redefine f as 


7 = Cyr 


n+3 


V/4ve,r 4 11b) 


Kg, 7 
With these, the analysis proceeds along the same lines as before 
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Con- 


On Jenkins Model of Eddy Diffusivities for Momentum and 
Heat 





C. L. TIEN’ 


A KNOWLEDGE of the relation between the eddy diffusivities 
for momentum and heat, €y and €,, is always required for the 


prediction of flow. 


turbulent 
[1]? has 
Experimenta! observations, 
however, have shown a dependence of the ratio (€;;/é,,) on the 
Prandtl number 


heat-transfer characteristics in 


Under certain idealized conditions, Tien shown the 


exact equivalence of €y and €, 


By use of a modified mixing-length theory, 
Jenkins [2] proposed a physical model and obtained an expres- 
sion of the ratio (€,,/€,,) which indicates a dependence on the 
Prandtl number and the dimensionless ratio (€y/v), where v is 
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the kinematic viscosity. Though the predicted results deviate 
from experimental measurements [3], they do give a correct 
trend for the variation with the Prandtl number and the turbu- 
lence level. The present note is to discuss this physical model and 
its validity in actual physical systems. 

The essence of Jenkins’ model is that the moving particles (i.e., 
eddies) lose their energy and momentum through molecular con- 
ductivity and viscosity while in flight. The eddies were assumed 
to be complete spheres having a radius equal to the mixing 
length. From previous studies on the struczure of atmospheric 
turbulence [4], it is known that the mixing-length concept is 
realistic if the mixing length represents the size or diameter of the 
largest eddies which are moving vertically with respect to the 
solid boundary. Quantitatively, this gives a maximum eddy size 
of 7 per cent of the pipe diameter at the center of the pipe [5). 
Jenkins’ assumption on eddy size should therefore be corrected 
by a factor of two. 

This type of physical model is obviously a Lagrangian one, how- 
ever, within the eddies the temperature field can be regarded as 
Eulerian as is implied in Jenkins’ analysis. The Eulerian equa- 
tion for the fluctuation-temperature field of a fluid is given as 


Ou ou 


avr 1) 
ot 


where vu is the fluctuation temperature, u; is the velocity com- 
ponent along z,-direction, a is the thermal diffusivity, and VY? is the 
Laplacian. Jenkins neglected the second term on the left of (1) 
implicitly and obtained a result equivalent to that of heat con- 
duction in a solid sphere. Since the fluid in the sphere is not still 
in fact, the large eddies are regarded consisting of a number of 
small eddies [6]) 


this is legitimate only when the molecular 


transfer effects are expected to dominate the inertia transfer 
effects. Quantitative estimates of the relative importance of dif- 
ferent terms can be obtained by order-of-magnitude considera- 
If the heat-conduction terms @V2vu are considered to be 
among the dominate terms, the convective terms are of the rela- 
tive order of magnitude of [Pr v’\,/v], where Pr is the Prandtl 
number, v’ 


tions 


v/v? the intensity of the vertical component of 
fluctuation velocity, and XA, is a characteristic length for the 
temperature fluctuations. Analogous to the definition of micro- 
scale X for the velocity fluctuations [7], the thermal microscale 
8] is a logical choice for Ay. Thus the expression for the eddy 


diffusivity for heat with the correction of the size of eddies, 
(“ys | 3 “) wee) { 
a/\30 x & ‘ f 


(2) 
is subjected to the following condition: 


(' a) _ 
Pr <1 
v 


where / in (2) is the mixing length. 

No experimental measurement, to the writer’s knowledge, has 
been obtained for A, in turbulent pipe flow 
bulence, 


For isotropic tur- 
Ay can be expressed as [8] 


r, Pr r 4) 


If this relation is accepted as a legitimate approximation for tur- 


bulent pipe flow, (3) may be written as 


P R (~)(? . 5) 
r i¢ ] D \ \o 
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UD 


v 


where Re is the Reynolds number ( 


), U>, is the mean 


velocity at center of the pipe, and D is the diameter of the pipe. 
For turbulent air flow in pipes experimental measurements [9] 
indicate that (5 For instance, when Re = 30,000, 


‘ 
( ; ) 0.03, ( ) = 0.024, and Pr 0.72, the left-hand side 
{ D 


does not hold. 


of (5) yields a value of 18. The lack of experimental measure- 
ments about the structure of turbulence in the liquid metal region 
prevents a check on the validity of (5). The small Prandtl 
number of liquid metals, however, offers a possibility that (5) 
may be valid in this range 

Che analogous expression for the eddy diffusivity for momen- 
tum proposed by Jenkins implies a momentum equation of the 
form: 


Ou; 


= vV*u,; (6 
ot 


which in turn is the simplified form of the equation 


Ou, Ou, 


- i 
ot * Ox, 


under the condition: 


390 
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where p and p in (7) are the density and the pressure, respec- 
tively. A check with the experimental data [9] shows that (8) 
does not hold for turbulent flow in pipes and channels. 
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